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ABSTRACT. In this paper, we give a new Hardy-Hilbert’s integral inequality with some param-
eters and a best constant factor. It includes an overwhelming majority of results of many papers.
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1. INTRODUCTION AND MAIN RESULT

then we have the well known Hardy H|Ibert |nequaI|ty

[ [ ([ o) (/quwx)a

and an equivalent form as:

(1.2) /0 (0 51;%) dy < Sm / Pz

In recent years, many results have been obtained in the research of these two inequalities (see
[1] - [13]). Yang [1] and[[2] gave:

(1.3) / / S dxdy<B(p+2_2,p+2_2)

X (/OOO xl_’\fp(x)dx) : (/OOO xl_’\gq(:c)da:) % ,
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whereB(r, s) is the-function; and Kuang [3] gave:

(1.4) / / x“ry
< (%;Sin; <q%> ( /0 e fp(x)dx)p ( /0 - ml—’\gq(x)dx>

Recently, Hong[[4] gave:

Q=

(1.5) /0 /0 \/g—gT(xy)zdxdy

a3 ) ([ o) ([ o)
And Yang [5] gave:

[ f(z)g(x)
S Y R R P v .
< . (%) (/0 T f (:L’)dl‘) (/0 T g (x)dx) :

1.7) /000 T (/000 x/‘\f:_; dx) dy < @ /000 gD 2 () .

These results generalize and imprdve]|(1.1) (1.2) in a certain degree.

In this paper, by introducing a few parameters, we obtain a new Hardy-Hilbert integral in-
equality with a best constant factor, which is a more extended inequality, and includes all the
results above and the overwhelming majority of results of many recent papers.

Our main result is as follows:

Q=

Q=

Theorem 1L.1.If >+ 2 =1(p > 1),a >0, >0, m,n € R, such that) < 1 —mp < a),
0<1l-—ng<aAandf >0,g >0, satisfy

(1.8) 0< / gUmeN+P(=m) £p () dy < o0,
0
(L.9) 0< [y i)y < o
0
then
(1.10) / / dmdy < Hyo(m,n,p,q) (/ x(l_a)‘Hp(”_m)fp(x)dx) ’
0

1
o0 q
X ( / y(l_o‘*”"(m_”)gq(y)dy) ;
0
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and

(=edtgtnon) > f(x) P
@iy [ ]

< j—v[)\,a(mv n,p, Q) / x(lia)\)er(nim)fp(x)dxa
0

where

(0% « « (07

1 1— 1-— 1 (1 — 1—
H)\,Oz(m?n?pa q) aBP ( P >\_ mp) Ba ( nq7>\_ nq)

and

F 1 1- 1 - 1-— 1—

P « o «

Theorem 1.2.1f p > 1, L+ . = 1, > 0, > 0, m,n € R, such tha) < 1 —mp < a),
mp+ng=2—a) andf(x) >0, g(y) > 0, satisfy

(1.12) 0< / PO P () dx < oo,
0

(1.13) 0< [Ty i)y < .
0

then

(1.14) / / da;dy< 13(1_amp,A_1_amp>
X (/OOO ML fP(z)d ) (/Oco ym(”*")‘lgq(y)dy);;

-1 & f(.l?) }p
1.15 T—q —— dz| d
(1.15) /0 Y {/0 (@ g ] Y
<in(1—mp)\_1—mp)/oo n(p+q)— fp()
0

oP o «

B =

where the constant factofsB (1=72, \ — 1=72) in -) andl Br (=2 )\ —
are the best possible.

2. WEIGHT FUNCTION AND LEMMAS

The weight function is defined as follows

Wralm,n,y) = / —_— da: y € (0, +00).
( ) o (2% +y)* Cm (
Lemma2.1l.lfa>0,A>0meR,0<1—m<al,then
1 1-— 1-—
(2.1) Wral(m,n,y) = —yl-oV+-m g ( - m) |
(8} « 0
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Proof. Settingt = =, then

1 & 1 —a n— 1-m
W/\ﬂ(m?n’y):a/o (1+t)/\y(1 A H(n—m) == =1 1y

_ ly(l—a)\)—&-(n—m) /OO R G e
a o (L+t)

_ ly(lfa)\)+(nfm)B <1 B m7 A\ — 1 - m) .

