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Abstract

Let P, .(x) be the generalized weighted power means. We consider bounds for
the differences of means in the following form:

Y Y pJ0) ple! Y Y
. Cu.r'.)' Cu.r'.i > }n.u - }71.1' > m (H.l‘ ) (zmxi
Max § <= 550 ( On',§ 2 D min{ —z=—, === 0 Onw 3
T Tn ) T

Here § # 0,0,,1.5( x) = Y1, wila} — PY(x)]* and C,,,.5 = “=¥ . Some similar
inequalities are also considered. The results are applied to inequalities of Ky
Fan’s type.
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Let P, ,(x) be the generalized weighted power meafs; (x) = (>_., wia:;-")%,
wherew; > 0,1 < i < nwith )" ,w; = 1 andx = (z1,2,...,z,). Here
P, o(x) denotes the limit o, .(x) asr — 0T. In this paper, we always assume
that) < 27 < a9 < --- < ,,. We write

n
2
O'nﬂg,ﬁ(X) = Zwl |:$lﬁ — Pﬁt(X):|
=1
and denote,, ; aso,, ;1.
We let

Ap(x) = Poa(x), Gu(x) = Pro(x), Hu(x) = P -1(x)

and we shall write?, . for P, .(x), A, for A, (x) and similarly for other means
when there is no risk of confusion.

We consider upper and lower bounds for the differences of the generalized

weighted means in the following forms ¢ 0):

O C Pa _PCX
(1.1) max{ w08 Cuns } ouuy > =P
Ty

n «

. C C
> min { wws Cuup } _—

28—a’ 28—
g2fme? g2

whereC), , 3 = %2“. If we setxy = --- = x,_1 # x,, then we conclude from

oY a
Pn,u_Pn,v_ u—v

xLLm = o a
1 Zn ao—nvwvﬁ 25 xn
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thatC,, s is best possible. Here we defigg?, — P?,)/0 = In(P,./Pr),
the limit of (P, — P7,)/a asa — 0.

In what follows we will refer to {.1) as(u, v, «, 5, w,w’). D.l. Cartwright
and M.J. Field {] first proved the casél,0,1,1,1,1). H. Alzer [4] proved
(1,0,1,1,1,0)and ] (1,0, «, 1,1, 1) with « < 1. A.McD. Mercer [.Z] proved
the right-hand side inequality with smaller constantsdoe= § = u = 1,
v=—1,w==%l.

There is a close relationship betweénj and the following Ky Fan inequal-
ity, first published in the monograghequalitiesby Beckenbach and Bellman
[7].(In this section, we sel], = 1 — A,,,G!, = [[—,(1 — «;)“. For general
definitions, see the beginning of Sectidn

Theorem 1.1.For z; € [0, 1],

2

A A
(1.2) G~ G,
with equality holding if and only if; = - - - = x,,.

P. Mercer [.5] observed that the validity oft, 0,1, 1,1, 1) leads to the fol-
lowing refinement of the additive Ky Fan inequality:

Theorem1l.2.let0 <a<xz; <b<1(1<i<n,n>2).Fora#bwe have

a <A;—G’n< b
l—a A,—-G, 1-b

(1.3)
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Thus, by a result of P. Gag@]j it yields the following refinement of Ky Fan'’s
inequality, first proved by Alzerd):

For an account of Ky Fan’s inequality, we refer the reader to the survey
article [2] and the references therein.

The additive Ky Fan’s inequality for generalized weighted means is a con-
sequence ofl(.1). Since it does not always hold (sed)| it follows that (1.1)
does not hold for arbitraryu, v, a, 5, w, w'’).

Our main result is a theorem that shows the validitylofl for somea, (3,

u, v, w, w'. We apply it in Sectior8 to obtain further refinements and general-
izations of inequalities of Ky Fan'’s type.

One can obtain further refinements dfY). Recently, A.McD. Mercer proved
the following theorem14]:

Theorem 1.3. If z; # z,,n > 2, then

Gn_xl

_Gumm e
2.1’1 (An — Il)

(1.4) —w

O'n’1>An—G >

n On,1-
2z, (x,

We generalize this in Sectidh
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Theorem 2.1. (1
three cases:

£ 1,2 L 8) r £ 50 £ 0,7 # 0 holds for the following

L Rk B RO

’

1.2<<2,1>8>2>10
vy o Y Y v
2.2>21>2>Lt >0
v v - — 77 —
3.r<r<t Lay,
v vy v
with equality holding if and only it; = - - - = x,, for all the cases.

