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Abstract

The purpose of this paper is to introduce and study a new kind of general-
ized strongly nonlinear operator inclusion problems involving generalized m-
accretive mapping in Banach spaces. By using the resolvent operator tech-
nique for generalized m-accretive mapping due to Huang and Fang, we also
prove the existence theorem of the solution for this kind of operator inclusion
problems and construct a new class of perturbed iterative algorithm with mixed
errors for solving this kind of generalized strongly nonlinear operator inclusion
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problems in Banach spaces. Further, we discuss the convergence and stabil- Nonlinear Operator Inclusion

ity of the iterative sequence generated by the perturbed algorithm. Our results PRGNS [ EEMEED SPEEEs

improve and generalize the corresponding results of [3, 6, 11, 12]. Heng-you Lan, Huang-Lin Zeng
and Zuo-An Li
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Let X be a real Banach space afid: X — 2% is a multi-valued operator,
where2X denotes the family of all the nonempty subsetstof The following
operator inclusion problem of findinge X such that

(1.1) 0€T(u)

has been studied extensively because of its role in the modelization of unilat-
eral problems, nonlinear dissipative systems, convex optimizations, equilibrium  new perturbed Iterations for a
problems, knowledge engineering, etc. For details, we can refef+q{], [2] Generalized Class of Strongly
. . . . Nonlinear Operator Inclusion

—[15] and the references therein. Concerning the development of iterative algo-  problems in Banach Spaces
rithms for the problemX(.1) in the literature, a very common assumption is that _

. . . . . Heng-you Lan, Huang-Lin Zeng
T is a maximal monotone operatormraccretive operator. Whehis maximal i e
monotone orm-accretive, many iterative algorithms have been constructed to

approximate the solutions of the problefn).

. : . Title P

In many practical caseq, is split in the formT = F + M, whereF, M : elad e
X — 2% are two multi-valued operators. So the probleimi) reduces to the Contents
following: Findz € X such that pp b
1.2) 0€ F(x)+ M(x), < 4
which is called the variational inclusion problem. When bétrand M are Go Back
maximal monotone of/ is m-accretive, some approximate solutions for the Close
problem (L.2) have been developed (se&)] 1] and the references therein). _
If M = 0p, wheredy is the subdifferential of a proper convex lower semi- Quit
continuous functionap : X — R U {400}, then the problemi(2) reduces to Page 3 of 22

the variational inequality problem:
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Findz € X andu € F(z) such that

(1.3) (u,y —x) +o(y) —p(x) 20, yeX.

Many iterative algorithms have been established to approximate the solution

of the problem {.3) when F' is strongly monotone. Recently, the problem
(1.2) was studied by several authors wherand M need not to be maximal
monotone orm-accretive. Further, Ding3], Huang [], and Lan et al. [1]

developed some iterative algorithms to solve the following quasi-variational in-

equality problem of finding: € X andu € F(z),v € V(x) such that
(1.4) (u,y —z)) + oy, v) —p(z,v) 20, VyeX

by introducing the concept of subdifferenti@l(-,¢) of a proper functional
¢(+,-) fort € X, which is defined by

0o(,t) ={f e X :0yt)—et) > (f,y—x), yecX},

wherep(-,t) : X — R U {400} is a proper convex lower semi-continuous
functional for allt € X.

It is easy to see that the probleh4) is equivalent to the following:
Findx € X such that

(1.5) 0 € F(x)+ dp(x,V(x)).

Recently, Huang and Fang][first introduced the concept of a generalized
m-~accretive mapping, which is a generalization oharaccretive mapping, and

gave the definition and properties of the resolvent operator for the generalized
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m-accretive mapping in a Banach space. Later, by using the resolvent operator
technique, which is a very important method for finding solutions of variational
inequality and variational inclusion problems, a number of nonlinear variational
inclusions and many systems of variational inequalities, variational inclusions,
complementarity problems and equilibrium problems. Bi, Huang, Jin and other
authors introduced and studied some new classes of nonlinear variational in-
clusions involving generalizegh-accretive mappings in Banach spaces, they
also obtained some new corresponding existence and convergence results (see
[2, 5, 8] and the references therein). On the other hand, Huang, Lan, Zeng, New Perturbed Iterations for a
Wang et al. discussed the stability of the iterative sequence generated by the Generalized Class of Strongly