« 0% 0%

Hence[(2.]) is valid. The lemma is proved. O

Lemma2.2.fa>0,A>0,0<1,a€R,then

<1 e 1 1-8
2.2 tTe 1 dtdr = O(1 ).
(2.2) /1 x1+5/0 1+t z=0(1), (e—07)

Proof. Since(1 — )/« > 0, for e small enough, such thé{;—ﬁ —ae > 0, then

1
© 1 fz= 1
/ / t Pl gy < / / ?=ae) =1 gt e
1 lerE 0 (1_|_

_ ﬂ+a5a 2d
1—- 6 —acx /1 v
1

(1 -3 —aca)?
Hence [(2.R) is valid. O

3. PROOFS OF THE THEOREMS
Proof of Theorem 1]1By Holder's inequality and Lemnja 2.1, we have

/ / [ % f:;c)v Ap ;C_m} {%y } dzdy

(-4) {// :c“+y }{// 1‘“+y ;dey};,

according to the condition of taking equality in Holder’s inequality], if(3.1) takes equality, then
there exists a constaat, such that

[( f? () x’”’]/{( 9°(y) ym"} =0, ae. (,y) € (0,+00) x (0, +00)

o+ ya>z\ ymp o+ ya)/\ g

it follows that

fP(x) 2" = Cgl(y)y™P+9 = C) (constant), a.e(x,y) € (0, +o0) x (0, +00)
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hence

/oo x(l—ak)—&-p(n—m)fp(x)dx _ /OO :L,(l—oc/\)+n(p+q)—nq—mpfp(x)dx
0 0

= Cl /OO x(lfa)‘)fnpfchia:
0

1 0o

_ 01/ $(l—aA)—np—qu$+Cl/ x(l—a)\)—np—qux
0 1

fr— +OO,

which contradicts (1]18) andl (1.9). Hence, py [3.1), we have
o0 o0 1 x"P >
G < / [/ dy}fpxdx}
UL ] o
1
o0 o0 1 qu q
X dy| g*(y)d
UL g mes] s
a Jo o o
% {l/ y(l—o&\)—l—q(m—n)B (1 — nq7 N\ — 1- nCI) gq(y)dy}q
o Jo « o

1 1
o0 P oo q
= Hya(m,n,p,q) ( / x“‘o‘”“’(”‘m)fp(x)dx) ( / y“‘a”*q(m‘")gq(y)dy) :
0 0

Hence [(1.ID) is vaild.
Let = [(1 —a)) +q(m —n)]/(1 —q), and

=0 ([ Gl
By (1.10), we have

/0 N ylmeNralm=nga () dy
= /0 T yA0gi(y)dy
| U ] o
=/¢Maﬁ%ﬂﬂlﬁﬁﬁﬂw
/ / (o + ) d:vdy

< H)\,oc(mv n,p, Q) (/ x(l—ou\)—i—p(n—m)fp(l.)dl.) i
0

1

< ([T
0
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It follows that

/ e [ / uamiCO Adgc]pdy
0 o (z*+y*)

< 1{[)\,04 (ma n,p, Q) / aj(l—oz)\)—i-p(n—m)fp(x)dx.
0

Hence, [(1.11) is valid.
Proof of Theorer 1]2Since0 < 1 — mp < a\, mp +ng = 2 — o\, then
0<1—ng<al,
(1—=aX) +pn—m)=n(p+q) —1,
(1—=aX) +q(m—n)=m(p+q) —1,

l—mp_)\ 1—ng

(6]
By Theoreny 1.1 [(1.34) anf (1]15) are valid.

