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Abstract

In this paper some Poincaré type inequalities are obtained for the maps of the
Heisenberg group target.
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1. Introduction and Preliminaries
Let Hm ([1]) denote a Heisenberg group which is a Lie group that has algebra
g = R2m+1, with a non-abelian group law:

(1.1) (x1, y1, t1) · (x2, y2, t2) = (x1 + x2, y1 + y2, t1 + t2 + 2(y2x1 − x2y1)),

for everyu1 = (x1, y1, t1), u2 = (x2, y2, t2) ∈ Hm. The Lie algebra is generated
by the left invariant vector fields

(1.2) Xi =
∂

∂xi

+ 2yi
∂

∂t
, Yi =

∂

∂yi

− 2xi
∂

∂t
, i = 1, 2, . . . ,m,

andT = ∂
∂t

. For everyu1 = (x1, y1, t1), u2 = (x2, y2, t2) ∈ Hm, the metric
d(u1, u2) in the Heisenberg groupHm is defined as ([2])

d(u1, u2) =
∣∣u2u

−1
1

∣∣(1.3)

=
[
((x2 − x1)

2 + (y2 − y1)
2)2

+ (t2 − t1 + 2(x2y1 − x1y2))
2
] 1

4 .

We see thatHm possesses the nonlinear structure of group laws. It is one of the
differences betweenHm and general Riemann manifolds.

Let Ω ⊂ Rn (n ≥ 2) be a bounded and connected Lipschitz domain . Let
2 ≤ p < ∞.

L. Capogna and Fang-Hua Lin [3] have provided the characterizations for the
Sobolev spaceW 1,p(Ω,Hm), proved the existence theorem for the minimizer,
and established that all critical points for the energy are Lipschitz continuous in
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the 2-dimensional case. However, the higher dimensional regularity problem is
still open.

In this paper, we shall give some Poincaré type inequalities for the maps of
the Heisenberg group target. The statements of these results are similar to the
ones in the classical case. However, since the metric possesses the nonlinear
structure of the group law, we require the use of a few techniques in the proofs
for our Poincaré type inequalities.

Definition 1.1. Let 2 ≤ p < ∞. A functionu = (z, t) : Ω → Hm is in
Lp(Ω,Hm) if for someh0 ∈ Ω, one has

(1.4)
∫

Ω

(d(u(h), u(h0))
pdh < ∞.

A functionu = (z, t) : Ω → Hm is in the Sobolev spaceW 1,p(Ω,Hm) if
u ∈ Lp(Ω,Hm) and

(1.5) Ep,Ω(u) = sup
f∈Cc(Ω),0≤f≤1

lim
ε→0

sup

∫
Ω

f(h)eu,ε(h)dh < ∞,

where

eu,ε(h) =

∫
|h−q|=ε

(
d(u(h), u(q))

ε

)p
dσε(q)

εn−1
.

Ep,Ω(u) is called thep-energy ofu onΩ.

Lemma 1.1. If u = (x, y, t) ∈ W 1,p(Ω,Hm), then

(1.6) ∇t = 2(y∇x− x∇y) in L
p
2 (Ω).

http://jipam.vu.edu.au/
mailto:gaojia79@sina.com.cn
http://jipam.vu.edu.au/


Poincaré Inequalities for the
Heisenberg Group Target

Gao Jia

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 5 of 10

J. Ineq. Pure and Appl. Math. 6(2) Art. 33, 2005

http://jipam.vu.edu.au

The maps satisfying (1.6) are called Legendrian maps.

Lemma 1.2. If u = (z, t) = (x, y, t) ∈ W 1,p(Ω,Hm), then

Ep,Ω(u) = ωn−1

∫
Ω

|∇z|p(q)dq.

Lemma1.1and Lemma1.2are due to L. Capogna and Fang-Hua Lin [3].

Lemma 1.3 ([4]). (Cp−inequality) Letp > 0. Then for anyai ∈ R,(
n∑

i=1

|ai|

)p

≤ Cp

n∑
i=1

|ai|p,

whereCp = 1 if 0 < p < 1 andCp = np−1 if p ≥ 1.

Lemma 1.4 ([5]). (Poincaré Inequality in the classical case) LetΩ be a bounded
and connected Lipschitz domain inRm. Letp > 1. Then there exists a constant
C depending only onΩ, m andp, such that for every functionu ∈ W 1,p(Ω, R),
we have ∫

Ω

|u(x)− λu|pdx ≤ C

∫
Ω

|∇u|pdx,

whereλu = 1
|Ω|

∫
Ω

u(x)dx.
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2. The Poincaré Type Inequalities for the
Heisenberg Group Target

Theorem 2.1 (Poincaré type inequality).Let Ω be a bounded and connected
Lipschitz domain inRn. Then there exists a constantC depending only on
Ω, n, m andp, such that for every functionu = (x, y, t) = (z, t) ∈ W 1,p(Ω,Hm),

(2.1)
∫

Ω

(d(u(q), λu))
pdq ≤ CΩEp,Ω(u) = CΩ

∫
Ω

|∇z|p(q)dq.