Nonlinear Operator Inclusion

algorithm for solving what they studied (se& [.1, 15, 19)). Problems in Banach Spaces
Motivated an_d inspired by the above yvorks, in this paper, we introduc_e and Heng-you Lan, Huang-Lin Zeng
study the following new class of generalized strongly nonlinear operator inclu- and Zuo-An Li
sion problems involving generalized-accretive mappings:
Findz € X such thaip(z), g(z)) € Dom M and Title Page
(1.6) feN(S(x),T(x),U(x)) + M(p(z), g(x)), Contents

where f is an any given element oA, a real Banach spacé,7,U,p, g : « dd

X — XandN : X x X x X — X are single-valued mappings anid : < 4
X x X — 2% is a generalizedn-accretive mapping with respect to the first

argument2X denotes the family of all the nonempty subsetsXof By using Go Back
the resolvent operator technique for generalizedccretive mappings due to Close
Huang and Fang/| &], we prove the existence theorems of the solution for Quit
these types of operator inclusion problems in Banach spaces, and discuss the Page 5 of 22

convergence and stability of a new perturbed iterative algorithm for solving this
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class of nonlinear operator inclusion problems in Banach spaces. Our results
improve and generalize the corresponding results,ci,[11, 17].
We remark that for a suitable choice ffthe mappingsv,n, S, T, U, M, p, g
and the space&, a number of known or new classes of variational inequal-
ities, variational inclusions and corresponding optimization problems can be
obtained as special cases of the nonlinear quasi-variational inclusion problem
(1.6). Moreover, these classes of variational inclusions provide us with a general
and unified framework for studying a wide range of interesting and important
problems arising in mechanics, optimization and control, equilibrium theory  New Perturbed Iterations for a
of transportation and economics, management sciences, and other branches of (1te2eC Class of Srondy
mathematical and engineering sciences, etc. See for more details!| 6, 9, Problems in Banach Spaces
, 15, 17, 1¢] and the references therein.
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Throughout this paper, leX be a real Banach space with dual space (-, -)
the dual pair betweeX andX*, and2* denote the family of all the nonempty
subsets of{'. The generalized duality mapping : X — 2% is defined by

Jo(w) = {z" € X" ¢ (w,2") = ||z||’, |l2"[| = ="'}, VzeX,

whereq > 1 is a constant. In particular], is the usual normalized duality

mapping. Itis well known that, in general,(z) = 2|72 Jo(x) for all z # 0 givrfe'?;fltzlgg‘g;t:s'?)tf'osfofr?gfI;
and J, is single-valued ifX* is strictly convex (see, for example] ). If Nonlinear Operator Inclusion
X = H is a Hilbert space, thes, becomes the identity mapping &f. In what Problems in Banach Spaces
follows we shall denote the single-valued generalized duality mapping. by Heng-you Lan, Huang-Lin Zeng
and Zuo-An Li
Definition 2.1. The mapping; : X — X is said to be
1. a-strongly accretive, if for any, y € X, there existg, (z—y) € J,(z—y) Title Page
such that Contents
x) — ,Jolx — > allz —y||Y,
(9(x) = 9(y), jq(x —y)) = al|z —y| « N
wherea > 0 is a constant; > 5
2. (-Lipschitz continuous, if there exists a constant 0 such that
Go Back
lg(x) =gl < Bllz —yl, Va,ye X Close
. : : it
Definition 2.2. Leth,g : X — X be two single-valued mappings. The map- Qul
pingN : X x X x X — X is said to be Page 7 of 22
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1. o-strongly accretive with respect toin the first argument, if for any, y €
X, there existg,(z — y) € J,(x — y) such that

(N(h(x), ) = N(h(y), ), oz = y)) = allz =yl

wheres > ( is a constant;

2. ¢-relaxed accretive with respect tpin the second argument, if for any
z,y € X, there existg,(x — y) € J,(x — y) such that

