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ABSTRACT. Using the inclusions between the unit balls for theorms, we obtain a new in-
equality for the gamma function.
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Since the gamma function
[e.9]
I'(x) :/ e 't dt, x>0
0

is one of the most important functions in Mathematics, there exists an extensive literature on its
inequalities (see [1]/]2]).
Our aim here is to present and prove the inequalities
1 < r'+az)"
n! = I'(1 4 nx)
As we will show the above inequalities follow immediately from a key geometrical argument.
From now on for any- > 0, p,n > 1 we will consider the notation:

Dpr = {(ers ) €RY @, .2l <1}

<1 z€][0,1], neN.

for then-ball of radiusr for thep-norm||(z:, . .., z,)||, = (|21 + - - - + |z, [7) 7.
To this end, we need to prove the following:
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Lemmal. ForallninN, p > 1 andr > 0 we have:

r (1 + %)
Q) Volume <Dm’ ) =2"— "
v r (1 + g)

Proof. Forn = 1, D’ is the interval—r, r), whose measure &, i.e.,

T (1 n l)
2r =2
T (1 n 5)

and [1) holds. By induction, let us assume that (1) holds:fer 1. Then we note thatr|” +
4|z, |P < rPis equivalent tdxy [P+ - - - + |z, [P < rP —|z,|P and by virtue of the induction
hypothesis we have

r

\Volume <D"’T> :/ dxy ...dx,
Dn,r

Il
(R[P

r
= / (/ 1/p dflj'l R dl’n_l) dflfn
n—1,(rP —|zn|P)
0 D I

IIlp

n—1
r r (1 + }D) o
= 2/ nl~ L (yP —aP) e da,

0 r (1 + ”——1)

p
n—1
r (1 + %) 1 o
= 2”—11”"/ (1—2P)7% dz,

r (1 + T) 0

wherez = z,,/r.

If we considerF'(a, b, c, z) the first hypergeometric function (see [3]), then

n— 1 -1 1
/(1—zp)z’1dz:zF (—,—n ,1+—,z")
p

p p
and by well-known properties of the hypergeometric function we deduce:

n—1

r(1+1) Com1 1

\Volume (D"h"’ > g P np (— _n 1+ -, 1)
’ r (1 + "le)

n—1
1 1 n—1
nr(1+5> nr(1+5)r<1+7>
=2 r
F<1+"le) F(1+ﬂ)
r<1+l>"
= 2" ey
r<1+;)

Therefore we have
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Theorem 2. For all n € Nandz in (0, 1) we have
1 < (14 )"
n! = I'(14+nx) —
Proof. For alln in N andp > 1, from the inclusions
D, € Dify, € Djjs
we deduce
Volume (D”’l

||~H1> < Volume (D"’1> < Volume (Dﬁf’ulw> ,
so by Lemmai:

lI-ll»

crer L, T0)
Pn+1) = pl1an)
(1+5)
and with1/p = z, bearing in mind thal'(2) = 1, I'(n + 1) = n!,
1 < I'(l+az)"
n! = I'(14nx) —

U
From this it follows immediately that the functidi{1 + x)"/I'(1 4 nz) is strictly decreasing
on (0, 1].
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