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Abstract

This paper presents a numerical method for approximating the positive, bounded
and smooth solution of a delay integral equation which occurs in the study of
the spread of epidemics. We use the cubic spline interpolation and obtain an
algorithm based on a perturbed trapezoidal quadrature rule.
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Consider the delay integral equation:

(1.1) x(t):/t f(s,x(s))ds.

This equation is a mathematical model for the spread of certain infectious
diseases with a contact rate that varies seasonally. Heyés the proportion

of infectives in the population at timer > 0, is the lenght of time in which an A bnetsel] el o Tans o
e e . . . . . . . . the Third Derivative for a Delay
individual remains infectious anfl(¢, z(t)) is the proportion of new infectives Integral Equation from
per unit time Biomathematics

There are known results about the existence of a positive bounded solution Alexandru Bica and Craciun lancu
(see B, [2]), which is periodic in certain conditions<]), or about the exis-
tence and uniqueness of the positive periodic solutionl(ih [ 11]). In [&] the

author obtains the existence and unigueness of the continuous positive bounded UL taaes

solution, and in §] a numerical method for the approximation of this solution Contents

is provided using the trapezoidal quadrature rule. pp >
Here, we obtain the existence and uniqueness of the positive, bounded and > S

smooth solution and use the cubic spline of interpolation frofrtd approx-
imate this solution on the initial interva, 0]. We suppose that o7, 0], Go Back
the solution® is known only in the discrete momentsi = 0, n, and use the

— S : . Cl
values®(t;) = y;, ¢ = 0, n for the spline interpolation. Afterward, we outline a 0se
numerical method and an algorithm to approximate the solutiojd,dr, with Quit
T > 0 fixed, using the quadrature rule frorm fand []. Page 3 of 33
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Impose the initial condition:(t) = ®(¢),t € [—7,0] to equation {.1) and
considerl” > 0, be fixed. We obtain the initial value problem:

ftt_T f(s,x(s))ds, Vtel0,T]
(2.1) x(t) =
(1), Vt € [—,0].

Suppose that the following conditions are fulfilled:

(i) ® € C'[-7,0] and we have
b=®(0) = / f(s,z(s))ds with @ (0) = f(0,b) — f(—7, &(—7)):

(i) b > 0andda, M, € R,M > 0,0 < a < such thate < ®(t) < g,
vVt € [—,0];

(i) feC(-7T]x[a,p]), f(t,x) 20, f(t,y) <M, vVt € [-7,T], Vo >
0,Vy € [a, 5];

(iv) M7 < pandthereis anintegrable functigsuch thatf (¢, z) > ¢(t), Vt €
[—7,T),Vo > aand

¢
/ g(s)ds >a, Vtel0,T];
t—1
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(v) 3L > Osuchthat f(¢t,z) — f(t,y)| < L|x —vy|, Vt € [-7,T], Va,y €
la, 00).

Then, we obtain the following result:

Theorem 2.1. Suppose that assumptions (i)-(v) are satisfied. Then the equation
(1.1 has a unigue continuous solutiarit) on [—7,T], with a < z(t) < 3,
Vt € [—7,T] such that:(t) = ®(¢) for t € [—7,0]. Also,

max {‘ﬁn(t) - ZL‘(t)| e [Oa T]} —0 A Numerical Method in Terms of
the Third Derivativr_e for a Delay
asn — oo wherexr, (t) = ®(t) fort € [-7,0] ,n € N, z¢(t) = band e
. (t) _ /t f(S, o (s))ds Alexandru Bica and Craciun lancu
t—1
fort € [0,7], n € N*. Moreover, the solution: belongs toC"! [—, 7. Title Page
Contents
Proof. From [9] under the conditions (i), (ii), (iv), (v), it follows that the exis-
tence of an unique positive continuous ferar, 7] solution for (L.1) such that 4 »
x(t) > a,Vt € [—7,T] andz(t) = ®(t) for t € [—7,0]. Using Theorem 2 from < >
[7] we conclude thatax {|z,(t) — z(t)| : t € [0,T]} — 0asn — oo . From
(iv) we see that Go Back
‘ ‘ Close
z(t) :/ f(s,z(s))ds < / Mds = Mt < (3, Vt € [0,T]. Quit
t—1 t—T1
Page 5 of 33