New Perturbed lterations for a

(NG, g(@), ) = NC,g(w), Yool = 9) = ~lla — o]l e
) ) ) » /0 Jq — Nonlinear Operator Inclusion
Problems in Banach Spaces

wheres > 0 is a constant; _
Heng-you Lan, Huang-Lin Zeng

3. e-Lipschitz continuous with respect to the first argument, if there exists a and zuo-An L
constant > 0 such that
Title Page
L) — ) < — .
IN(, ) = Ny, )| < elle =yl VoyeX S
Similarly, we can define thg, 7-L_ipschitz continuity in the second and PP SY
third argument ofN (-, -, -), respectively. > g
Definition 2.3 ([7]). Letn : X x X — X* be a single-valued mapping and Go Back
A: X — 2% be a multi-valued mapping. Thehis said to be
Close
1. n-accretive if Quit
(u—wv,n(z,y)) >0, Vr,yeXuecAz),ve Aly); Page 8 of 22
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2. generalizedn-accretive ifA is n-accretive and + AA)(X) = X for all
(equivalently, for some) > 0.

Remark 1. Huang and Fang gave one example of the generalizeatcretive
mapping in [/]. If X = X* = H is a Hilbert space, then (1), (2) of Defini-
tion 2.3reduce to the definition of-monotonicity and maximaj-monotonicity
respectively; ifX is uniformly smooth and(z,y) = Jo(z — y), then (1) and
(2) of Definition2.3reduce to the definitions of accretivity andaccretivity in
uniformly smooth Banach spaces, respectively (seg]].

Definition 2.4. The mapping; : X x X — X*is said to be
1. ¢-strongly monotone, if there exists a constant 0 such that
(v —y,n(x,y)) = dlle —ylI*, Vo,yeX;
2. 7-Lipschitz continuous, if there exists a constant 0 such that
In(z, )l < 7lle—yll, Vr,yeX.

The modules of smoothnessXfis the functionpx : [0,00) — [0, 00)
defined by

1
px(t) =supq ol +yll+lo—yl=1:flz <1, fly <t

A Banach spaceX is called uniformly smooth ifim; o 22 = 0 and

X is calledg-uniformly smooth if there exists a constant- 0 such that
px < ct?, whereq > 1is a real number.
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It is well known that Hilbert spaced,, (or /,) spacesl < p < oo, and
the Sobolev spacdd’™? 1 < p < oo, are allg-uniformly smooth. In the
study of characteristic inequalities iauniformly smooth Banach spaces, Xu
[16] proved the following result:

Lemma 2.1. Let¢ > 1 be a given real number and” be a real uniformly
smooth Banach space. Théanis g-uniformly smooth if and only if there exists
a constantc, > 0 such that for allz,y € X, j, () € J,(x), there holds the
following inequality

[l +yll" < Nlzll* + ¢y, Jo(2)) + cqllyll*.

In [7], Huang and Fang show that for apy> 0, inverse mapping +pA)~*
is single-valued, if; : X x X — X* is strict monotone andl : X — 2% is
a generalizedn-accretive mapping, whetrkis the identity mapping. Based on
this fact, Huang and Fang][gave the following definition:

Definition 2.5. Let A : X — 2X be a generalizedr-accretive mapping. Then
the resolvent operato/’; for A is defined as follows:

Jh(z) = (I +pA)'(2), VzeX,
wherep > Oisaconstantang : X x X — X*is a strictly monotone mapping.

Lemma 2.2 ([/, €]). Letn : X x X — X* be r-Lipschitz continuous ang-
strongly monotone. Let : X — 2% be a generalizedn-accretive mapping.
Then the resolvent operatof; for A is Lipschitz continuous with constagf
ie.,
-
174(2) = JaWll < 5llz =yl Va,ye X
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In this section, we shall give the existence theorem of proble).( Firstly,
from the definition of the resolvent operator for a generalizedccretive map-
ping, we have the following lemma:

Lemma 3.1. z is the solution of probleml(6) if and only if
(3.1) p(z) = iju(.,g(x))[p(x) = p(N(S(),T(z),U(z)) — f)],
whereJy, .y = (I +pM(-, g(x)))~" andp > 0 is a constant.