Fore > 0, setting
folz) =

«

0, 0<x <1,
and
yl=meta—el/a g > 1.
go(y) =
0, 0<y<l1.
We have
oo (oo} 1
(3.2) 0< / g PO P () dy = / 2y = = < oo,
0 1 €
(3.3) 0< / Yy PO gl () dy = / y~' Ty =~ < o0
1

/ / d dy
xa —|— y
/ / n(pt)QHE y_m(pJ;q)Jr6 dl‘dy
ZEO‘ + y
n(P+£1)+E 1 _ m(pt+q)te
Y a  dydx
/ /1 (x“ +y )A
mp 1_7
= = ded
- E x1+5 T e atdz

1
@ —mt _1-=
E s dtdx
I1+€

By Lemmg 2.2, whem — 0, we have
1
>~ 1 2% 1 l-mp_ q_ e
t e s dtdr = O(1).
/1 $1+s/0 (1+t)/\ L ( )
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Since

o 1 —mp £ ]_ — 1 —
/ 4" wmdt =B TP - ") o),
o (1+10) a a

we have

// xaw dxdyzé{é{B(l_amp,A—l_amp)—Iro(l)}—O(l)}
1
: _

(3.4) :iB<1_mp,A—1_mp) (1 - o(1)).

If the constant. B (=22, \ — =2} in (1.14) is not the best possible, then there emsll@ a
1B(1 mp o\ — e 2 such that4) stlll is valid when we replaéé (1-22, \ — 1=2) py

K. By @) (3.3) and (3]4), we find

iB(l‘mp,A— 1‘””’) (1= o(1))

Ex (0% «

1 1
<K </ x”(“q)lfé’(m)dm) (/ a1 gy )dy> = Kg.
0 0

Fore — 0%, we havelB (=22 ) — =) < K, which contradlcts the fact thak <
1p (=2 )\ — =m2) tfollows that 1B (=2, )\ — 1=22) in (1.14) is the best possible.

Since [(1.14) is equivalent t“lS) then the constg” (1‘;”1’, A — =2 in (1.18) is the
best possible. The theorem is proved. O

4. SOME COROLLARIES

When we take the appropriate parameters, many new inequalities can be obtained as follows:

Corollary 4.1. If =1(p>1),a>0,A>0,f>0,g>0 andztVC-D/rf(z) ¢
LP(0, +00), 211~ o) 1g(z) € L0, +00), then

(4.2) /000 /000 &dedy

R ([ o)
4.2) / </ f(x) )Adx)pdy _ M p/oo 20N () g

NS
Q

~—
>

(zo + y> al'(X) 0

where the constants <3> r ( )in .) and ( )/ (OzF()\))]p in )

are the best possible.

Proof. If we takem = 1 — 2 n = 1 — 2} in Theorel) an. H (4.2) can be obtainedl

bS]
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Corollary 4.2. If % +§ =1(p>1),A>0,f>0,g>0andz~"Ve-D/Pf(z) € LP(0, +00),
p(-Na=D/ag(z) € L9(0, +00), then

= [ f(x)g(y)
(4.3) /0 /0 —(x P dxdy

) w (/Ooo x(”)‘“)fp(@dx); ( | x(lM(quq(q;)dx)é |

(4.4) LAM(Aw f@)chQy<{Eﬁiiﬁ@laéwﬂlwp9ﬁwma

(z +y)* ()
wherel" (%) r (%)/F(A) in ) and[l“ (%) r <§>/F()\)]p in ) are the best possible.
Proof. If we takea = 1 in Corollary[4.1,[(4.B) and (4}4) can be obtained. O

Corollary 4.3. If >+ . =1(p>1),A>0,p+A~2>0,¢+A~-2>0,f>0,9>0,and
g=N/Pf(x) € LP(0, +00), x17V/1g(x) € L(0, +00), then

= [ f(x)g(y)
(4.5) /0 /0 —(x N dxdy

p+>\_2 q+>‘_2 > 1-\ rp );( > 1-X\ g )(11
<B( p , . )(/0 x N fP(x) /OZB gl(x)dx |

RN () ) p<p+A—2q+A—2) ¥ i
(4.6) /0 Yy (/0 (x—i—y)’\dx dy < B p : . /0:1: fP(z)dx,

whereB (%, %) in ) andB? (%, %) in ) are the best possible.
Proof. If we takea = 1, m = n = 22 in Theore,5) an.6) can be obtained. O

Corollary 4.4. If S+ 1 =1(p>1),a>0,f>0,9>0, andz" /P f(x) € L?(0, +o0),
x(1=9/ag(x) € L9(0, +00), then

4.7) /000 /OOO Mdmdy

$a+ya

S
* 1-a < f(x) ? Q) s l—a p
(4.8) /0 yi-a (/0 de) dy < (asm; (p’f_a) o (q%)) /0 x Y fP(x)dx.