Becauser < ®(t) < pfort € [—7,0] andxz(t) = ®(t) for t € [—7,0] we
deduce that < z(t) < 8, Vt € [—7,T], and the solution is bounded. Since
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x is a solution for {.1) we havex(t) = ft'; f(s,z(s))ds, forall t € [0,T7,
and becaus¢ € C([—7,T] x [a,3]) we can state that is differentiable on
[0,7] , andz’ is continuous orf0, 7']. From condition (iii) it follows thatz
is differentiable withz’ continuous orj—, 0] (including the continuity in the
pointt = 0). Thenz € C'[—7,T] and the proof is complete. O

Corollary 2.2. In the conditions of the Theoren, if f € C'([-7,T] x
la, B]), ® € C*[—,0] and

of of

20,5+ SL(0,0)[£(0,6) — (=7, &(~7))
of

~ S (r (7)) = 2 (-7, 07

@//(0)

thenz € C?*[—7, T).

Proof. Follows directly from the above theorem. O
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Suppose that on the intervial, 0] the function® is known only in the points,
t;, i = 0,n, which form the uniform partition

(3.1) A,:—T=th<t1 < - <t,_1<t,=0,

where we have the valueB(t;) = y;,, i = O,nand ¢, —t; = h = I,
Vi=0,n—1.

Let
1 Ayy APy, Ay
=— | Ayy — — and
mo h ( Yo 9 + 3 4 ) )
1 ) 5 11A%y,
Mo_ﬁ(Ayo—Ayo B ,
where,

Ayo = y1 — Yo, A%yo = yo — 2y1 + Yo,
APyo=ys —3y2 +3y1 —yo,  A'yo = yu — dys + 6ys — dy1 + yo.

We build a cubic spline of interpolation which corresponds to the following
conditions:

(3.2) O(t;) = yi,i = 0,n, ' (ty) = m, D" (tg) = M.
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This spline function iss € C?[—r, 0] which, according to], have on the
each subintervdt; 1, t;], i = 1, n, the expression:
o Mz — Mz‘_l Mi—l

(t—t;1)

+mi_q - (t—tiz1) + yie,

fort € [t’i—17ti] Whereyi = S(ti), m; = S/<tz‘), M, = S//(ti), 1= O,_TL For
these values, according to]] there exists the recurence relations:

T 6m. A Numerical Method in Terms of
M; =6- Yi — Yin — Ut 2M;_4 the Third Derivative for a Delay
h? h ) Integral Equation from
(3.4) , 1= 1, n. Biomathematics
m; =3 - Yi — Y1 2m;_1 — =M;_1 - h Alexandru Bica and Craciun lancu
h

Then, from ] Lemma 2.1, there exists a unique cubic spline function of

interpolation,s, which satisfy the conditions: Title Page
s(t) =y, Vi=0,n Contents
(3.5) s'(to) = mg <« S
s"(to) = Mo, < >
and on the each subinterval &f, is defined by the relatior8(3). Go Back
Between the values af ands” on the knots there exists the relations: Close
M; +2M; 1 =6- Vi~ iy — My h Quit

h? I
(3.6) , 1=1n Page 8 of 33

M4 M, = 2= micy)
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This spline functions approximates the solutioh on the interval—r, 0] and
we haves(t;) = ®(t;) = y;, Vi =0,n.

Remark 1. Since® € C?[—7, 0], we can estimate the error of this approxima-
tion, ||® — s||, where||-|| is theCebySev norm on the set of continuous functions
on an compact interval of the real axigu|| = max{|u(t)| : ¢ lies in an com-
pact intervak, for any continuous function on this interval. If we know the

1

value||®"||, = (ffT[CIY’(t)]?alt)5 , then for eacht € [—7,0] we have

[@(1) = s(t)] < [|® = s]| < @], - b2 < /72" - B2,

according to [/] page 127. Else, if we know only the valugs= ®(t;),i = 0,n
then|®(t) — s(t)] < ||® — s]|, V¢t € [—7,0], and for || — s|| we use the error
estimation from [], since® € C?[—7, 0] and then® is a Lipschitzian function
on[—,0].