Theorem 3.2. Let X be ag-uniformly smooth Banach space,; X x X —

X* be r-Lipschitz continuous and-strongly monotone)/ : X x X — 2%

be a generalizedn-accretive mapping with respect to the first argument, and
mappingsS,T,U : X — X bek, u, v-Lipschitz continuous, respectively. Let
p: X — X bea-strongly accretive and-Lipschitz continuousy : X — X
be-Lipschitz continuousy : X x X x X — X beo-strongly accretive with
respect taS in the first argument and-relaxed accretive with respect foin the
second argument, ang £, v-Lipschitz continuous in the first, second and third
argument, respectively. Suppose that there exist constants) and{ > 0
such that for each, y, z € X,

(3.2) | 781 () = T @) < Cllz = v
and

h=Co4 (1+3) (1= ga+cB7)1 <1,
(3.3)

™ [(1= oo = )+ cqpfien + )Y + pyv] < 6(1 = ),
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wherec, is the same as in Lemnzal, then problem.6) has a unique solution

T*.

Proof. From LemmaB.1, problem (..6) is equivalent to the fixed problers.(),
equation 8.1) can be rewritten as follows:

=1 = p(x) = Iy () = p(N(S(2), T(x), U(x)) - f)].
For everyr € X, take
B4) Qx) =z —p(x) = Ty gy () — p(N(S(2), T(2),U(x)) — f)].

Thenz* is the unique solution of probleni ) if and only if z* is the unique
fixed point of@. In fact, it follows from @.2), (3.4) and Lemma2.2 that

1Q(z) — Q)
< lz =y = (p(z) — )l

| gty [P0 = PN (S(2), T(), U () = )]
= Tirtogto @) = PIN(S (). T(w), Uw)) = 1]

< Nz~ — (plz) — p)]

|8 gty P2 — PN (S(2), T(), U () = )]

— Tttt PW) = p(N(S(0). (), U ) = £

Tertcgon2(0) = PIN(S (). T(1). U(y)) ~ )]

= L alP®) = PN (SW). T), U ) = 1|

|
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< (14 %) e =y = () = p)|

+(N(S(Y), T(x),U(x)) = N(S(y), T(y), Ux)))]l
+pIN(S(y), T(y), Ulx)) = N(S(y),
(3.5) +¢llg(x) — gl

By the hypothesis of, p, S, T, U, N and Lemm&.1, now we know there exists

~—
S
—~
<
~
=
—~
<
~—
=
-

New Perturbed Iterations for a

o > O suchthat il e Ot e i
(3.6) Hg(x) _ g(y)|| S LHZE _ y||, Problems in Banach Sp.aces
3.7) e =y = (p(x) —p)]" < (1 = g+ ¢ 5 ||z = |7, e aZuoAnt
3.8)  [IN(S(), T(y), U(x)) = N(S(y), T(y), Uyl < ~ywllx =yl
Title Page
[ =y = pl(N(S(2), T(x),U(x)) = N(S5(y), T(x), U(x))) Contents
+(N(S(9), T(2), U (@) = N(8(w), T(v), U))]|” —
< flz = oll" — ap((N(S(x). T(@). U(2)) — N(S(y). T(x). U())) —1—
+ (N(S(y), T(x), U(x)) = N(S(y), T(y), U(x))), Jo(@ — y))
+ g [[(N(S(2), T(x), U(x)) = N(S(y), T(x), U(x))) Go Back
+ (N (S(y), T(x),U(x)) = N(S(y), T(y), U(x))) || Close
<l =yl Quit
—qp[(N(5(x), T(x), U(z)) = N(S(y), T(x), U(x)), jo(z = y)) Page 13 of 22
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+ ¢ [IN(S(2), T(2), U(x)) = N(S(y), T(x), U())|
+IIN(S(y), T(x),U(x)) = N(S(y), T(y), Ulx))|]*
(8.9) <[ —gp(o—<)+cep’(er +Ep) ]l —yl”.
Combining 8.5 — (3.9), we get

(3.10) 1Q(z) — Q)| < 0llx —yll,

where

(3.11) 0=h+ % [(1 —qplo — <) + cop(en + Ep))T + pyv|
h =+ (1—1— g) (1 —qoz—i—cqﬁq)%.

