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Abstract

In this paper, we introduce the class A} (p, A, B, o) of p-valent functions in the
unitdisc U = {z : |z| < 1}. We obtain coefficient estimate, distortion and clo-
sure theorems, radii of close-to convexity, starlikeness and convexity of order
d (0 <4 < 1) forthis class. We also obtain class preserving integral oper-
ators for this class. Furthermore, various distortion inequalities for fractional

calculus of functions in this class are also given. On A Certain Class Of p—Valent

Functions With Negative
Coefficients
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Let A(n) be the class of functiong analytic angp—valentinU = {z : |z| < 1}
given by

(1.2) f(z) =27+ Zap+nzp+”, Apin > 0.
n=1

Afunction f belonging to the clasd(n) is said to be in the clas$!, (p, A, B, «)
if and only if

(p—l)%—Re{;(fp(_p—l))((ZZ))} >0 forzeUl.

In the other wordsf € Af, (p, A, B, «) if and only if it satisfies the condition

2 f(P) (%
(p—1)+ f(i_l)((z)) -p

(A= B)(p—a)+pB—B[(p— 1)+ 752

f(P*D(z)

where—1 < B< A<1,-1<B<0and0 < «a < p. Let 4,, denote the
subclass ofA(n) consisting of functions analytic ang-valent which can be
expressed in the form

(12) f(Z) =2r— Z ap+nzp+n; Ap+n > 0.
n=1

Let us define
Ai(p, A, B,a) = AL, (p, A, B, a) ﬂAm
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In this paper, we obtain a coefficient estimate, distortion theorems, integral op-
erators and radii of close-to-convexity, starlikeness and convexity, closure prop-
erties and distortion inequalities for fractional calculus. This paper is motivated

by an earlier work of Nunokawal].
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Theorem 2.1.If the functionf is defined by1.1), thenf € A’(p, A, B, a) if
and only if

ey S EE =B U-Bp—all g

(n+1)!

The result is sharp.

Proof. Assume that the inequality?2 (1) holds true and letz| = 1. Then we
obtain

}zf(p)(z) — f(pfl)(zﬂ _ ‘(A— B)(p — a)f(pfl) — Bzf® +Bf(p*1)|

= '_ %%m (A= B)(p—a)plz
> (p+mn)! it > n(p+n)! il
- (A—B)(P—a); <n+1)!ap+n2 —B;m%mz ]

< f: (p+n)![n(1-B) +(;4—B)(p—a)]

n+1) tpn — (A= B)(p—a)p! <0

n=1

by hypothesis. Hence, by the maximum modulus theorem, we liawe
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A*(p, A, B, «). To prove the converse, assume that

2f(®) (4
p—1)+ f(fpfl)((z)) —bp

(A= B)(p—a)+pB - B [(p - 1)+ #5|

77D
- Z a2

(A= B)p-a) (pls — £ Eapmnert) + B 5 1, o
< 1.

SinceRe(z) < |z| for all z, we have

Z | ap+nz e

(2.2) Re =l
(A-BYp-a)(ple- 3 2 ))+B S aeily e
< 1.

Choosing values of on the real axis and letting — 1~ through real values,

we obtain

_ |
n+ 1) pin < )P

which obviously is required assertio.{). Finally, sharpness follows if we
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take

(A= B)(p— a)pl(n + 1)

(24)  f(r) =2~ (p+n)![n(l—B)+(A—-B)(p—a)

Corollary 2.2. If f € A%(p, A, B, ), then

(A= B)(p—a)pl(n+1)!

(2.5) G S o (1= B) 1 (A— B)(p—a)]

The equality in2.5) is attained for the functiorf given by @.4).

2Pt
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Theorem 3.1.1f f € Ai(p, A, B, «), thenfor|z| =r < 1

- 20A—B)(p—«a) p+1
@1 r (p+1)[(1—B)+(A-DB)(p—a)
) 2(A-B)(p—a) ]
<[f) <+ P+ 1)[1-B)+(A-B)p—a)
and
p—1 2(A—B)(p—«a) P
(32) pr (1-B)+(A=B)(p—a)
<|f' () <prPt+ 24 - B)p—a) rP.

(1-B)+(A-B)(p-a)
All the inequalities are sharp.