Proof. Lety = 1 andr # s. We will show that {.1) holds for the following
three cases:

l.s<r<2, 1>ttt/ >s>r—1,
2.r>2,r—1>s>tt >1;
3.r<s<tt' <l
For case (1), consider the right-hand side inequalityiaf)(@and let
— i 1 112
2.1) Du(x) = Ay — Pys — r(r—f)zwi (x —Png) .
2x o

2_
T .
n =1

We want to show thab,, > 0 here. We can assume that< 2z, < --- < z,,
and use induction. The case= 1 is clear, so assume that the inequality holds
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for n — 1 variables. Then

(2.2)

=1—
Wy, 0Ty

1 aD,

where

(2—7)(r —5) — 1 L 7
L
an:v,i_2 ZW (

1-—t
1 12 Pnf; 1 1
x; — PJyL) + (T - S) P <Pnrl - PJ}) : Certain Bounds for the
i—1 " Tn" o " Differences of Means
Thus, whens <r <2,t<1,S > 0. Peng Gao
Now by the mean value theorem
s X Title Page
P,s\~ P,s\r
1— (o —(r—s) 1 = n Contents
) 44 44
P,s\r
>(r—s)(1- - < >
> (r—s) ( () )
Go Back
forr > s > r — 1 with Close
1 1
) Pys\7 Pys\7
min < 1, r <np<max<q 1, - .
Tn Tn

Quit
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This implies

()] e (-(2))

1—

7 N
5| O
=
"
3=
|
VR
|
s
3w
~_
31

1]
which is positive ifs < ¢.
Thusfors <r <2, 1>t>s>r—1, wehaveZl= > (. By lettingz,

n

tend tox,,_{, we haveD,, > D,,_(with weightswy, ..., w,_2,w,_1 + w,) and
thus the right-hand side inequality df.{) holds by induction. It is also easy to
see that equality holds if and onlyaf, = --- = z,,.

Now consider the left-hand side inequality af]) and write

n 1 1 2
(2.3) E.(x)=A, — Ps - r(r —s) Zwi (x[ — Pnrt,) .

Now w%aaf? has an expression similar t8.9) with z,, < z,w,, < w;,t <
t'. Itis then easy to see under the same condi%,z 0. Thus the left-hand
side inequality of {.1) holds by a similar induction process with the equality
holding if and only ifz; = - -+ = z,,.

Similarly, we can showD,,(x) < 0, E,(x) > 0 for cases (2) and (3) with
equality holding if and only if;; = - - - = x,, for all the cases.

Now for an arbitraryy, a change of variableg — y/v fory = r,s,¢,t" in
the above cases leads to the desired conclusion. O
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In what follows our results often include the cases 0 or s = 0 and we
will leave the proofs of these special cases to the reader since they are similar
to what we give in the paper.

Corollary 2.2. Forr > s, min{1l,r—1} < s < max{1l,r—1} andmin{1, s} <
t,t" < max{l,s}, (r,s,r,1,t,t') holds. Fors < r < ¢,t' <1, (r,s,s,1,¢, 1)

holds, with equality holding if and only if, = - - - = z,, for all the cases.

Proof. This follows from takingy = 1 in Theorem2.1 and another change of

variables:z; — min{z}, 2!}, x, — max{z}, 2} andx; = z} for 2 < i < Certain Bounds for the

n — 1if n > 3 and exchanging ands for the cases > r. O Differences of Means
Peng Gao

We remark here since, y = 0, + (24, — Pot — Py )(Poy — Poy), We
haveo,; < o, fort # 1 ando,; < o,y fort’' <t <1, 0,; > o, for

t > t' > 1. Thus the optimal choices for the st '} will be {1, s} for the Title Page
case(r,s,r, 1,t,t') and{1, r} for the casér, s, s, 1,¢,t). Contents
Our next two propositions give relations between differences of means with % N
different powers:
. < | 2
Proposition 2.3.Forl —r >t —s >0, l #t, x; € [a,b], a > 0,
Go Back
(2.4) ' (r=s)] 1 (PTZZ’T _ P,?S)/r (r—>s) ’ 1 Close
' _ l—r — _ — _ l—r"
(=0 |~ = [ B =P = [T=Db out
Except for the trivial cases = s or (I,t) = (r, s), the equality holds if and only Page 9 of 24
if z; = --- = x,, where we defin@/0 = 27" for anyi.