In [7], it has been shown that

|® — s < max{[|s — Fi[[,[[s — F3[[}
where

|s — Fi]| = max{a; : i = 1,n}
|s — F|| = max{b; : i = 1,n}
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and

a; = ||(S - Fl) ’[ti—lyti]

b; = ||(S - F2> ’[ti—lyti] ’

Fi(t) = sup{®(ty) — @[, - [t — tx : & = 0,n},
)

)

Fy(t) = inf{®(tg) + ||®]|, - |t — t&| : K =0,n},
with
1,1, = max{] fi-s.t @] |- = T} e St
if [ti1, b ®] = [®(t;) — ®(t;i_1)]/(t: — ti_1) is the divided difference of the e

function® on the knots,_1, ;.
Alexandru Bica and Craciun lancu
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From Theoren2.1follows that the equatioril(1) has a unique positive, bounded
and smooth solution ojy-7, T'|. Let be this solution, which, by virtue of The-
orem2.1, can be obtained by successive approximations methadal @i.

So, we have :

om(t) = ®(t),fort € [-71,0], Y¥m € N and
po(t) = ®(0) =b= [ f(s,®(s))ds,
t):f:,T f(s,00(s dS—ft f(s,b)ds,
(4.1) , fort e 0,7
ft T S » Pm—1 ))d57

To obtain the sequence of successive approximatibrig (ve compute the
integrals using a quadrature rule.

We assume that thereliss N* such thatl” = I7. On each intervalit, (i +
1)7], ¢« = 0,1 — 1 we establish an equidistant partition. Then on the interval
[—7,T) we haveg = [ - n + n + 1 knots which realize the division:

(42) —T=tr<ti < <t 1 <0=t, <tlpp1 <<ty <t,=T,

havingt;.; —t;, = h, Vi=n,q— 1. We canseethdt — 7 =t,_,, Vj =7, q.
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In the aim to compute the integrals frod.{) we use the following quadra-
ture rule of N.S. Barnett and S.S. Dragomir i [

@3) [ Foa= "0 (F ) + P

(b_a)2 ! /
—W[ (a) = F'(b)] + Ru(F),
where

. b—a . —
li=a+1- , 1=0,n,
n

and

) < O

Here, we consider the functidn defined byF'(¢)
Since the solution of4.1) verify the relation,

ZL‘I(t) = f(t,I(t)) - f(t - T,ZE(t - 7—))7
we point out the following connection between the smoothnessaoid f.

Remark 2. In the conditions of Corollarg.2, if ® € C3[—7,0], f € C?*([—7,T]x
[a, 7]), and

if F'eC%a,b].
= f(t,z(t)), fort € [—7,T).

vt € (0,7,

®0) = T, 5 | T o) + o0 0
g{(t—rw(t—r))—a—f(t—fw(t—f))w’(t—f) ,
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thenz € C3[—7, T).
If v € C3[—-7,T)and f € C*([-7,T] x [a,3]) thenF € C3|—7,T] and

F"(t) = [f(t,z(t))]], Vt € [-7,T]. For this functionf" we apply the quadra-

ture rule ¢.3) and obtain the approximative values of the soluticat the points
ty, k =n+1,q, as in the following formula:

@4) onlt) = [ 1o pna(9)ds
% [f (tksi = 75 o1 (i — 7))

=0

+ f(trrivr — 7 Om1 (trgivr — 7))]
2 10
2 [ H b s

ot
of

1 %(tk, Pm—1(tk)) * Py (k)

0
U (e — 1)

— 5t =T (s = 7)) @ (b — ) | L),

Vm € N*andVk = n + 1, g, where,
o1 (t) = [t oma(t)—f(t=T,m-2(t—=7)), VL E€[0,T], Vm €N, m > 2,

andy),(t) = 0, @\ (t) = F(t,b) — f(t —7,b), V¢ € [0, 7).
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To estimate the remainder we need to obtain an upper bound for the third
derivative[f (¢, z(t))]; . After elementary calculus we have foe [, T7:

o f
ot3

o’ f

Lt z@®)]y = 55t () +3

or

di01?
0*f

iz "

(1) (1)
P f

(t,2(t)) - ['(B)] + 53 L) [/ (1))

R (1) + 352 (1 (1) (02" (1)

+3

+3—==

8f n
+ %(t,x(t))x (t).
We denote
Mo =M = max {[f(t,x)| : t € [-7,T], x € [a, B]}
o~ f B a|04|f(7§7 ) ' B
H oter Oz = maX{ —8ta18,§(:0‘2 it e [_7-, T], T € [a,ﬁ], o]+ ag = ‘al}
_ af| ||of
Ml—max{ ot ox }’
Mo — o*f 0% f 0% f
27 WA g || 0t8x ’ ax2 )
03
Ms = { ot 8t28x H Dtd? 8:1;3 }
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Consequently, we obtain the estimations:

[f (&, 2(8)])| < M3(1+ 6Mo + 12Mg + 8M)
+ Mo (8M; + 32Mo My + 32MZ M)

+4M; + 8MyMz = M", vt e [-7,T],

and
(n) 7_4 M///

’ mk(f) S 1607137 vmeN*, Vk=n+1,q

Then, to compute the integral.{), we can use the following algorithm:

©1(tr)
SO NIUNELEINERS
+f(thtitn — 7 0o (thgivs — 7))
7'2 0 0
_ [8{( 5 0o(te)) + a—i(tk,soo(tk)) - o (t)
_ %(tk — T, 00(tk — 7)) — g_af;(tk =7 ¢0(te = 7)) - otk — 7)
+r)(f)

= Plts) +r{(f),
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pa(tr)

n—1
-
=5 - Lf(trgi — 7,01ty — 7))
(4.5) +f(teitr — 7, 01 (it — 7))
’7'2 0 0
- 1t | Bt rlt0) + Pt ) - )
8f of _ .
“gr el =) =t = et = 7)) Al - Tﬂ e o et for & ey
(n) Integral Equation from
T (f) Biomathematics
n—1 . ..
T . n Alexandru Bica and Craciun lancu
=3, Z [f(tk+z‘ — T, Ptk — 7) + Tg,k)ﬂen(f))
=0
_ (n) Title Page
+ f(tryivr — 7, 01(thpivn — 7) + 1) Eitl— 2(f))
5 of Contents
T n
~ 53 {81& (te, B1(t) + 7370 (f)) < S8
of , ~ n < 3
o (i, G (t) + 17 () - (F(t:0) = f (8 = 7,0))
af Go Back
= 5t = Bit = 1)+ () Close
0 n .
L (p 7Bt~ 7) + ()t = 7.) = 1y~ 27, 1) Qui
x
(n) Page 16 of 33
T Trog (f)
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n—

1
% Z[f(tk—l—i — T, 1 (ki — 7)) + f(trrivs — 7, 01 (topirr — 7))]

— i [ Bt + S B - () - 0ot
W)
b= Bl =) (= 70) — St — 28] 4150

= oo(ty) +150(f),  Vek=n+1g

We have the remainder estimation:

—_—

| < Toos

4 "

20, (14 2M -
{1+7L+T Qé: )}, Vk=n+1.q
n

By induction, form > 3 we obtain:
n—1

% 2 [f(tzm — 7, G (e = ) 1 ()

m—1,k+i—n
1=0

+ f(thtivr — T Pt (trgivr — T,

e~ —
o~

(Pm—l(tk+i+1 — 7') + Tm—l,k—i—i-‘rl—n(f))
2 Tof, n 0
1;n2 ' [a_{(tk,sﬁm—l(tk) e )+ /

AT R (et (9
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P —_——

n , 0 _— -
+ 70 () - P () — a—{(tk — 7 Gty = )+ ()

SO Tt = ) 4 (D) Pt — ﬂ]

Ox
n—1
=5, {f(thri =T, Om1(thti = T) + Tl gy ()
i=0

+f(trrivs — Ty Pt (thrivs — T) + Tmfl,k+i+17n<f)):|

2 _
s | G ) + 10 + S0

12n2 ot
() (b Bmalt) + 1805 (1)
=7 En =) 4 1 (1)~ (b 7, o~ )
) = L7 )

bl ) = et =) 1 ()

——~—

— flte =27, oo (te — 27) + 70 o ()| + ()
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—_

= % [f (thri = 7 Gt (s — 7)) + f (briss — 7 Pt (briss — 7))

_ T [% (tr, Pma (t)) + 9f (ts D1 (th)) - (f (trs P2 (te))