Proof. Let
f(z) =2F — Z Apin 2" aprn > 0.
n=1

From Theoren?.1, we have
+D!'[(1-B)+(A-B)(p— >
L DIA-B)+A-Bp-a)§s,

2 =1
— (p+n)![n(1 = B) + (A= B)(p— )]
< nz:l (n+1) Ap+n
< (A= B)(p— a)p!
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which

o0 2(A—B)(p—a)

(3.3) ;amn < (p+1)[(1-B)+(A-B)(p—a)
and

(3.4) i(p + 1) n < ek b

(1-B)+(A=-B)(p—a)

n=1

Consequently, fofz| = r < 1, we obtain

[F < r”+ 17 api

o MA-Bp-a)
ST T A-B + (A-B)p - a))
and
2 =S ay
- 2A— B)(p— )

(P+D[(1=B)+ (A= B)p-a)
which prove that the assertio8.() of Theorem3.1 holds.
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The bounds ing.1) and (3.2) are attained for the functiofigiven by

2(A-B)(p—a)
(P+1)[(1=B)+ (A= B)(p—a)

Lettingr — 1~ in the left hand side of3 1), we have the following:

ARy

(35  f(z)=+"-

Corollary 3.2. If f € A%(p, A, B, «), then the dis¢z| < 1 is mapped by onto

a domain that contains the disc

‘wl (p+1)(1—B)+(A—B)(p—a)(p—1)
(P+D[(1—=B)+ (A= B)(p—a)

The result is sharp with the extremal functigibeing given by3.5).

Puttinga = 0 in Theorem3.1and Corollary3.2, we get
Corollary 3.3. If f € A%(p, A, B,0), then for|z| = r

b 2p(A — B) p+1
(p+ D1~ B) +p(Ad - D)
) 2p(A — B) L
<[f(x)] <P+ (p+1)[(1 = B)+p(A — B)]
and
e WA=
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The result is sharp with the extremal function

2p(A — B)
(p+1[(1—B)+p(A- B)

Corollary 3.4. If f € A%(p, A, B,0), then the dis¢z| < 1 is mapped by onto
a domain that contains the disc

| < (p+1)(1—B)+plp—1)(A—B)
(p+1)[(1-B)+pA-DB)]

The result is sharp with the extremal functigibeing given by3.6).

p+1

(36)  f(z) =2~

;2= Fr.
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Theorem 4.1.Let f € AX(p, A, B,«). Thenf is p—valent close-to-convex of
ordery (0 < < p)in|z| < Ry, where

. (p+n)n(l1—B)+(A—B)(p—a)] [p—10 1
(4.1) Rl—lInlf{|: (A= B)(p—a)(n+1)p! (ern)} }

On A Certain Class Of p—Valent
Functions With Negative

Theorem 4.2.1f f € Ai(p, A, B,«), then f is p—valent starlike of order Coefficients
d (0 <0 <p)in|z| < Ry, where

(p+n)![n(1-B)+(A-B)(p—a)] ( p=9 )}1}

H.O. Giiney and S. Siimer Eker

(A= B)(p—a)(n+1)p! p+n—9o Title Page
Contents
Theorem 4.3.1f f € AX(p, A, B,«a), then f is a p—valent convex function of
ordery (0 < 4§ < p)in|z| < R3, where K -
< 4
1
_ _ _ 1) _ n
(4.3) R3=inf {[n(l B)+(A-B)p=a)llp+n 1)’< p=9 )] ) Go Back
n (A-B)p—a)n+D!p-1)! \p+n—0o
Close
In order to establish the required results in Theordms4.2 and4.3, it is Quit
sufficient to show that
Page 12 of 25
['(z)
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Zf(z)—p‘gp—d for |z| <Ry, and

H1+Zf (2)}—p‘§p—(5 for |z] < Rs,

respectively.

Remark 1. The results in Theorem&.1, 4.2 and 4.3 are sharp with the ex-
tremal functionf given by £.4). Furthermore, takingg = 0 in Theoremst.1,
4.2 and 4.3, we obtain radius of close-to-convexity, starlikeness and convexity,

respectively.
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Theorem 5.1. Letc be a real number such that> —p. If f € A%(p, A, B, a),
then the functiorf’ defined by

(5.1) F(z) = £EP /0 teL (4 dt

ZC

also belongs tod*(p, A, B, «).
Proof. Let

oo
f(z) =2F — Z Apin 2Pt
n=1

Then from the representation 67 it follows that

F(z) =2 — Z bpin2P ™",
n=1

ct+p+n
of ', we have

i (p+n)![n(1—B)+(A—B)(p—a)

whereb,,,,, = ( L ) ap+n- Therefore using Theoreth1for the coefficients

bptn
ot (n+1)! P
S B A Bema) (etp Y,
— i
— (n+1)! c+tp+n
< (A-B)(p—a)p!
since_ ¥ < landf € Aj(p, A, B,a). HenceF € Aj(p, A, B, ). O
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Theorem 5.2. Letc be a real number such that> —p. If F' € A*(p, A, B, a),
then the functiory defined by%.1) is p—valent in|z| < R*, where

(5.2) R*

(p+n)!n(l - B)+(A-B)(p— )

. c+p
= inf
n {Kc+p+n>

(n+ 1A - B)(p—a)p!

