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Abstract

In this article, an open problem posed in [12] is studied once again, and, follow-
ing closely theorems and methods from [5], some extensions of several integral
inequalities are obtained.
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In [17], the following interesting integral inequality is proved: Lgtz) be
continuous orfa, b] and differentiable or{a, b) such thatf(a) = 0. If 0 <
f'(z) < 1forz € (a,b), then

b b 2
L.1) [eras<|[ wad
If f'(x) > 1, then inequality {.1) reverses. The equality i (1) holds only if Extensions of Several Integral
f(x)y=0orf(x) =2 —a. Inequalities
As a generalization of inequalityL (1), the following more general result is ~_ Feng Qi, Ai-Jun Li,
also obtained inT7): Let n € N and suppos¢ (z) has a continuous derivative Werzhen 2o, Da e and
of the n-th order on the intervek, b] such thatf®(a) > 0for0 <i <n —1
andf™(z) > n!. Then :
Title Page
b b n+l
12) [uerasz [ [ was) Contents
“ “ 44 44
At the end of [.Z] an open problem is proposed: Under what conditions does < >
the inequality
, , o Go Back
(1.3) / [f(@]tdx > [/ f(x)dx} Close
¢ ¢ Quit
hold fort > 1? Page 3 of 14

This open problem has attracted some mathematicians’ research interests
and many generalizations, extensions and applications of inequalify dr
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(1.3 were investigated in recent years. For more detailed information, please
refer to, for example, 1, 2, 3, 4, 5,6, 7, 8,9, 10, 11, 13, 14, 15] and the refer-
ences therein.

In this paper, following closely theorems and methods frain (e will
establish some more extensions and generalizations of inequakljyof (1.3
once again. Our main results are the following five theorems.

Theorem 1.1. Let f(z) be continuous and not identically zero @nb|, differ-
entiable in(a, b), with f(a) = 0, and letw, 3 be positive real numbers such that

Extensions of Several Integral

a>p>1.If Inequalities
_ 1/(8-1) Feng Qi, Ai-Jun Li,
(1.4) [f(a*ﬁ)/(ﬂfl)((x)}/ ; <a (f)—ﬁl Wei-ZheinZggg%{ (I?Ig;:\j/\r;eiINiu and
forall x € (a,b), then
Title Page
b b B
(1.5) / [f(t)]“dtz [/ f(t)dt} , Contents
¢ ¢ <4 >
Theorem 1.2.Leta € R and f(x) be continuous ofu, b] and positive ina, b). < >
1. For g > 1,if Go Back
(L.6) [ ran s gUo e ===
a QUit
for all z € (a,b), then inequality(1.5) is validated:; Page 4 of 14

2. For 0 < g < 1, if inequality (1.6) is reversed, then inequalif.5) holds;
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3. For g = 1, if [f(z)]'" = 1forall € (a,b), then inequality(1.5) is
valid.

Theorem 1.3. Suppose: € N, 1 < g < n+ 1, and f(x) has a derivative of
then-th order on the intervala, b] such thatf®(a) = 0for 0 < i <n — 1 and
f(z) = 0.

_171/(e=pB)
1. 0f f(x) > [@;gl‘i and f(™ (z) is increasing, then the inequality
with direction> in (1.5) holds.

1/(a—8

)
oz and f"(x) is decreasing, then the in-
equality with direction< in (1.5) is valid.

2150 < f(z) < [(HV"I}

Theorem 1.4.Supposer € N, 1 < § < n+ 1, and f(x) has a derivative of
then-th order on the intervala, b] such thatf®(a) = 0for0 <i <n — 1 and
f(x) >0,

-1 )
1If f(x) > [M , then the inequality with directior in (1.5)

1/(a—=p
st
holds.

ﬁ(m_a)(ﬁ_l) 1/(017’8) . . . . . .
2.1f0 < f(x) < ET , then the inequality with directioft in
(1.5 is valid.

Theorem 1.5.Leta, 3 be positive numbersy > 3 > 2 and f(z) be continuous
on [a, b] and differentiable orja, b) such thatf(a) > 0. If

BB —1)(a - B)(x —a)’?

a—1

[f @) >
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for z € (a,b), then the inequality with directiok in (1.5) holds.