Il
o

12n2 | Ot oz

—~—

e %)
 flte—m omalte — 1) — 2 (4 — 7 et — 7))

ot
af — — A Numerical Method in Terms of
T or (tk — T, Pm—1(tr — T)) (f(te = 1) prm—alte — ) the Third Derivative for a Delay
z Integral Equation from
o @)\—/ Biomathematics
N f (tk N 27-’ gpmfz(tk N 2T>)) +Tm’k<f) Alexandru Bica and Craciun lancu
= P (tr) + rf»:?k(f% Title Page
YmeN,m>2,Vk=n+1,q. CIOTIETES
<4< 44
Remark 3. We can see that, for = n, 2n we havet, — 7 € [—7,0] and then < >
Splm—1(tk - T) = (I)'(tk - T) = s’(tk — 7‘) = Mi_n Go Back
. Close
form € N;m > 2in (4.5 and (4.6).
Quit
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For the remainders we have the estimations:
@7

7_4]\4///
<
— 160n3

rfsll,km\ - [TL ;
T2LM2

3n?

+

6n2

2 My(1+ 2M)}

e~ ||~

A )
7_4]\4///

<

— 160n3

(L+7L+ ... +7m7Lm
T2 My - (2M + 1) TAM™ 1
* 612 160n? (E)
TAM" (1 — 7™ L™) N TOM" 72 LM 2 My - (2M + 1)
160n3 (1 — 7L) 960n°

1
+o().

YmeN, m>3, Vk=n+1,q.
For instance, ifn = 3 we have the estimation:
4 "

ré’,z)(f)‘ <TM

(4.8) (1 + 7L+ T2L2)

~ 160n3
L TOMUMy - (1+270) M A1) | TOMME - (2M + 1)?

96015 - 576007
PO ML - (L 7L) | TH(MM)EMEL - (2M 4 1)

* 76800n8 460800110 ’
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Vk=n+1,q.
We obtain the following result:

Theorem 4.1. Considering the initial value problen2 (1) under the conditions
from Corollary2.2and Remark, if f € C* ([-7,T] x [a,0]), 7L < 1 and the
exact solutionp is approximated by the sequen@e,, (tx)),cy-» ¥ = 1,4, On
the equidistant points3(1), through the successive approximation methbd)(
combined with the quadrature rulél.(3), then the following error estimation
holds :

N 7_m Lm ,7_4M///
4.9 tr) — om(t
T M”’Tm 2[m=2 M, - (2M + 1) 1
O —
960n° * <n5) ’

VmeN", m>2 Vk=n+1,q.
Proof. We have

|o(tr) = Em(te)] < l@(te) — om(tr)|+lom(tr) —
From Banach’s fixed point principle we have

o(t) — (8] < o = omll < T o — llego.
Vm € N*, Yk = n + 1, q. Also,
[em(te) = Pmlt) < [r0(F)|, YmeN, m>2 Vhk=n+1q
Using the remainder estimation.(), the proof is completed. H

Om(te)|, Ym € N*, Vk =7,q.
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If £ is Lipschitzian we can use a recent formula of N.S. Barnett and S.S.

Dragomir from Corollary 1 inf],

/bF(t)dt _ -9

) pa)+ P - O
with |R(F)| < -

12

F(b)] -

[F'(b) =

720

F'(a)] + R(F),

whereL is the Lipschitz constant. A composite quadra-

ture formula can be easy obtalned considering an unlform partitign, of

with the knotst; = a +i - 2=2%,7 = 0,n and the step =

b n—1
_ (b_ a) ) ) _(b_ a) / .
| Foa =L ;[mmﬂtm)} ) F(a)
having the remainder estimation,
Ru(P)] < L)
- T20n*

Here, we use these formulas B(t) =

(4.10) /t U Fa(t)dt

_ / " P
— % j_o [F(thri — 7) + F(tgpiyr — 7)]
— T ) - Pt — )]+ Ry(F),

f(t,z(t)) and obtain,
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with
TSLg
720n4’

|Rn(F)] <

if 3L; > 0 such thal F""(u) — F"(v)| < Ls|u —v|, Yu,v € [—7,T]. From
(4.7) and @.3) we see that the relationg.p) and @.6) remains unchanged in

this case, and for the remainders the estimatidng becomes:

n 7_5L3
(S )‘ = 7200t

Vk=n+1,q

T5 L3
720n4

7'2M2 (1 + QM)
6n2

ré’fk)(f)‘ < [1+7L+

o)
T5L3 /(n\)/
< W Tm—l,k;(f) : |:TL +
T2 LMy |y
302 Tr(n)—lk(f)‘ :
T5L3(1 — 7mL™)
720n* (1 —7L)