The result is sharp. Sharpness follows if we take

ro ==

c+p+n

a)p!

c+p

(
) (p+n)![n(1 - B)

+ DI(A—=B)(p
_|_

=

B)(p — )]

()]

2Pt

3=

}
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In this section we show that the clad$(p, A, B, «) is closed under “arithmetic
mean” and “convex linear combinations”.

Theorem 6.1. Let

o0
— P p+n M
z) = 2P — E Apn 20", =12, ..

On A Certain Class Of p—Valent

and Functions With Negative
Coefficients
Z) = 2" = Z bp+”zp+n’ H.O. Giiney and S. Siimer Eker
where |
Title Page
b Z pend A Contents
and}> " A = 1. If f; € AZ(F,A, B,a) for eachj = 1,2,..., thenh € X >
As(p, A, B, a). < >
Proof. If f; € AX(p, A, B, a), then we have from Theoretlthat Go Back
o0 Close
Zp+n 1—B)+(A—B)(p—a)]a ‘ ou
+n, ui
vt (’I’L + 1) P J

<(A-B)p—a)!, j=12.. e
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Therefore

— (p+m)![n(1 = B) + (A= B)(p—a)]
Z ( 1)! Op-in
— n+ )
= [(p+n)![n(1 = B) + (A= B)(p— o) (i
=> Ajlp-tn,j
— (n+1)! ‘=
< (A=B)(p—ap.
On A Certain Class Of p—Valent
* Functi With N ti
Hence, by Theorerf.1, h € A%(p, A, B, «). ] unctions i egaiive
Theorem 6.2.The classd’(p, A, B, «) is closed under convex linear combina- H.0. Gliney and S. Stimer Eker
tions.
Theorem 6.3. Let f,(z) = 2P and Title Page
A—DB)(p-— 1)!p! Contents
fp+n — Zp o ( )(p O[)(TL + ) p Zp+n (n Z 1)
(p+n)![n(l = B)+ (A= B){p-a) « 13
Thenf € A%(p, A, B, «) if and only if it can be expressed in the form 4 >
Go Back
f(z) =N fp(2) + Z)‘ fpin(2), 2z €U, Close
Quit

where), > 0and\, =1—>7 A,.
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Proof. Let us assume that

f( *)\pfp +Z)‘ fp+n

_ S — B)(p—a)(n+1)!p! oo
N ZPJFH —B)+(A—B)(p—a)]A" '

Then from Theoren2.1we have

o~ (P+n)![n(1 = B) + (A= B)(p— )]
; (n+1)!
y (A—B)(p—a)(n+1)lp!
(p+n)![n(l = B) + (A = B)(p — a)]
< (A= B)(p—a)pl.

An

Hencef € A:(p, A, B,«). Conversely, leff € A*(p, A, B, «). It follows from
Corollary2.2that

L (A= B)(p—a)(n+1)p!

P (p+n)![n(1 - B)+ (A - B)(p— a)]

Setting

(p+n)ln(l—B)+(A-B)p— o
(A—B)(p—a)(n+1)p!

An =

Aptn, n=12 ...

On A Certain Class Of p—Valent
Functions With Negative
Coefficients

H.O. Giiney and S. Siimer Eker

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 18 of 25

J. Ineq. Pure and Appl. Math. 6(4) Art. 97, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:ozlemg@dicle.edu.tr
mailto:
mailto:sevtaps@dicle.edu.tr
http://jipam.vu.edu.au/

and\, =1->"> \,, we have
z) =2 — Z Apin 2Pt
n=1
- Z A2 + Z A 2P

(A= B)(p—a)(n+1)p! o
_; (+ (1= B) + (A= B)(p—a)]

= Apfp(2) + Z An fptn(2)

This completes the proof of Theores3.
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In this section, we shall prove several distortion theorems for functions to gen-
eral classA’(p, A, B, ). Each of these theorems would involve certain opera-
tors of fractional calculus we find it to be convenient to recall here the following
definition which were used recently by Owd {and more recently, by Owa and
Srivastava ], and Srivastava and Ow&][; see also Srivastava et at]].

