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Abstract: The purpose of the present paper is to investigate some argument properties for
certain analytic functions in the open unit disk associated with the convolution Close

structure. Some interesting applications are also considered as special cases of

main results presented here. : . "
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1. Introduction

Let A denote the class of functions of the form

(1.1) f(z):z—l—ianz" (neN:={1,2,3,...}),
n=2

which are analytic in the open unit digk:= {z : |z| < 1}. ——
If f € Aisgivenby (L.1) andg € A is given by S.P. Goyal, Pranay Goswami

and N. E. Cho
vol. 10, iss. 1, art. 20, 2009

g(z) =z+ Z by 2",
n=2

then the Hadamard product (or convolutigig g of f andg is defined by Title Page

> Contents
(1.2) (fxg)(z) =2+ Z anbn 2" =: (g f)(2).

— <« >
We observe that several known operators are deducible from the convolution. That < >
is, for various choices of in (1.2), we obtain some interesting operators studied by
many authors. For example, for functiofis .4 and the function defined by Page 3 of 13

= (), (ag), Co Back
1.3 = “ z "
o = Gy L T Ful Screen
(a; €C, B, € C\Zy; 2y ={0,—-1,-2,...}; i=1,...,q; j=1,....,8 Close
< 1; Ny = N U {0} U
¢=sth 45N U{0k2€l), journal of inequalities

the convolution {.2) with the functiong defined by (.3) gives the operator studied in pure and applied
by Dziok and Srivastavaf], see also4, 6)): mathematics

(1_4) (g*f)(z) — H(aly'-'aaq;ﬁlg---,ﬁs)f(Z)- issn: 1443-575k
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We note that the linear operatéf(a, . .., a,; b1, . . ., 35) includes various other
linear operators which were introduced and studied various researchers in the litera-
ture.

Next, if we define the functiop by

15 = " > 0;
(w5) o)==+ Y (B53) & (zokea) |
n=2 Argument Estimates
S.P. Goyal, Pranay Goswami
then for functionsf € A, the convolution {.2) with the functiong defined by {.5) and N. E. Cho
reduces to the multiplier transformation studied by Cho and Srivas#va [ vol. 10, iss. 1, art. 20, 2009
(1.6) (9% f)(2) = L f(2). _
Title Page
For arbitrary fixed real numberg andB (-1 < B < A < 1), we denote by c
P(A, B) the class of functions of the form ontents
<« >
Q(Z):1+012—|— 5
< »
which are analytic in the unit disk and satisfies the condition
Page 4 of 13
1+ Az
a.7) q(z) < 1+ B> (z € 1), Go Back
where the symbok stands for usual subordination. We note that the ci(s$, B) Full Screen
was introduced and studied by Janow$Hi [ Close
We also observe fromi.(7) (see, alsof1]) that a functiony(z) € P(A, B) if and
only if journal of inequalities
in pure and applied
1-AB A—-B _ mathematics
(1.8) ‘Q(Z) T 1 _RB2 < 1 _ 32 (B#-1;z2€0) issn: L443-5756
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and

(1.9) Re{q(2)} > # (B=-1; z€U).

In the present paper, we obtain some argument properties for certain analytic
functions in. A associated with the convolution structure by using the techniques
involving the principle of differential subordination. Relevant connections of the
results, which are presented in this paper, with various known operators are also
considered.
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2. Main Results

Theorem 2.1.Letf,g eAand3 > 0, 0 < n < 1. Suppose also that

z(g*xh)(z) 1+ Az

(2.1) 0+ ) T B> (heA; -1<B<A<1; z€0).
If
(g* f)' () g* )| _
s - | <3 ¢
then

(9% f)(2) T
arg{(g*hm} =g (el

wherea (0 < o < 1) is the solution of the equation given by

22 . o+ Ztan™! %gi:;é(;;l(ia?m) for B # —1,
« for B = —1,
and
2 _(A-B
(2.3) t(A,B) = —sin (1 — AB) .
Proof. Let ( @) : )
g* f)(z 2(g*h)(z
= J/\7 d =
P = geme M =)
Then by a simple calculation, we have
(9 f)(2) o lgxNE) Bzp/(2)
Tawnye) T Dgame) =P 740
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While, from the assumptior?(1) with (1.8) and (L.9), we obtain

i

q(z) = pe®’,

where
1—A 144
-5 <P < 11B

—t(A,B) <8 <t(A,B) forB# —1,
whent(A, B) is given by ¢.3) and

1-A
= <p<X©

-1<0<1 for B = —1.