J. Ineq. Pure and Appl. Math. 4(4) Art. 76, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:penggao@umich.edu
http://jipam.vu.edu.au/

Proof. This is a generalization of a result A.McD. Mercefr]. We may assume
thatx, = a, z,, = b and consider

r(r—s) { !

D =P P - (P, - P
(X) n,r n,s l(l . t)ng;T( n,l n,t)?
Bx) = P, — Py — -5 (pt _pl)

n,r n,s l(l . t)flfll_r

We will show thatD,, - E,, < 0. Suppose: — s > 0 here; the case— s < 0 is

Certain Bounds for the

similar. We have Differences of Means
-t
x711—r aDn . Pn,s r—s r—g . Pn,t r—s| r—s . S Peng Gao
rw, 0T, T [ —t Tn ’
Title Page
where Contents
(r=s)(l—=1) I
= 7 7 — >
S =ty e~ Faud) 20 “« | »
Now by the mean value theorem < >
o] s Go Back
1 — % — [—t 77lftf7'+s 1 — %
T, r—s T, J Close
P Quit
where—>* <n < 1land Page 10 of 24
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sincet > s.

Similarly, we have%% > 0 and by a similar induction process as the
one in the proof of Theorer.1, we haveD,, - E,, < 0. This completes the

proof. ]
By taking! = 2,t = 0, = 1,s = —1 in the proposition, we get the
following inequality:
1 1
2.5 —(P?,-G*)> A, —H,>—(P?, - G?
( ) 21,1( n,2 n) - - 2In( n,2 n)

and the right-hand side inequality above gives a refinement of a result of A.McD.

Mercer [L3].

Proposition 2.4. For r > s,a > f3,

2.6 fra > pboas > pi-a > b

( ) xl - *ns = (P;L)ir . Pﬁfs)/& - " nr = xn

with equality holding if and only if; = - - - = ,,, where we define/0 = =/~
for anyi.

Proof. By the mean value theorem,

P2, — P2, = P2,y — (Pa)le = Lyrma(pe _ po),
) ) ) ) o ) )

whereP, ; < n < P, , and @.6) follows. O
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We apply @.6) to the case1,0,1,1,1,1) to see that1,0,«,1,1,1) holds
with o < 1, a result of Alzer §]. We end this section with a generalization of
(1.4) and leave the formulation of similar refinements to the reader.

Theorem 2.5.1f z; # x,, n > 2,thenforl > s >0
ill'l_s _ Pl—s

2xl=s(x, — A,) In1-

1—s 1-s

(2 7) Pn,s - xl
' 21‘%_8(14,1 - 1’1)

Op,1 > An_Pn,s >

Proof. We prove the right-hand inequality; the left-hand side inequality is sim-

ilar. Let
T, = Bt

1-s
2z,

Dn(x) = (20 — An)(An = Pos) =

On,1-

We show by induction thab,, > 0. We have

oD, 1—s (P, 1=s Tn \°
e Pns - - ]- - n n
Oy, 7 ) 2z, ( Tn ) ( (PTH) “ )U !
1 —
SUn,l) Z 07

Z (1_wn> (An_Pn,s_z—
where the last inequality holds by Theor@m. By an induction process similar
to the one in the proof of Theorekl, we haveD,, > 0. Since not all ther;’s

(1 —wn)(A, —

are equal, we get the desired result. O
Corollary 2.6. For1 > s > 0,
1—-s P, 1—s
28 'ﬁn >An_Pns>—ns
(2.8) 211 Ana’l_ ’_2377167’7

with equality holding if and only if; = - - - = x,,.
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Pﬁ;s—x%_s
_Proof._By Th(?oremz.S,_ we only need to shovgm <
is easily verified by using the mean value theorem.

1=s Pus and this

z1 Ap

]
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Let f(x,y) be a real function. We regargas an implicit function defined by
f(z,y) = 0andfory = (y1,...,yn), let f(z;,y:) = 0,1 < i < n. We write
P,, = P,,(y)with A, = P.,, G, = P.,, H, = P,_,. Furthermore, we
write x; = a > 0 andx,, = b so thatz; € [a,b] with y; € [¢/,0],a" > 0 and
require thatf,, f, existforx; € [a,b], y; € [a',V'].

To simplify expressions, we define:

Pr(y) — Pr(y)
P'r(LX,r(X) - P()‘S(X)

n,

(3.1) ANpsa =

Pr,s(y) Prs(x)
equality for various inequalities in our discussion, we definé= 1 from now
on.

with A, .o = (ln P""‘(y)>/ (ln P"”(x)> and, in order to include the case of

In this section, we apply our results above to inequalities of Ky Fan’s type.