Hereλu = (λx, λy, λt) andλf = 1
|Ω|

∫
Ω

f(q)dq.

Proof. Obviously,λu ∈ W 1,p(Ω,Hm). From (1.3), using theCp−inequality,
we have

(d(u(q), λu))
p

=
[
|z(q)− λz|4 + (t(q)− λt + 2(λxy(q)− λyx(q)))2

] p
4

≤ Cp

[
|x(q)− λx|p + |y(q)− λy|p

+ |t(q)− λt + 2(λxy(q)− λyx(q))|
p
2

]
,(2.2)

whereCp depends onp. By the Poincaré inequality in the classical case, noting
that

2(λxy(q)− λyx(q)) = 2λx(y(q)− λy)− 2λy(x(q)− λx),
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we obtain∫
Ω

(d(u(q), λu))
pdq

≤ Cp

[∫
Ω

(
|x(q)− λx|p + |y(q)− λy|p + |t(q)− λt + 2(λxy(q)− λyx(q))|

p
2

)
dq

]
≤ C1

∫
Ω

|∇x|p(q)dq + C2

∫
Ω

|∇y|p(q)dq + C3

∫
Ω

|∇t + 2(λx∇y − λy∇x)|
p
2 dq.

By virtue of the Legendrian condition∇t = 2(y∇x − x∇y), using the Hölder
inequality, noting that|∇x| ≤ |∇z| and|∇y| ≤ |∇z|, we have∫

Ω

(d(u(q), λu))
pdq

≤ C1

∫
Ω

|∇x|pdq + C2

∫
Ω

|∇y|p(q)

+ C32
p
2

∫
Ω

|∇y(x− λx)−∇x(y − λy)|
p
2 dq

≤ C1

∫
Ω

|∇x|pdq + C2

∫
Ω

|∇y|pdq

+ C4

(∫
Ω

|∇x|
p
2 |y − λy|

p
2 dq +

∫
Ω

|∇y|
p
2 |x− λx|

p
2 dq

)
≤ C1

∫
Ω

|∇x|pdq + C2

∫
Ω

|∇y|pdq + C5

(∫
Ω

|∇x|pdq

∫
Ω

|∇y|pdq

) 1
2
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≤ C1

∫
Ω

|∇x|pdq + C2

∫
Ω

|∇y|pdq + C6

(∫
Ω

|∇x|pdq +

∫
Ω

|∇y|pdq

)
≤ C

∫
Ω

|∇z|p(q)dq,

whereC1, C2, C3, C4, C5, C6 andC are dependent onΩ, n,m andp.

Corollary 2.2. If u ∈ W 1,p(B(h0, r),H
m), then∫

B(h0,r)

(d(u(q), λu))
pdq ≤ CrpEp,B(h0,r)(u)(2.3)

= Crp

∫
B(h0,r)

|∇z|p(q)dq.

Proof. Observe that

(d(u(q), λu))
p

=
[
|z(q)− λz|4 + (t(q)− λt + 2(λxy(q)− λyx(q)))2

] p
4

≤ Cp

[
|x(q)− λx|p + |y(q)− λy|p + |t(q)− λt + 2(λxy(q)− λyx(q))|

p
2

]
.

HereCp depends onp. By the Poincaré inequality in the classical case, noting
that

2(λxy(q)− λyx(q)) = 2λx(y(q)− λy)− 2λy(x(q)− λx),

we deduce∫
Br(h0)

(d(u(q), λu))
pdq
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≤ Cp

[∫
Br(h0)

(|x− λx|p + |y − λy|p + |t− λt + 2(λxy − λyx)|
p
2 )dq

]
≤ C1r

p

∫
Br(h0)

|∇x|p(q)dq + C2r
p

∫
Br(h0)

|∇y|p(q)dq

+ C3r
p
2

∫
Br(h0)

|∇t + 2(λx∇y − λy∇x)|
p
2 dq.

By virtue of the Legendrian condition∇t = 2(y∇x − x∇y), using Hölder’s
inequality, noting that|∇x| ≤ |∇z| and|∇y| ≤ |∇z|, we can obtain∫

Br(h0)

(d(u(q), λu))
pdq

≤ C1r
p

∫
Br(h0)

|∇x|p(q)dq + C2r
p

∫
Br(h0)

|∇y|p(q)dq

+ C3r
p
2

∫
Br(h0)

|∇y(q)(x(q)− λx)−∇x(q)(y(q)− λy)|
p
2 dq

≤ C1r
p

∫
Br(h0)

|∇x|p(q)dq + C2r
p

∫
Br(h0)

|∇y|p(q)dq

+ C4r
p

(∫
Br(h0)

|∇x|pdq

∫
Br(h0)

|∇y|pdq

) 1
2

≤ Crp

∫
Ω

|∇z|p(q)dq,

whereC1, C2, C3, C4 andC depend onΩ, n,m andp.
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