It follows from (3.3) that0 < 6 < 1 and so@ : X — X is a contractive
mapping, i.e.() has a unique fixed point ix'. This completes the proof. [J

Remark 2. If X is a 2-uniformly smooth Banach space and there existsO
such that

(h=C+ 1+ V/T-2a+e <1,
0<p< 5(71;,,}‘), v < \/ealer + Ep),

7(0 =) > oyw(l — h) + /leaer + Eu)? — 212][r2 — 62(1 — h)?),

_ 1(o=¢)+dyv(h—1)
P Tealentém)Z—207]

< [re=9-89w (=) [ea(en+én)*—12v2][r2 ~ 8> (1=h)?)
TlealentEn)2—717] )

\

then @3.3) holds. We note that the Hilbert space angl(or [,) (2 < p < o)
spaces are 2-uniformly Banach spaces.

New Perturbed lterations for a

Generalized Class of Strongly
Nonlinear Operator Inclusion
Problems in Banach Spaces

Heng-you Lan, Huang-Lin Zeng
and Zuo-An Li

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 14 of 22

J. Ineq. Pure and Appl. Math. 7(3) Art. 91, 2006

httn-//itinarm it adir ann


http://jipam.vu.edu.au/
mailto:hengyoulan@163.com
mailto:hengyoulan@163.com
http://jipam.vu.edu.au/

In this section, by using the following definition and lemma, we construct a
new perturbed iterative algorithm with mixed errors for solving problém)(

and prove the convergence and stability of the iterative sequence generated by

the algorithm.

Definition 4.1. Let S be a selfmap o, z, € X, and letz,,.; = h(S,x,)
define an iteration procedure which yields a sequence of pdini$,° , in X.
Suppose thafz € X : Sz = z} # 0 and {z,}°°, converges to a fixed point
x*of S. Let{u,} C X and lete,, = ||u,y1 — h(S,u,)|. If lime, = 0 implies
thatwu,, — z*, then the iteration procedure defined by,; = h(S, z,) is said
to beS-stable or stable with respect 9.

Lemma 4.1 ([L7]). Let{a,},{b,},{c.} be three nonnegative real sequences
satisfying the following condition:

there exists a natural numbey, such that
An41 S (]- - tn>an + bntn + Cn, VTL Z no,

wheret, € [0,1], Y07t
a, — 0(n — 00).

= 00, lim, oo, = 0, D77 ¢, < oo. Then

The relation 8.1) allows us to construct the following perturbed iterative
algorithm with mixed errors.

Algorithm 1. Step 1. Chooseg, € X.
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Step 2. Let

(4.1)

\

( T = (1 — o), + an[?/n — p(Yn)

+J§4(.79(y7L))<p(yn) = p(N(SWn), T(yn), U(yn)) — f))]

+on Uy, + Wy,
Yn = (1 = Bn)zn + Bulzn — p(,)
01 gy P(@0) = PN (S(20), T (20), U(n)) — f))] + va,

Step 3. Choose sequendes, }, {4.}, {u.}, {v,} and{w,} such that for
n >0, {a,},{05,.} are two sequences in, 1], {u,}, {v.}, {w,} are sequences
in X satisfying the following conditions:

(1) un = vy + uy;

(i) i oo [t | = limy, oo ||| = O;
(i) Y22 lutll < o0, 3002 llwnll < oo,

Step 4. lfx, 11, Yn, Qn, By un, v, andw,, satisfy @.1) to sufficient accuracy,
go to Step 5; otherwise, set:= n + 1 and return to Step 2.
Step 5. Le{z,} be any sequence il and defing{e,,} by

(4.2)

En = Hzn-H - {(1 - an)zn + an[tn _p<tn)
00 oty P(En) = p(N(S(tn), T(t0), U(tn)) — f))]
+anun + wn bl

tn = (1 - ﬁn)zn + 571[271 - p(Zn)
o Bn) = PON(S(20), T(20), U 20)) — )] + v
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Step 6. Ifz,,, zni1, thy Oy B, U, v, andw,, satisfy @.2) to sufficient accu-
racy, stop; otherwise, set:= n + 1 and return to Step 3.