The remaining part of the proof of the Theorem follows by known results due to
Miller and Mocanu 9] and Nunokawa10] and applying a method similar to that of
Cho et al. B, Proof of Theorem 2.3], so we omit the details. O

In particular, if we puy(z) = z/(1 — z) in Theorem2.1, we have the following
result.

Corollary 2.2. Letf e Aand >0, 0 <n < 1. If

arg {ﬁf’(Z) +(1- ﬁ)@}' <3
< —aq,

2
. {f(;)} :

then
T
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Theorem 2.3.Letf,g,h € Aandu > 0,0 <n < 1. If

(9% h)(2)\" 2(g = [)'(2)  z(g=h)(z) T
@9 s | ({5 750) 1 T hs e )< 5 e
e (9% )"
gx )z us
arg{m} <o (z € U),

wherea (0 < o < 1) is the solution of the equation given by
(2.6) n=—a+ 2 tan~1 2,

™ I
Proof. Let
2.7) p(z) = {%} (4> 0;z € U).

By differentiating both sides of(7) logarithmically and simplifying, we get
(g*h)(z) " g f)(z)  2(gxh)(z)] _ 1 zp'(2)
o U e e = )

Now by using a lemma due to Nunokaw0[ and a method similar to the proof of
Theorem?.1, we get Theorem.3. ]

Setting(g+h)(z) = zandg(z) = z/(1 — z) in Theorem?.3, we obtain Corollary
2.4 below which is comparable to the result studied by Las8jn [

Corollary 2.4. Letf,g € Aand0 < pu,n < 1. If

are [{W} (g f>'<z>]

< gn (z € U),
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then
<Za (z € U),

amﬁ“?“@” :

wherea (0 < o < 1) is the solution of the equation given 3. §).

Theorem 2.5.Letf,gc Aand3 >0, 0 <n < 1. If

e s I R

vol. 10, iss. 1, art. 20, 2009

where p[w] is analytic in (g = f)(U), ¢[0] = ¢'[0] =1 = 0 and p[w] # 0 in
(g * f)(U)\{0}, then

arg {M} < ga’ Title Page
go(g * f) (Z) Contents

wherea (0 < « < 1) is the solution of the equation given 3/4). « "
Proof. Our proof of Theoren?.5is much akin to that of Theorem.3. Indeed in
place ¢.7) we definep(z) by < >

B (g % f) (Z) I ‘ Page 9 of 13
(29) p(Z) = {m (/1/ > 0, z € U) Go Back
We choose to skip the detailed involved. ] Full Screen

By settingy[(g* f)(2)] = (9% f)(2) andg(z) = z/(1—z), we have the following Close

result.
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then

alf5) <5 cew

wherea (0 < « < 1) is the solution of the equation given I3/4).
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3. Some Remarks and Observations

Using the Hadamard product (or convolution) defined by)(and applying the dif-
ferential subordination techniques, we obtained some argument properties of nor-
malized analytic functions in the open unit disk If we replacey in Theorems.1,
2.3and2.5by the functionH (cy, . .., ay; b1, . . ., B5) defined by (.4) or the multi-

plier transformation/} defined by (.5), then we have the corresponding results to

Argument Estimates

the Theoremg.1, 2.3and2.5. Moreover, we note that, if we suitably choogen- S.P. Goyal, Pranay Goswami
troduced in Theoreri.5(which is called thep-like function [1]), then we can obtain and N. E. Cho
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