Journal of Inequalities in Pure and
Applied Mathematics

COEFFICIENT INEQUALITY FOR A FUNCTION WHOSE DERIVATIVE
HAS A POSITIVE REAL PART

volume 7, issue 2, article 50,
2006.

AINI' JANTENG, SUZEINI ABDUL HALIM AND MASLINA DARUS Received 07 March, 2005;

. . . accepted 09 March, 2006.
Institute of Mathematical Sciences
Universiti Malaya Communicated by: A. Sofo
50603 Kuala Lumpur, Malaysia.
EMail: aini_jg@ums.edu.my

Institute of Mathematical Sciences

Universiti Malaya

50603 Kuala Lumpur, Malaysia. Abstract
EMail: suzeini@um.edu.my

) . Contents
School of Mathematical Sciences
Faculty of Sciences and Technology
Universiti Kebangsaan Malaysia >»
43600 Bangi, Selangor, Malaysia.
EMail: maslina@pkrisc.cc.ukm.my 4
Home Page
Go Back
Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit

068-05


Please quote this number (068-05) in correspondence regarding this paper with the Editorial Office.

mailto:sofo@csm.vu.edu.au
http://jipam.vu.edu.au/
mailto:aini_jg@ums.edu.my
mailto:suzeini@um.edu.my
mailto:maslina@pkrisc.cc.ukm.my
http://www.vu.edu.au/

Abstract

Let R denote the subclass of normalised analytic univalent functions f defined
by f(z) = z+ ) " ,a,2" and satisfy

where z € D = {z : |z] < 1}. The object of the present paper is to introduce the
functional |agay — a3|. For f € R, we give sharp upper bound for agay — da3].

2000 Mathematics Subject Classification: Primary 30C45.
Key words: Fekete-Szegd functional, Hankel determinant, Convex and starlike func-
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Let A denote the class of normalised analytic functigrsf the form
(1.1) F(2)=> anz",
n=0

wherez € D = {z : |z] < 1}. In [9], Noonan and Thomas stated that tjié
Hankel determinant of is defined forg > 1 by

Qp, Ap41 " Aptg+1
Api+1 Gpy2 " Gpygy2
Up+q—1 Qntq " On42¢—2

Now, letS denote the subclass gf consisting of functiong’ of the form

1.2) f(z)=z+ Zanz"

which are univalent irD.

A classical theorem of Fekete and Szegdonsidered the Hankel determi-

nantoff € S for ¢ =2 andn =1,

a; Q2
as as

HQ(l) =
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They made an early study for the estimate$agf— pa3| whena, = 1 andy
real. The well-known result due to them states that & S, then

las — pa3] < 1+2exp<;—fﬁ), if 0<u<l,

3 —4pu, it u<O0.
Hummel [3, 4] proved the conjecture of V. Singh that; — a3| < 3 for the Fuigtelg:]cmolgs%lear'l%fvoer Qas
classC of convex functions. Keogh and Merked pbtained sharp estimates for A Positive Real Part
las — pa?| when f is close-to-convex, starlike and convexiin A Janten. Suseint Abdul Hal
. . ni nteng, zeinl m
Here, we consider the Hankel determinanffaf S for ¢ = 2 andn = 2, e il e
a a
Hy(2)=| 2 °° .
as Q4 Title Page
Now, we are working on the functionfl,a, — @3|. In this earlier work, we find Contents
a sharp upper bound for the functionaja, — a3| for f € R. The subclas®
is defined as the following. « dd
Definition 1.1. Let f be given by1.2). Thenf € R if it satisfies the inequality < >
Go Back
(1.3) Re{f()} >0, (z€D). Close
The subclas®k was studied systematically by MacGregét yvho indeed Quit
referred to numerous earlier investigations involving functions whose derivative
Page 4 of 11

has a positive real part.
We first state some preliminary lemmas which shall be used in our proof.
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Let P be the family of all functiong analytic inD for which Re{p(z)} > 0
and

(2.1) p(2) =1+crz+c2+---

for z € D.
Lemma 2.1 ([LO]). If p € P then|c,| < 2 for eachk.

