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ABSTRACT. Using the concept of majorant sequences (see [4, ch. XXI], [[5], [7], [8]) some
new inequalities for Walsh polynomials with complex semi-monotone, complex semi-convex,
complex monotone and complex convex coefficients are given.
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1. INTRODUCTION AND PRELIMINARIES

We consider the Walsh orthonormal systém, (z)}>°, defined on0, 1) in the Paley enu-
meration. Thusu,(z) = 1 and for each positive integer with dyadic development

P
n:ZQW, v > vy > > 1, >0,
=1

we have
p
wn(x) = HT,,Z.(Z'),
i=1

where{r, ()}, denotes the Rademacher system of functions defined by (seé, e.g. [1, p. 60],
[3, p. 9-10])
ry(z) =signsin2’7(z) (r=20,1,2,...; 0 <z <1).
In this paper we shall consider the Walsh polynomal§' = \,wy(x) with complex-valued
coefficients{ . }.
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2 ZIVORAD TOMOVSKI

Let AN, = A\, — Ay @andA2), = A(AN,) = AN, — ANi1 = Ay — 2X0 41 + Ao, for all
n=1,2,3....

Petrovt [6] proved the following complementary triangle inequality for a sequence of com-
plex numberg zy, 2o, ..., 2, }.

Theorem A. Leta be a real number and < 0 < 7. If {21, 2, ..., z,} are complex numbers
suchthatn — 0 < argz, <a+60,vr=1,2,...,n,then
>
v=1
For0 < ¢ < 7 denote byK (¢) the coneK () = {z : |arg z| < 6}.
Let {b,} be a positive nondecreasing sequence. The following definitions are given in [7] and
[8]. The sequence of complex numbdrs, } is said to becomplex semi-monotoneif there

exists a cond{(f) such thatA (Z—g) € K(0) or A(ugby) € K(6). Forb, = 1, the sequence

{u} shall be called @omplex monotonesequence. On the other hand, the sequéngé is

said to becomplex semi-convexif there exists a coné (¢), such thatA? (;j—:) € K(6) or

A?*(upby) € K(0). Forb, = 1, the sequencéu,,} shall be called @omplex convex sequence
The following two Theorems were proved by Tomovskilin [7] anld [8].

Theorem B ([7]). Let{z;} be a sequence such thgt," z;| < A, (Vn,m € N,m > n),
whereA is a positive number.

(i) If A (b—) c K(6), then

n

> (cosb) Z |2, |.

v=1

- 1 1 by,
Zukzk SA{(l—i-—) [tm| + —|un|} , (Vn,m e N;m >n).
cos co

(i) If A(uby) € K(6), then

“ 1 1 b
<A|l1 —= :
;ukzk < [( - cosé’) [un| + -t |um|] , (Yn,m eN,m >n)
q J
Theorem C([8])). LetA = max [> > z.
(OSAAS N Py

(i) If {ux} is a sequence of complex numbers such Ik?a(ﬁ—f) € K(0), then

m 1 Um—1 bm Un
<Al |um| +bpn 14+ —]|A ik
;Ukzk < {\U |+ ( +C089)’ (bm_l)’—i_cose‘ (bn)H

(Vn,m € Nym > n).

(i) If {ux} is a sequence of complex numbers such fkrdt..b,.) € K(0), then
S ) 18uta) |+ ||
k=n

(Vn,m € N;m > n).

cos

<A [lun! + b, (1 +

Using the concept of majorant sequences we shall give some estimates for Walsh polynomials
with complex semi-monotone, complex monotone, complex semi-convex and complex convex
coefficients.
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2. MAIN RESULTS

For the main results we require the following Lemma.

Lemma 2.1. Forall p,q,r € N, p < ¢ the following inequalities hold:

() Zwk

<—0<x<1

2(g—p+1)
x

q j =Ci(p,g,z):0<zx <1
i) DD wilx)

J=p k=l

o+ S A 1 = Cy(p,gra) € (277,277

Proof. (i) Let D o(r) = S w;(z) be the Dirichlet kernel. Then it is known that (séé [3, p.
28]) | Dy(x)| < 2,0 < = < 1. Hence

> wi(x)
k=p
(ii) By (i) we get

>3 i) <

i=p k=l

SHEN

= [Dgi1(x) = Dp(x)| < [Dygia(x)] + [ Dy(2)] <

J

(2

k=l

—p+1)
X

, O<z<l.

Let F,,(x) = n+r1 > 1o Dr(z) be the Fejer kernel. Applying Fine’s inequality (see [2])

4 4
1)F, S — 9" 97rtl
(n+ ) n('r>< ZE($—2_T)+{E2, E( ) )a
we get
q J q
S5 o) = 3D (e) - Dl<x>>|
Jj=p k=l Jj=p
q
g—p+1
< ZDj+1<x) n
J=p
qg—p+1
< (g + D) Fy(x)] + [Dgr(z)] + | Do(2)| + [pFp-1(z)] + —
8 8 20q—p+1) o
< — 4+ =+ ——= 41, e (27", 27,
x(x—2_’”)+x2+ x * T el )

O

Applying the inequality (i) of the above lemma and Theofgm B, we obtain following theorem.

Theorem 2.2. Let0 < = < 1.
(i) If {us} is a sequence of complex numbers such méq-:) € K(0), then

= 2 1 1 by
< - 1 ) m 7 1Unf| > va N7 :
;ukwk(x) _m{( +cos€) lu H_cosebn‘u |} (Vn,m € N;m > n)
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(i) If {uy} is a sequence of complex numbers such that,.b,) € K(0), then

iukwk(x) < 2 1+ ! lun| + 1 bn
— —x cos 6 cosf b,

Specially forb, = 1 we get the following inequalities for Walsh polynomials with complex
monotone coefficients.