(4.11)

+

72M2(1 —|— 2M)
6n2

—_—~—

Aﬁmwﬁ

7'7L37'm72Lm72M2 . (2M + ].)
4320n6

Ym eN*, Vk=n+1,q.

| e

1
+o(5).
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For instance, the estimation.g) becomes:

/\n/ 75L3 /\n/ 72M2(1+2M)
| < S )| [ T2
TQLMQ /\n/ n
)|
'7_5[43
< 1+7L+7°L7
< tagus L HTLATLY)
TTLsMy - (1+27L) (2M +1)  7°LsM3 - (2M +1)°
4320n8 25920n8
T12(Lg)?MoL - (1 + 7L) . T(Lg)2M2L - (2M + 1)
1825200n10 10951200712 ’
Vk=n-+1,4q.

In this way we obtain the following result:

Theorem 4.2.1f f € C3([—7,T] X [a, B]), ® € C?[—7, 0], having,

w(0) = Jim 1900+ St w00

—t>lé¢IILO% ot
of /
__(t_7—790(t_7—))_%(t_7790<t_7—))90<t_7—) ;

and the function%, % and g%gf are Lipschitzian int and z, theny €

C3[-7,T], F" is Lipschitzian with a Lipschitz constafit > 0 and the fol-
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lowing estimation holds:

o(t) = E ] < T2 o — r o + i
PU) = Pmlle)l = 77 Yo — Pilicio,m 160n3 (1 — 7L)
7L m— 2Lm 2M (2M 1 1
T 3T 2 ( + )+O _
4320n6 n®

YmeN', m>2 Vi=n+1,q.

Proof. From Remark, we infer thatp € C3[—7, T] and becausg € C3([—, T _ _
x[a, B]) we see thaf” € C*[—7, T] and ¥, is Lipschitzian int andz. For this /e T Detivative for & Do

reason there exidty;, Ly; > 0 such that Integral Equation from
Biomathematics

0 0
‘a_i(ua :L‘) - a_i(% 37) < Ly ‘U - U‘ Alexandru Bica and Craciun lancu
of of ,
'a_:c(“’ T) — 3_x(u’ y)‘ < Loy |z —yl, Title Page
Yu,v € [—7,T], Vz,y € |o, (). Slncef)t?f is Lipschitzian int andzx there exist Contents
Ly, LY, > 0 such that <4 >
03 f Pf < >
) - 5 a0
3f 83f 83f 83f Go Back
o w,aw) — S, 2w)| + | L 0, a(w) ~ S (0, (0) Glose
< Lo [u — v + Ly [z(u) — z(v)] Quit
< Lag lu—v|+ Ly, - ||2']] |u — v] Page 25 of 33
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Vu,v € [—-1,T]. We haver/(t) = f(t,z(t)) — f(t — 7,z(t — 7)), ¥Vt € [0,T]

and||z'|| < 2M. Similar, since% and% are Lipschitzian int andx there

existLyy, L, > 0 andLog, L{; > 0 such that we have:

o3 93
‘8758; (u, 2(w)) = 8158];2 (v, 2(v))| < (Lig + Ll - |2'])) |u — vl

03 o
a_l:];(u,l’(u)) - a_x{;(v,l’(v)) < <L03 + L63 . HJ‘JH) |U . Ul 7

A Numerical Method in Terms of

V. v € [_7_ T]. Now. we can state that the Third Derivative for a Delay
) ) ) Integral Equation from
af af Biomathematics

%(U, I(U)) %(U, x(v)) < (L[n + L61 : |I$/||) |U - ’U| ) Alexandru Bica and Craciun lancu
Yu,v € [-7,T], and sincex € C3[—7,T| we have thatr’ andz” are Lips- Title Page
chitzian. Also, we havé"”(t) = [f(t,z(t))], and pE—
n _ 83f a3f / “ ”
F(ta@)]) = 55 (6 o(0) + 3522 (L ()21 —1—
a3f / 2 83f ! 3
Bt (b () [ (OF + 55 2(0) (1) Go Back
2 2
£3 2L (1 () (1) + 32L (1, 2(6)2/ (1" (1) Close
otox 0x? Quit
af "
+ 5 b ()27 () Page 26 of 33
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From all the above we can see that:

‘F///(u) _ F///(U)‘

3f
< (Lan + 22400 Ju— o] +3 | Lo o
3L+ Dy ) -1 = + (L L 1) 17 s =
0% f *f 2
o e R E R EeE] = B

+ (Lov + Loy - 1211) - 12" [} fu — v
< L3lu—v|, Yu,vel[-7T].

