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Abstract
Our aim is to prove the inequalities

1-2* | Pyx) )| 1=
h, n\t) Veel-1.1.n=1.2.....
77(77 + 1) [ _‘ P/zfl(fl‘,) P“('Z') ‘ a [ } “

where hy, := Y, 1 and (P, )2, are the Legendre polynomials . At the same
time, it is shown that the sequence having as general term

n(n+1)
is non-decreasing for z € [-1,1].

2000 Mathematics Subject Classification: 33C10, 26D20.
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Let (P,),-, be the sequence of Legendre polynomials, that is

1 n 1 —
P (z) = ((2* 1)) =2R (—n,n+ 1;1; x) ,

nl2m 2
where
- (a)r(b)i 2F Onthe | lity of P. Turan f
o I (a, b; ¢; Z) = Z (C)k ) i ! I?egneer?dL:’?Polc;/nomil{arlzn .
k=0 ’
(a)k — a(a + 1) o (CL + E— 1)7 (a)o -1 Eugen Constantinescu
Denote Title Page
P, (x P.1(x Contents
An(z) = ) 1) = [Pn(x)]Q — Pp1(2) Py ().
P, 1(z) P,(x) <« >
Note thatP, (1) = 1, Py(—z) = (—1)"Py(—2), i.e. Ap(1) = An(—1) = 0. S %
For instance . ) . . Go Back
— X — X
Ai(z) = 5 Ay(r) = 1 Close
Paul Turan £] has proved the following interesting inequality Quit
Page 3 of 9
(1.1) An(z) >0, VYze(-1,1), ne{l,2,...}. 298 =0
In [1] - [7] are given the following remarkable representationagfz). 7 nea, Puie and Appl. . ©(2) Art. 26, 2005
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Lemma 1.1 (A. Lupas). Supposer(z,t) := z? + t(1 — 2%) and P, (z;) = 0.
Then

1 l1-p, t dt
(1.2) A (z) = / (p(z,t)
mn(n+1) J_, 1—t V1—t2
and
1—22 ([ Po(z)\’
(1-3) An(x) = m <ZL’ _ :L‘k> (1 o xxk) : On the Inequality of P. Turan for
k=1 Legendre Polynomials
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In this article our aim is to improve the Turan inequality).

Theorem 2.1.1f x € [-1,1,n € N, h, :=>",_, 1, then
1—a? 1—a?
(2.1) — T b, < A(r) < —
n(n+1) 2

Proof. Let us denotel,(t) = cos (k - arccost), 7o = %, v = 2 fork > 1,
ando(z,t) = z* + t(1 — 2?). According to addition formula for Legendre
polynomials, we have

"\ (n—k)! ok [k 2
Pt ) =73 1= [P i)
If t =1 we find
— (n—k)! 2\k [ p(k 2
Therefore
— P, (p(z, " (n —k)! ok [ ok 21 -1,
1 1(_(2( t)) :2k:1 En+k§!(1_x ) [PTE)(J:)] 1 1_kt(t)
—or S P [pO@)] Sk - )T
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This shows us that

{1 — B (p(x,1)) } _ 1= P (e(z,))

max =
te[—1,1] 1-—1t 1-—1t 1
= (1—2*)P(1)
1
_ M(l —?).
2
Using the Lupas identityl(2) we obtain On the Inequality of P, Turén for
1 9 Legendre Polynomials
— X
Ay (x) < 5 (n>1, ze[-1,1]). Eugen Constantinescu
Taking into account the following well-known equalities _
Title Page
2n —1 —1
Pu(z) = ”n 2Py 1(z) — ——=P,_5(z), Py(z)=1, Pi(z) =z, Contents
(1= 2?)Py(2) = n(Pus(z) — 2Pu(2)) = (n + 1) (2Pu(@) = Para(x)), « dd
_ < >
we obtain
Go Back
bk 1) Aw(@) = (k= 1)k (r) = (1=2) [Pi(a) P (2) = Pa(a) P (2)] - Close
The Christofell-Darboux formula for Legendre polynomials enables us to write Quit
L2 b1 Page 6 of 9
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By summing fork € {2,3,...,n} we give

n—1 k
1
_ _ 2 _ 2
nin+ DA, (x) = (1 —2*)h, + (1 — 22 E k+1§ (27 4+ 1) [Pj(x)]”,
k=1 j=1
which impliesA,, (z) > <;(§+>fn forz e [—1,1]. O

Another remark regarding.,, () is the following :

Theorem 2.2.The sequenceg(n + 1)A,(z)).~,, = € [-1,1], isnon-decreasing,

. n=1"
l.e.
n—1

n+1
Proof. Let I1,,, be the linear space of all polynomials, of degreen, having

real coefficients. Using a Lagrange-Hermite interpolation formula, every poly-
nomial f from Iy, ,; with f(—1) = f(1) = 0 may be written as

Ay (z) > Api(z), ze[-1,1, n>2.

@2 )= (-3 (i) Adfia

where
fla) + (@ — ) f'(2r)

2

Ap(f;z) =
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Let us observe that

1— a3
n+1

2
1 —x

Poa(zr) = P (xr),  Popi(og) = —

2n — 1
n(n—1)
Py i (xr) = Py (wx) = 2 Py (1)

(2.3) Py a(zy) = 2p(1— 23) Py (2),

In (2.2) let us consideyf € Il,,, where

f(z) =nn+1)A,(x) —n(n — 1)A,_1(z).

From @.3) we find

(1 — z3)°
n

flxg) =

2
1—zy

Becaused,(f;z) =

n

f(x) = 1_x22n:(P"(x))2(1—mi)20,

n r — X
k=1 k

Therefore

n+ 1A, (z) — (n—1)A,_1(x) >0 for

Pra)]*, () = 0.
[P’ (x4)]?, using @.2) we give

x e [-1,1].

x e [—1,1].
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