Definition 7.1. The fractional integral of orden is defined, for a functiorf,
by

. 1 f(©)
7.1 DA f(2) = / d¢ (2> 0),
(7.1) D=t | Googmd (>0
where f is an analytic function in a simply — connected region of th@lane
containing the origin, and the multiplicity ¢t — ¢)*~! is removed by requiring
log(z — ¢) to be real whenx — ¢ > 0.

Definition 7.2. The fractional derivative of ordex is defined, for a functiorf,
by

12 D) = e | e 0<A<)

where f is constrained, and the multiplicity ¢k — ¢)~* is removed, as in
Definition7.1
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Definition 7.3. Under the hypotheses of Definitiare, the fractional derivative

of order (n + \) is defined by
n+A d" A
(7.3) D f(z) = = D2f(2) (0= A<1),
where0 < A < 1 andn € Ny = N[ J{0}. From Definition7.2, we have
(7.4) DIf(2) = f(2)

which, in view of Definitiory.3yields,

(75) DIOf() = - DRS(Z) = f(2).
Thus, it follows from7{.4) and (7.5) that

lim DA f(=) = f() and lim DI f(z) = f'(2).

Theorem 7.1. Let the functiorf defined by 1.2) be in the classt’(p, A, B, «).

Then forz € U and )\ > 0,

I'(p+1)

FA+p+1)

B 2(A=B)(p-a)T(p+1) M}
A+p+1D)TA+p+1)[(1—-B)+ (A—B)(p—a)]

WSﬂMquA{
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and

— p+A F(p—i—l)
| DA f(2)] < |z] {m

A4+ p+ DT A+p+1)[1-B)+(A—B)(p— )] '

The result is sharp.

Proof. Let
P =B )
e n T e
3 )
n=1
where

Tlp+n+1I(p+A+1)
wln) = Tp+ T (p+ntArtl) (A>0, n €N).

Then by using) < ¢(n) < ¢(1) = pfﬁl and Theoren?.1, we observe that

+ N1 =B)+(A-B)(p— o) &
brY =B +A-Bp-alsh,

n=1
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— (p+n)![n(1—B)+(A-B)(p—a)
<D CES]

< (A-B)(p—apl

Apin

which shows thaf’(z) € Al(p, A, B, ). Consequently, with the aid of Theo-
rema3.1, we have

Pl p+1
|F(Z)| Z |Z | 90(1) |Z| Zap+” On A Certain Class Of p—Valent
n=1 Functions V\l_it_h Negative
> |Z|p ( )( ) |2|p+1 Coefficients
( + A+ 1)[( ) + (A B)( )] H.O. Giiney and S. Stimer Eker
and
o0 Title Page
1
|F(2)] < |27+ o(1) 2" Z Ap+n Contents
n=1
2(A—- B — 44 44
< |Z|p+ ( )(p — ) |Z|p+1
(p+A+1[(1-B)+(A-B)p— o) < >
which completes the proof of TheoremlBy letting A — 0, Theorem7.1 Go Back
reduces at once to Theoreil H
Close
Corollary 7.2. Under the hypotheses of Theorém, D_*f(z) is included in Quit

a disk with its center at the origin and radiug * given by
Page 23 of 25
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Theorem 7.3. Let the functionf defined by 1.2) be in the classi’(p, A, B, a).

Then,

|D2f(2)] = |27 {m

2(A—DB)(p

and

D)(2)] < w“{

for0 <\ <

Proof. Using similar arguments as given by Theorém we can get the result.

Corollary 7.4. Under the hypotheses of Theor@rs, D? f(z) is included in the

I(p+1)

—a)l'2-Nl(p+1)

Plp=A+Dl(p—=A+2)[(1-B)+ (A= B)p-a)

_|_

I'(p+1)

F'p—A+1)
2(A—B)(p

— )2 - ND(p+1)

1.

disk with its center at the origin and radiu2, given by

A L(p+1)
Sy

Atp+1)

24A—B)(p—a)l'(2—-\)

1)

Flp—=A+Dl(p—-A+2)[(1-B)+ (A= B)(p-a) |Z|}

]

}{ +F(p—wrl)[(l—B)+(A—B)(p—a)}}'
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