Here we have

L3 = Lsg + 2L M + 6 M M3(2M + 1) + 12M?(Lyy + 2L}, M)
+ 8M?*(Los + 2L M) + 6Ma(2M + 1) [Ma(2M + 1) + 2M7 |
+ 12MyM?(2M + 1) + 2(Loy + 2Ly, M)
x (2M + 1)[My(2M + 1) + 2M7] > 0,

since|[2”|| < 2M,(2M + 1) and|j2”|| < 2(2M + 1)[My(2M + 1) + 2M3],

having fort € [0, 7]

o(1) = 21, 20) + Lt ety 1)
of of /
I R R P}
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and

()= 2L tae) + 2L 20

F (0 |t alo) + G A (020

i O >’ f
+' 02 (2(0) - L -t - )

92 f
— atax(t —T,x(zt —71))-2'(t—7)
+2'(t—7) - L?atax(t T,2(t — 7))

—l—%(t —rat—T1)) 2 (t—7)

+ 2" (t — T)g—i(t —1,z(t—17)).

Then, F" is Lipschitzian, and so we can apply the quadrature rdlg) from

[2] and we have the inequalityi(11). Using the estimation from Banach'’s fixed
point principle we obtain the desired estimation. O

Remark 4. To approximate the solutiop on [0, 7'] we can use the cubic spline
of interpolations, defined by the interpolatory conditions:

s5(tk) = om(tr),
3<tn) = Un
s"(t,) = M, =0,5"(t,) =M, =0

Vk=n+1,q
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for a fixedm € N*, on the knots,, k =7, ¢, asin [4, p. 119-128]:

s:[0,T] = R, s(t) =si(t), Vt € [tig,ti], Vi=n+14q
where,
Mi(t —ti1)> + My (t; — )2 (6p;_1 — M;_1h2) - (t; — 1)
(1) = 7
si(t) 6h: * 6h:
6p; — M;h?) - (t — t;i_ o
+ ( 4 61}3 ( 1)7 Vi € [ti—lati]a 1=n-+ 17Q7

andyy. = s(tx), My = s"(ty), Yk =7, q. The values\iy, k = ., g are obtained
from the relations

hiM;_4 Mi(hi + hm) Piv1 My
6 + 3 + 6
Pit+1 — Pi WYi — Pi—1 L, —
hz‘+1 hz ’ ! n 4 ’

where M,, = M, = 0. Sincef € C*([—7,T] x |a, 3]) we infer thaty €
CYo,T). If @ € C4—7,0] and ®(0) = ,Jim Ogo(t) theny € C*—7,T]. In
these hypothesis, fare [0,7]\{ tx,k = 7@, g}, we have the following error
estimation:

() ‘ ;

m ., Tm

5
384

-
1—7L

o) = s()] < o — el + ™ -2t
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whereh = q_g_l = Z.We have
xIV(t)
a3f 83f / a3f / 2
= 5 (Ga(t) + 3555, 2(t) - 2'(8) + 35 55 (8, 2(t)) [2(2)]
83f / 3 an "
G 00 0 (00
+35T(02(0) - (0) (1) + G (1 (0) -2
9 f 9 f ,
— ﬁ(t—T x(t—1)) — 3at2ax(t—r,x(t_7—)) ' (t—T)
83]0 / 2
gt =nt =) =)
~ O ralt =) WP
an " 2f / "
_Sﬁtﬁx(t_T»x (t—7) —3W(t—7 x(t—71)) 2t —T1)"(t — 1)
— g(t — 7zt —71))2"(t —71),

vt € [0,T]. Since

| IS M, |¢l<2M, ||| <2M(1+2M),
10" < 2Ms(1 + 2M)? + 4M2(1 + 2M),
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we have the following estimation:

lo" || < 2Ms + 6Ms ||| + 6Ms [l'|” + 203 |||
+ My || "[| + 6Mz [l - 19" + 2M1 ||¢™]]
< 2Ms3(1 4 2M)? + 16 My My(1 + 2M)* + 8M7 (1 + 2M).
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