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ABSTRACT. We prove a Holder inequality for theP-spaces of analytic functions with respect
to a complex Gaussian measure.
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1. INTRODUCTION

In this paper we will prove the following inequality: for any two entire analytic functipns
g : C* — C and any positive numbejs q, 7, ands, such that}) + % =1, we have:

@y = [ et s
< | [isemare ] |2 [ e e

7TTL
provided that the integrals from the right side are both finite. This inequality is motivated by
the following facts from White Noise Analysis. Thetransform is known to be a unitary iso-
morphism from the space of square integrable functions defined on a white noise space onto the
spaceH L*(E), whereF is a separable complex Hilbert space (sée [4, p. 39] for the definition of
the S-transform, and page 337 for the stated isomorphism). The space of generalized functions
in White Noise Analysis is the union of an increasing family of weightéefunctions. The
S-transform maps such a weightéd-space ontd'(A)HL?(E), whereA is an operator ot
andIl'(A)p(u) := ¢(Au). In White Noise Analysis there is a product between two generalized
functions, called the Wick product. It is defined in such a way thatStHteansform of a Wick
product of two generalized functions is the product of $hransforms of the two generalized
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2 AUREL STAN

functions. A natural question is the following: knowing the smallest weighted space in which a
generalized functiom lives and the smallest weighted space in which another generalized func-
tion ¢ lives, what is the smallest weighted space in which the Wick produgtarid« lives?
Applying the S-transform isomorphism, the question is reduced to the following question: If
f € T(A)HL*(C") andg € T'(B)HL?(C"), then what are the operatafshaving the minimal
operatorial norm such thaty € T'(C)HL?(C")? This inequality, fors = 2 only, was proven

in [5] and called “a Young inequality for White Noise Analysis”. Although the inequdlity| (1.1),
for the spaceg{L*(C") only, gives a satisfactory answer to this question, from a mathemati-
cal point of view it is important and interesting to extend this sharp inequality to all the other
HLr(C™) spaces. This is the purpose of this short paper and we do not know what applications
it may have.

2. A COMPLEX HOLDER INEQUALITY

For anyp > 1, let HLP(C", 1) denote the space of all holomorphic functiohs C* — C
such that:

191 = [ rPdnt:) < .

wheredu(z) = (1/7)e "’ dz. Here, ifz = z + iy, thendz = dxdy is the Lebesgue measure

on the spac&" identified withR>".

For any functionf : C* — C and complex numbett € C, we define a new function
I'(a)f : C* — C, by I'(a)f(2) := f(az). Observe that iff is holomorphic, therl'(a)f

is also holomorphic. The following hypercontractivity result gives us a relation between the
spaces{L*(C", u), whenl < p < cc.

Theorem 2.1.For any1l < p < ¢ < oo and any holomorphic functioff : C* — C, the
following inequality holds provided that the right hand side is finite:

1 1
e ()7, =1 ()
va)'l, VP
This theorem was first proven by Jansonlin [2]. Later Carlenhlin [1] and Zhou in [6] simulta-
neously proved the cases of equality. Using this theorem we will prove the following:

p

Theorem 2.2. Letp, ¢q, andr be strictly positive numbers (not necessarily larger than or equal
to 1) such that
1 1 1

p qg T
Lets > 1. If f and g are holomorphic functions such that,/p)f € HL*(C", ) and
I'(y/q)g € HL*(C", p), thenl'(y/r)(fg) € HL*(C", ) and

(2.2) [TV (foll, < ITG/PIL - ITVall, -

The equality holds if and only if one of the functighand g is identically equal to zero, or
f(z) = cle% Y1 a5z
g(z) = 02652?:1 4525

wherecy, co, a1, as, . . ., a, are arbitrary complex numbers.
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Proof. Using Holder’s inequalit;(% + o= 1> we obtain:
TG/,
- | [ nemrtamra)|
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- [ L () : du(Z)] ’ [ [l () i du(Z)] ’

Observe that® > s > 1 and?! > s > 1 and thus applying the “complex hypercontractivity”
inequality %}) (which says that for any holomorphic functiarend anyl < u < v < oo, we

have||T" HF fH ) to the holomorphic functionsf(,/spz) with v = s and
v="2 andg \/_z ) with u = s andv = 2 respectively, we obtain:

[T(/r)(f9)l,
< / |r (%_pw—m) : du(Z)] ' [ (\/i_(\/_2>> ’ du(Z)] ’
< (;gw—m)sdu(z)H (7(\/_Z>)s <>r
—/\f VD2)|Pdp(z ]U\g\/_zsdu }

TGN, - IV 9 -

It is clear that if one of the functiong or ¢ is identically equal to zero, then our inequality
becomes an equality. Let us assume that both functfoasd g are different from the zero
functions.
From [1] and [6], we know that, in order to have equality in the “complex hypercontractivity”
inequality, f andg must be functions of the form:

f(2) = creXim%%  and  g(z) = cpeXi=1Pi%

wherecy, ¢o, a1, ao, . .., ay, b1, B, - - ., B, are arbitrary complex numbers. To have equality in
Holder's inequality, there must be a constarsuch that, for alk € C*, | f(2)|P/" = k|g(2)|7".

Since f and g are holomorphic we obtain the condition that, for alK j < n, ’% = quJ
Denoting bya; the common value opa; andgg3;, we obtain that the equality holds in our
inequality only for a pair of functions of the form:

f(2) = crer Zima o

9(2) = caer B,

wherecy, ¢o, a1, as, - - -, a, are arbitrary complex numbers. O
We are thankful to Professor Svante Janson for adding the following:

Remark 2.3. The inequality[(2.R) holds even for< s < 1.
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This is true since in [2] the “complex hypercontractivity” inequallty {2.1) is proved not only
for 1 < s < oo, but also for any) < s < 1.
The equality, for the cade < s < 1, holds only for functions of the same form as above. This
is true since the equality case in inequaljty [2.1) occurs only for exponential functions, even in
the casé) < s < 1. This was proven in [1].
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