Lemma 2.2 ([2]). The power series fas(z) given in .1) converges irD to a
function inP if and only if the Toeplitz determinants

2 c1 Co N
c_ 2 c N

22 D,=| . . o T =123,
C.n Copy1 Copy2 - 2

andc_; = ¢, are all nonnegative. They are strictly positive exceptifiar) =
Sy prpo(e™z), pr > 0, t real andt,, # t; for k # j; in this caseD,, > 0
forn <m —1andD, = 0forn > m.

This necessary and sufficient condition is due to Carathéodory and Toeplitz

and can be found in’].
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Theorem 3.1.Let f € R. Then
4

lasay — a§| < —.

9

The result obtained is sharp.

Proof. We refer to the method by Libera and Zlotkiewic¢z []. Sincef € R,
it follows from (1.3) that Coefficient Inequality For A

Function Whose Derivative Has
(3.1) f'(2) = p(2)

A Positive Real Part
Aini Janteng, Suzeini Abdul Halim
for somez € D. Equating coefficients in3(1) yields

and Maslina Darus

2a3 = ¢ Title Page
(3.2) 305 = ¢y | Contents
<44 44
day = c3 < >
From 3.2), it can be easily established that G Bk
2 Close
lagay — a3| = A% _ &
9 Quit
Page 6 of 11

We make use of Lemma 2to obtain the proper bound Qi — % . We may
assume without restriction that > 0. We begin by rewriting4.2) for the cases
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n =2 andn = 3.

2 C1 Co
DQ = | C 2 C1 | = 8+ QRG{C%CQ} — 2|02|2 — 403 Z 0,
EQ C1 2

which is equivalent to
(3.3) 200 = ¢} + (4 — c})

for somez, |z| < 1. ThenD3 > 0 is equivalent to

2

)

[(des — derea + ¢}) (4 — ¢]) + e1(2e0 — 6])?] < 2 (4 — cf)2 — 220, —

and this, with 8.3), provides the relation
(B8.4) dezs=c+24—cHer—ci(4—E)P+2(4— )1 — |z)?)z,

for some value of, |z| < 1.
Suppose, now, that = candc € |0, 2]. Using @.3) along with (3.4) we get

cie3

89
| A=A (A-A)B2+ )2 c(4—A)(1—|z)z
BE T 288 16
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and an application of the triangle inequality shows that

35 9% _ @
9
4 4_2 24_2 -9 — 16 4_22
B R B Bt VO [ R [ e,
288 16 144 288
= F(p)
with p = |z| < 1. We assume that the upper bound f8r attains at the Coefficient Inequality For A
interior point ofp € [0, 1] andc € [0, 2], then Fuean s DRnEe s
A Positive Real Part
24— c—2)(c—16)(4 — Aini Janteng, Suzeini Abdul Hali
Py =079 oD tOU- e et
We note thatt”’(p) > 0 and consequently’ is increasing and/az, F(p) = S Ry—
F(1), which contadicts our assumption of having the maximum value at the
interior point ofp € [0, 1]. Now let Contents
<4< 44
A ocd—c) AFA-A) (c—2)(c—16)(4— )
G(c)=F(1) = —
@O=FU=9g " 1% " 288 ’ \ >
then Go Back
—c(5+ ?)
Gle)= ——"72 -9 Close
(0) = = _
impliesc = 0 which is a contradiction. Observe that QUi
532 Page 8 of 11
G"(c) = )
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Thus any maximum points ¢f must be on the boundary ofe [0, 2|. However,
G(c) > G(2) and thusG has maximum value at = 0. The upper bound for
(3.5 corresponds tp = 1 andc = 0, in which case

C1C3
8

Equality is attained for functions iR given by

f'(2)

This concludes the proof of our theorem.

IRYE
O &~
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