, (Yn,m € N;m > n).

Corollary 2.3. Let0 < = < 1. If {u;} is a sequence of complex numbers such that <

K(0), then
(G

Corollary 2.4. Let0 < = < 1. If {u} is a complex monotone sequence suchlllhatuk =0,
then

l

- xcosé”un|'

oo
Z upwi ()| <
k=n

In [4] (chapter XXI), [5] Mitrinovic and Péaric obtained inequalities for cosine and sine
polynomials with monotone nonnegative coefficients. Applying Theprem 2.2, we get analogical
results for Walsh polynomials with monotone nonnegative coefficients.

Corollary 2.5. Let0 < z < 1.
(i) If {ax} is a nonnegative sequence such thath, '} is a decreasing sequence, then

m

Z apwy(x)

k=n

n bm
< dn (b—), (Vn,m € N;m > n).

(i) If {ar} is a nonnegative sequence such thatb } is an increasing sequence, then

r \ b,

bm
< — (—) , (Vn,m e N;m>n).
Now, applying the inequality (ii) of Lemnia 2.1, we obtain new inequalities for Walsh poly-
nomials with complex semi-convex coefficients.

Theorem 2.6.
(i) If {us} is a sequence of complex numbers such f¥a Z—:) € K(0), then

(Colm,m, ) [[um] + bmr (14 2L

cos @

m
Z upwg(x)| <
k=n

Co(m,n,7,2) [Jtm] + bt (1+ 2

b —
+ 2

cos 6

\

forall n,m,r € N,ym > n.
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(i) If {ux} is a sequence of complex numbers such fkrdt,b,.) € K(0), then

(C1(m,n,x) [|un| + 0! (1 + cose)
X (|A(tunbn)| + [A(Up—10m-1)])] : 0 <z < 1

CQ(manaTa {L‘) [|un| + b ! (1 + cosB)
( X (|A(unbn)| + |A(Um-1bm-1)])] : @ € (277, 2771)

forall n,m,r € N,m > n.

Proof. (i) Applying Abel’s transformation twice and the triangle inequality, we get:

m m—1 J

r J
|u | m Um—1 =<
< B, ;wk + byt A(b:1> ;;wk
I r o J
+bm2; A (Z_> J_Zn;wk |

< |um\ +bm 1

Zwk

Um—1
A
(bml )

bm— n
+COS; E
<
CQ(ma n,r, x) [’um’ + bm*1 (1 + c0156) )A (Z::i)}
\ ez |a ()| seeeme

(i) Analogously as the proof of (i), we obtain:

J. Inequal. Pure and Appl. Math6(4) Art. 98, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

6 ZIVORAD TOMOVSKI

m m m—1 j m
Z(ukbk)b wi| = unanbglwk— Z A2(uj_1bj_1)22b,;1wk
k=n k=n Jj=n+1 r=n k=r
bu) D> by wg = At 1bm1) Y > bty
k=n r=n k=r
m m—1 J m
S |un‘bnb;1 ZUJk +b;1 Z ‘AZ(Ujflbjflﬂ ZZwk
k=n Jj=n+1 r=n k=r
+ 7Y A(unby) Zwk + by A (U1 b)) DD wnl
k=n r=n k=r
Hence,
> wann(a)| < Jual | Y w Z A¥uj-1bj1) ZZ
k=n k=n j=n+1 n k=r
+ b, A (unby Zwk + b, A (U161 zm:gm:wk
k=n r=n k=r

(Ci(m,n, @) [Jua] + b, (14 —5)
X (|A(unbn)| + [A(Um—1bm-1)])] : 0 <z < 1,

Co(m,n, 7, x) [|ua| + b, (1+ =)

cos 0

\ X (|A(unbn)| + [A(tm-1bm-1)])] 2 € (277, 27T+1)'

If by =1,k =n,n+1,...,mfrom Theorenj 2J6, we obtain the following corollary.

Corollary 2.7. Let{u;} be a complex-convex sequence. Then,

rcl(manfm) U'me‘ + (1 + cos@)
X | Aty 1| + m|AunH <<l

Z upwg ()

CQ(TTL,TL,T, I) [|um| + (1 + cosH)
X[ Ati1| + | Auy|] : € (277,277

forall n,m,r € Nym > n.

Remark 2.8. Similarly, the results of Theorem 2.2, Theorpm| 2.6, Corollary 2.3,Cordllaty 2.5
and Corollary 2.J7 were given by the author(in[[7, 8] for trigonometric polynomials with complex
valued coefficients.
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Corollary 2.9.
(i) If {ax} is a nonnegative sequence such thath, '} is a convex sequence, then

N

+bm_g‘A<‘;—:)H 0<z<l1

(C'l(m,n,x) [|am| + 2b,1

Co(m,n,r, ) [|@m| + 20m—1 ‘A <%>‘

-1

b, s ‘A (r) H e (277,27

\
forall n,m,r € N,ym > n.
(i) If {ax} is a nonnegative sequence such thatb } is a convex sequence, then

(Ci(m,n,x)[|a,] + 2b, | A(a,b,)|

m +|A(am_1bm_1)|] 0<z<l
Zakwk(x) <
k=n Co(m,n,r,x) [|an| + 20, | A(a,by,)|

\ HA (b)) 1w € (277,277
forall n,m,r € N,m > n.
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