Proof. If we takeX = 1,m = n = L in Theore,?) an.8) can be obtained. O
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Corollary 4.5. If % +% =1(p>1),a>0f>0 g >0 andf(z) € L?(0,+00),
g(x) € L0, +00), then

w0 [ [ L0 gy PEV) () ([ )

(4.10) /Ooo (/OOO (xajif—x)ldx>pdy < . <E> s (q‘a) p/OOO fP(z)dz,

y*)e

wherel’ (i) r (q%)/ (al' (1)) in ) and[l“ (1%) r (qia)/ (al (é))]p in (4.10) are the

best possible.

Proof. If we takeA = 1, m =n = _in Theore,9) anO) can be obtained.O

Remark 4.6. (4.1) and [(4.R) are respectively generalizations of| (1.6) (1.7)aFerl in
(4.1) and[(4.R)[(1]6) and (1.7) can be obtained.

Remark 4.7. (4.3) and|[(4.4) are respectively generalizations of| (1.1) (1.2).
Remark 4.8. (4.5) is the result of [1] and [2][ (4.6) is a new inequality.

Remark 4.9. (4.7) is the result of [3].[(1]7) is a new inequality.
Remark 4.10. (4.9) is a generalization df (1.5]. (4]10) is a new inequality.

For other appropriate values of parameters taken in Thegrems 1.1 and 1.2, many new inequal-
ities and the inequalities df[6] - [13] can yet be obtained.

REFERENCES

[1] BICHENG YANG, A generalized Hardy-Hilbert’s inequality with a best constant fa€om. Ann.
of Math.(China),21A(2000), 401-408.

[2] BICHENG YANG, On Hardy-Hilbert’s intrgral inequality]. Math. Anal. Appl 261 (2001), 295—
306.

[3] JICHANG KUANG, On new extensions of Hilbert’s integtal inequalityath. Anal. Appl. 235
(1999), 608—-614.

[4] YONG HONG, All-sided Generalization about Hardy-Hilbert's integral inequalitiesta Math.
Sinica(China),44 (2001), 619-626.

[5] BICHENG YANG, On a generalization of Hardy-Hilbert’s inequaliynn. of Math (China),23
(2002), 247-254.

[6] BICHENG YANG, On a generalization of Hardy-Hilbert's integral inegualiygta Math. Sinica
(China),41(4) (1998), 839-844.

[7] KE HU, On Hilbert’s inequalityAnn. of Math.(China),13B (1992), 35-39
[8] KE HU, On Hilbert’s inequality and it's applicatio®dv. in Math. (China),22 (1993), 160-163.

[9] BICHENG YANG AND MINGZHE GAO, On a best value of Hardy-Hilbert’s inequaliydv. in
Math. (China),26 (1999), 159-164.

[10] MINGZHE GAO, An improvement of Hardy-Riesz’s extension of the Hilbert inequalitjylath-
ematical Research and Expositiq€hina)14 (1994), 255-359.

J. Inequal. Pure and Appl. Math6(4) Art. 92, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

10 YONG HONG

[11] MINGZHE GAO AND BICHENG YANG, On the extended Hilbert’s inequalif§roc. Amer. Math.
Soc, 126(1998), 751-759.

[12] BICHENG YANG AND L. DEBNATH, On a new strengtheaed Hardy-Hilbert's intequalityer-
nat. J. Math. & Math. Scj 21 (1998): 403—-408.

[13] B.G. PACHPATTE, On some new inequalities similar to Hilbert's inequalityMath. Anal. &
Appl., 226(1998), 166-179.

J. Inequal. Pure and Appl. Math6(4) Art. 92, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

	1. Introduction and Main Result
	2. Weight Function and Lemmas
	3. Proofs of the Theorems
	4. Some Corollaries
	References