Remark 1. Theoreml.5 generalizes a result obtained irv,| Theorem 2] by
Pecari¢ and Pejkovit.
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Proof of Theoreni.1 If

[e=B/E=D ()] !

for z € (a,b) anda > 3 > 1, thenf(z) > 0 for x € (a,b]. Thus both sides of
(1.5 do not equal zero. This allows us to consider the quotient of both sides of
(1.5). Utilizing Cauchy’s Mean Value Theorem consecutively yields

rwad” s[rfsmad” re

(0 — 5B

a—1

Vv

Jlf@edt Gk £ € (a,0)
U S pwar)”
b :{ [£(€)]e-D/B-1) }
_ BYGD £(9) o
= {ﬁ [f(@)](a B)/ (B~ 1f/( )} RS (a, )
(2.2) _ {(a— B3)3Y 8 1)/(041)}ﬂ1
LFee (6)]
<1

So the inequality with directiotr in (1.5) follows.
If

0 < [fleDED(g)]) < (o — 3) g1/ (-1

a—1
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for z € (a,b) anda > 3 > 1, then f(@=9/(5=1(z) is nondecreasing and
f(z) > 0forz € [a,b]. Without loss of generality, we may assurfier) > 0

for x € (a,b] (otherwise, we can find a poiat € (a,b) such thatf(a;) = 0
andf(z) > 0 for z € (a1, b] and hence we only need to consider the inequality
with direction< in (1.5) on [ay,b]). This means that both sides of inequality
(1.5 are not zero. Therefore, the inequality with directterin (1.5) follows
from (2.2). O]

Proof of Theoreni..2. The first and second conclusions are obtained easily by
(2.1 of Theoreml.L

For 5 = 1, inequality (L.5) is reduced to

(2.3) /[f(t)]adtg/ f(t)dt.

Now consider the quotient of both sides @fJ). By Cauchy’s Mean Value
Theorem, it is obtained that

PU@edt  [FOF e
(24) fabf(t)dt - f(f) - [f(g)] .

The third conclusion is proved. O

—171/(a=p)
Proof of Theoreni..3. Utilization of the condition thaf (z) > [“;g—l‘;}
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and Cauchy’s Mean Value Theorem gives

Llf@ede [f(by)]e!

(2.5) = — a<b <b
([} f(x)da)” [f“f ]ﬁ
by — f(by))P1/po~2
(2.6) 2 Ul b 2 ﬁ/lﬁ
[fa f )dz]
b o]’
(2.7) = w . Extensions of Several Integral
B[ f(x)de Inequalities
. . Feng Qi, Ai-Jun Li,
Now for the term in 2.7), by using Cauchy’s Mean Value Theorem several Wei-Zhen Zhao, Da-Wei Niu and
times, we have Jian Cao
(b1b1— a—)f(bl) =1+ —(b2 _f(ab)];l(bQ) a < by <b Title Page
f“ f(w)dx (b )Zf”(b ) Contents
3 —Q 3
:2+W a < bz < by <« >
| | 4
_ (n)
(2.8) —n+ (bt _?)f (bns1) @ < bpy1 < by. Go Back
FoD (bnsr) Close
But f*=1(t) = f=D(t) — f(=D(a) = (t— a)f™(t,) for somet; € (a,t). If Quit
f™(x) is increasing, therf ™ (t,) < f™(t). Therefore, Page 9 of 14
(2.9) 0< fO0() < fM(0)(t - a).
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Applying (2.9) to (2.9) yields

(2.10) M >+ 1.
Jo flx)da
Hence,
b « B8—1
d 1
(2.12) Jo [P de (“ )
[J, f(z)da] p .
a Extensions of Se\_/f_aral Integral
for 1 < 3 < n + 1. Then the inequality with directiok in (1.5) holds. Inequalities
Suppose that Feng Qi, Ai-Jun Li,
(ZE o a)ﬁ_l 1/(a—p) Wei-Zhen Zhao, Da-Wei Niu and
Jian C
O S f(x) S [W} lan Cao
and f™(z) is decreasing. The statement of the theorem implies that the in- Title Page
equalities £.6) and @.9) reverse, this means that the inequalitidsL() and Contents
(2.17) reverse also, so the inequality with directignin (1.5) holds. O]
Proof of Theorem..4. If S L
< | 2
B(x — a)P~q1/(a=p)
f(z) > [W))(ﬂl)] 5 Go Back
Cl
(2.5 becomes ose
1 Quit
b o -
S [f(x))* dw - [ (b1 —a)f(b1) ] Page 10 of 14
> ™ :
[ff f(x)da:]ﬁ B-=1) ), flx)dz
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Note that if all the terms in2.8) are positive, theﬁfb;l;”(ibl > n. Therefore,
for 1 < 8 < n+ 1, the inequality with directior in (1.5) holds.

If
B(x — a)B=Dq1/(a-p)

0< f(z) < e ,
the inequality with direction< in (1.5 follows from a similar argument as
above. N
Proof of Theoreni.5. Suppose that

B3~ V(o = A)fw—a)**

a—1

[F @) >

Now consider the quotient of the two sides &f). Applying Cauchy’s Mean
Value Theorem three times leads to

L@ de  [fp))*!
[ f@yda]” B fa)da)”

(0= DU ()]~ £' () b

T BB =D [ fx)da]"?

-2
fazf )
F'(bs)(bs — a) 17
{” 7(b) } =1
This completes the proof. O
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