Let f(z,y) be any function satisfying the conditions in the first paragraph of
this section. We now show how to get inequalities of Ky Fan’s type in general.
SupposeX.1) holds for somex > 0, »r > s, § = 1andt =t = 1, write
ona(y) = 0,1, apply (L.1) to sequences,y and then take their quotients to
get
ao,, | bo,,

< AT’,S,Q S

b,O'n’l CL/O'n’l ’
Sinceo), ; = > wi(Dr_; wi(y: — yx))?, the mean value theorem yields

/

%—%z—i@w®ﬁm—%)
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for some € (a,b). Thus

/ f/
min |22 0,1 <0, < max |=| o,1,
a<z<b / ’ ’ a<z<b f/ ’
Yy Yy
which implies
1|2 7|2
a . |f J
— min |=2| < A,sq < —max |2 .
b a<x<b Z,/ = a' a<z<b fZ,I

We next apply the above argument to a special case.
Corollary 3.1. Let f(z,y) = ca? +dy? — 1,0 < c < d,p>1,2; € [0,(c +
d)"#]. Fors € [0,2] anda = max{s, 1} we have

(3.2) Ao <1

with equality holding if and only if; = - - - = x,,.
Proof. This follows from Corollary?2.2by the appropriate choice efands. [

From now on we will concentrate on the cg&e, y) = z+y—1. Extensions
to the case of general functiori$x, y) are left to the reader.

Corollary 3.2. Let f(z,y) =z +y—1,0 < a < b < landz; € [a,b
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(i=1,...,n),n>2. Thenforr > s, min{l,r — 1} <s < max{1l,r — 1}

(3.3) max{(li_b)z_T, (1;)2_7}

Fors < r <1,

(3.4) max { (%b)z_s , (1 - a>2_5}

> A7",s,s

(i) () )

Proof. Apply Corollary 2.2 to sequences,y with ¢ = ¢/ = 1 and take their
quotients, by noticing.,, 1 (x) = ,,1(y). O

As a special case of the above corollary, by taking 0, s = —1, we get
the following refinement of the Wang-Wang inequalityT:

b

(=) o (v5)°
()
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We can use Corollarg.6 to get further refinements of inequalities of Ky
Fan's type. Since,, ; = 0,1+ (A, — P,+)?, we can rewrite the right-hand side

inequality in ¢.8) as
1—35 1—s
(3.6) (Po1(x)— P,s(x)) (1 — T(Pn’l(x) — Pms(x))) > 5 On1-

Apply (2.9) to y and taking the quotient witlB(6), we get

Pn,l(Y) - Pn,s(Y) bo_’;b,l P7/L,s _ 2%
(Pn1(x) — Py s(x)) (1 = %(Pn,l(x) — Pms(x))) ~ ado,q Al a Al
Similarly,
(Pn,l(Y) - Pn,s<y)) (1 - %(Pn,l(y> - Pn,s(Y))) > 2 An
P,1(x) — P, s(x) TV P,

Combining these with a result i], we obtain the following refinement of Ky
Fan’s inequality:

Corollary 3.3. Let0 < a < b < landz; € [a,b] (i =1,...,n),n > 2. Then
fora<1,0<s<1

b 2—« P/ a 2—« A
0 nsp A " A
(1 - b) A C 7 Blsa (1 - a) P,

n

(3.7)

where
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We note here when = 1, s = 0, b < 3, the left-hand side inequality of
(3.7) yields

A -G b G

(38) A—G, S T1-bA

(A +G,)

a refinement of the following two results of H. Alzet]{ A/ /G! < (1 —
G,)/(1—A,), whichis equivalentt¢A! — G!)/(A, —G,) < G, /A! and []:
A -G < (A, —Gn)(AL+G,).

Next, we give a result related to Levinson’s generalization of Ky Fan’s in-
equality. We first generalize a lemma of A.McD. Mercér]

Lemma 3.4. Let J(z) be the smallest closed interval that contains alkpénd
lety € J(x) and f(z),g(x) € C*(J(x)) be two twice continuously differen-
tiable functions. Then

(3.9) i wif (i) — fly) — Qi wimi —y)f'(y) _ f"(€)
Yoqwiglx) —gly) — Qi wirs —y)g'(y)  9"(&)

for some¢ € J(z), provided that the denominator of the left-hand side is
nonzero.