Theorem 4.2. Suppose thaX,S,T,U,p,g, N,n and M are the same as in
TheorenB.2, # is defined by&.11). If >~ «, = oo and conditions§.2), (3.3
hold, then the perturbed iterative sequenice,} defined by 4.1) converges
strongly to the unique solution of problerh.§). Moreover, if there existg €
(0, o] forall n > 0, thenlim,, ., 2z, = z* ifand only iflim,,_.., £, = 0, where
e, Is defined by4.2).

Proof. From Theoren8.2, we know that problem1(.6) has a unique solution
z* € X. It follows from (4.1), (3.11) and the proof of §.10 in Theorem3.2
that

[Zn41 — 27
< (1= an)llzn — 2"l + anbllyn — 2" + cn([Jug | + 1wzl + llwn
(4.3) <1 —an)llen — 2| + anbllyn — 2" + e, || + (]l + llwnl]).

Similarly, we have
(4.4) lyn = 27 < (1 = o + Bub)ll2n — 27| + [|vall-

Combining @.3) — (4.4), we obtain

(45) (21— 2] < [1— an(l = 6(1 = B+ B0)] 0 — 2|
+ an(ld ]+ Olvall) + (el + llwall).
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Sincef < 1,0 < 3, <1 (n > 0), we havel — 3, + 3,0 < 1andl — (1 —
Bn + 6,0) > 1 — 60 > 0. Therefore, 4.5) implies

(4.6) [lznty — ™[] < [1 = an(l = O)][lz, — 2|

1
+an(l—=0) - =5 (llwn | +Olloall) + (lunll + flwnl)-

Since)" >, a, = oo, it follows from Lemma4.1and ¢.6) that||z,, — z*|| —
0(n — o0), i.e.,{z,} converges strongly to the unique solutighof the prob-
lem (1.6).

Now we prove the second conclusion. By4), we know

4.7) Nzne =27 < {11 = an)zn + anltn = p(ta)
+ gty P(n) = PN (S(t0), T(tn), U(tn)) = 1))

+ oty +wp, — x|+ Ene

As the proof of inequality4.6), we have

(4.8) [[(1 = an)zn + ot — p(tn) + JJI\)/[(.y(tn))(p(tn)
= p(N(S(tn), T(tn), U(tn)) = f))) + antin + wn — 27|
< 1= an(l=0)][z, — 27

]‘ !/ "
+an(l = 0) - T (l[un ]| + Ollvall) + (llun]] + llwnl])-
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Sincel < a < a,, it follows from (4.7) and @.8) that
[

<[ —an(l=0)][zn — "]

1 / "
+an(l=0) - T (l[un ]| + Ollvall) + (lfun ]| + llwal)) + en

<[ = an(l = 0)]l|zn — 27|

1 En
(1= 0) - 7= (Il + Ollen ]l + =) + (Ul + el

Suppose thaime, = 0. Then from)_ >  «,, = co and Lemmat.1, we have
lim z, = x*.
Conversely, iflim z,, = z*, then we get

en = |lznt1 — {(1 — an)zn + ayft, — p(ty)
+ Jz@(.,g(tn))(p(tn) — p(N(S(tn), T(t0), U(tn)) — f))] + antin + wp } ‘
< [z = 27| + (1 — an)2n + an[tn — p(tn)
+ Jitgieny PEn) = p(N(S(tn), T(tn), U(tn)) = ) + atntin + wn — 2
< lzn — 27| + [ = an(1 = 0)][[2n — 2]
+ an(llug || + Ollonll) + ([[ugll + llwnl)) = 0 (n — o0).
This completes the proof. O

Remark 3. If u,, = v, = w, = 0 (n > 0) in Algorithm 1, then the conclusions
of Theoremd4.2 also hold. The results of Theoreri®2 and 4.2 improve and
generalize the corresponding results &f §, 11, 17].
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