Proof. The proof is very similar to the one given inj]. Write

szf (tzi + (L= t)y) — fly) = (A=) ['(y)

and consideiV (t) = (Qf)(t) — K(Qg)(t), whereK is the left-hand side ex-
pression in8.9). The lemma then follows by the same argumentasih[ [
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By takingg(x) = 2%,y = P, in the lemma, we get:
Corollary 3.5. Let f(z) € C?[a,b] withm = min, f(x), M = max, ().
Then o

m
(3 10) _Unt > sz xz (Z wzxz) A Pn t)f (Pn,t) Z 50-71,15'

Moreover, if f(x) exists forz € [a,b] with f”(z) > 0 or f”(x) < 0 for
x € [a, b] then the equality holds if and onlydf = - - - = z,,.

The casé = 1 in the above corollary was treated by A.McD. Mercet]|
Note for an arbitraryf (x), equality can hold even if the condition = - - - = z,,
is not satisfied, for example, fgi(x) = 22, we have the following identity:

n n 2 n n 2
E wix? — E w;T; = E w; | Ty — E WETk
1=1 =1 =1 k=1

Corollary 3.5 can be regarded as a refinement of Jensen’s inequality and it
leads to the following well-known Levinson’s inequality for 3-convex functions

[10]:
Corollary 3.6. Letz; € (0,al. If f/(x) > 0in (0,2a), then

(3.11) Zwl x;) (Z w@)
<szf2a—xz (ZMQG—JC )
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If f(x) > 00n(0,2a) then equality holds if and only if, = - - - = z,,.
Proof. Taket = 1 in (3.10 and apply Corollar.5to (x4, ..., z,) and(2a —

T1,...,2a — x,). Sincef”(x) > 01in (0,2a), it follows thator?a<x f(x) <
min f”(x) and the corollary is proved. o O

Now we establish an inequality relating different ; ,’s:

Corollary 3.7. Forl —r >t —s > 0,1l #t,r # s, (I,t) # (r,s), x; € |a,b],

Certain Bounds for the

Yi € [a> b]> n 2 2’ Differences of Means
b l—r A anl-r Peng Gao
3.12 N LA (—) .
(3.12) <a’) ’ AVEY v
. . Title Page
Proof. Apply (2.4) to bothx andy and take their quotients. O]
Contents
For another proof of inequality3(5), use this corollary with = 1, ¢ =
0, s = —1 andr = 0. K D
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A variant of (L.1) is the following conjecture by A.McD. Mercer.f] (r >
s, t,t' =r,s):

- - Pnr_Pns
4.1) max{r ° T S} i > ———

2—r? 2—r 1—r
2']:1 21'” Pn,r
o { r—s r—s }
minsS —s—, ——=— ¢ On.t-
- 2—r? Q—r Tl,t
207" 2wy

The conjecture presented here has been reformulated (one can compare it
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with the original one in[3]), since hergr — s)/2 is the best possible constant reng ea0
by the same argument as above.
Note whenr = 1, (4.1) coincides with {.1) and thus the conjecture in gen- Title Page
eral is false. Contents
There are many other kinds of expressions for the bounds of the difference
between the arithmetic and geometric means. See Chapter Il of thedba®k « dd
sical and New Inequalities in Analydisf]. < >
In[17], A.McD. Mercer showed
Go Back
2 2 2 2
(4.2) Pn,2 Gn > A, —G, > Pn,2 Gn‘ Close
4, 4, Quit
He also pointed out that the above inequality is not comparable to either of Page 21 of 24
the inequalities in{.H)witha = =u=1,v =0,t =t' = 0, 1. We note that
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1, v = 0 with the following trivial bound:
2 2 2 2
2[L'1 2$n

Thus the incomparability of#f(2) and @.1) withr» = 1, s = 0, t = 1 reflects the
fact thatP;, — A2 and A} — G} are in general not comparable.

We also note when replacig, , s by a smaller constant, that we sometimes
get a trivial bound. For example, fer< % the following inequality holds:

1 - 1/2 1/2 2 1 = 2
An—Pn,SZE;wk (xk — A, ) zﬁgwk(m—fln).

The first inequality is equivalent tﬁ’i’/f/QAiﬂ > P,,. Forthe second, simply

apply the mean value theorem to

2 1 2 1
(= 2) = (36— A0 2 et A

with &, in betweent;, andA,,.
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