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ABSTRACT. Refinements and extensions are presented for some inequalities of Brenner and
Alzer for certain polynomial-like functions.
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1. INTRODUCTION

Brenner[2] has given some interesting inequalities for certain polynomial-like functions. In
particular he derived the following.

Theorem A. Supposen > 1,0 <py,...,pr < land P, = Zlepi < 1. Then
k

(1.2) 1—p"" >k—1+(1-PF)".

=1

Alzer [1] considered the sum

k
S . .
A , — < ) (3 1 _ S—1 < < 1
k(. s) X; =2y (0<e <)
and proved the following companion inequality [to (1.1).
ISSN (electronic): 1443-5756

(© 2005 Victoria University. All rights reserved.
135-03


http://jipam.vu.edu.au/
mailto:cpearce@maths.adelaide.edu.au
http://www.maths.adelaide.edu.au/applied/staff/cpearce.html
mailto:pecaric@mahazu.hazu.hr 
http://mahazu.hazu.hr/DepMPCS/indexJP.html 
http://www.ams.org/msc/

2 C.E.M. FEARCE AND J. PECARIC

Theorem B. Letp, ¢, m andn be positive real numbers arida nonnegative integer. fi+q < 1
andm,n > k + 1, then

(12) Ak‘(pmv TL) + Ak<qn7 m) >1+ Ak’((p + q)min(m,n)7 max(m, TL))
In the special caske = 0 this provides
(13) (1 _pm)n + (1 _ qn>m > 1+ (1 _ <p + q)min(m,n))max(m,n) for D,q> 0.

In Section[2 we usg (1.3) to derive an improvement of Thedrém A and a corresponding
version of Theorefi B. In Secti¢n 3 we give a related Jensen inequality and concavity result.

2. BAsiCc REsSuULTS

Theorem 2.1. Under the conditions of Theorgm A we have

k
(2.1) d—phm>k—1+1-P""

=1
Proof. We proceed by mathematical inductign, {1.3) witk= m providing a basis
(2.2) 1-p")"+Q-q¢")">1+1—-(p+q™)™ forp,g>0andp+¢<1
for k = 2. For the inductive step, suppose that|2.1) holds for sbrre2, so that

k+1 k

S(@—pmm = (L—p)"+ (L= pp)"

i=1 i=1
>k—-1+1-P")"+ 1 —-pi )™

Applying (2.2) yields
k+1
dA=pm>k—1+41+ 1= (P+pre)™)"

i=1
=k+ (1-P1y)".
O

For the remaining results in this paper it is convenient, for a fixed nonnegative ifteger
m > k + 1, to define

B(z) :== Ak (2™, m) .

Theorem 2.2.Letp, ..., p, andm be positive real numbers. If

12
Py = sza
i=1

then
¢

(2.3) > B(p) >(-1+B(P).

j=1
Proof. We establish the result by inductiop, ({1.2) with= m providing a basis
(2.4) B(p)+B(q) >1+B(p+q) forp,gq>0andp+q<1
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for ¢ = 2. Suppos€](2]3) to be true for somie- 2. Then by the inductive hypothesis

{+1 l
ZB(pj) = Z B(p;) + B(pe+1)
j=1 J=1
> =1+ B(F) + B(pes)-
Now applying [2.4) yields
/+1
> B(p;) > —1+1+ B(Pr+pe1)
j=1
(2.5) ={+ B(FPr1)
as desired. O

3. CONCAVITY OF B

Inequality [2.B) is of the form

_Z fp;) > (n—=1)f(0)+ f (Zpi) :

that is, the Petrogiinequality for a concave functigh A natural question is whethé? satisfies
the corresponding Jensen inequality

1 & 1 &
— ] > = )
(3.1) B (n Zp]> >~ ZB(M
7j=1 7j=1
for positivepy, pa, ..., pn satisfyingzyzl p; < 1 and indeed whetheB is concave. We now

address these questions. It is convenient to first deal separately with the ca&e

Theorem 3.1. Suppose, ¢ are positive and distinct with + ¢ < 1. Then

32 5(25Y) > 5 186)+ Bl

Proof. Letw € [0,1). Forp € [0,1 — u] we define
G(p) = B(p) + B(1 —u—p).
By an argument of Alzer ]1] we have

63 ¢ =(}) b (4 ﬂm) 9(p) — 1],
where
B4 gl = (%)ml (1 - —pu —p)’”)m1

() (55)
1-(1-u—pm pm
is a strictly decreasing function.

It was shown in[[1] that there exists € (0,1 — u) such thatG(p) is strictly increasing on
[0, po] and strictly decreasing dpy, 1 — u], so that

G(p) < G(po) for pel[0,1—u], p# po
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On the other hand, we have By (8.4) thatl —«)/2) = 1 and so from[(313%+'((1 —u)/2) = 0.
Hencepy, = (1 — u)/2 and therefore

Glp) < G (1 - “) for p o (1—u)/2
Setu=1— (p+ q). Sincep # ¢, we must have # (1 — u)/2. Therefore
Gp) <G (%) ,
which is simply (3.2). O

Corollary 3.2. The mapB is concave on0, 1).

Proof. Theorenj 3.1 gives thas is Jensen concave, so thaB is Jensen—convex. Sinégis
continuous, we have by a classical result [3, Chapter 3]+tfaimust also be convex and £
is concave. OJ

The following result funishes additional information about strictness.

Theorem 3.3.Letp, ..., p,, be positive numbers WltE pi <1 Then u) applies. If not
all the p; are equal, then the inequality is strict.

Proof. The result is trivial with equality if the; all share a common value, so we assume at
least two different values.
We proceed by induction, Theorg¢m [3.1 providing a basis:fer 2. For the inductive step,
n+1
suppose tha (3.1) holds for some> 2 and thatz ~, p; < 1. Without loss of generality we
may assume that, ., is the greatest of the valu¢§ Since not all the values; are equal, we
therefore have

1 n
il > — .
Pt n;pj

This rearranges to give

ij

1
- pn+1 +
n

1 n
S 2Pi <
j=1
Both sides of this inequality take values(in 1).
Also we have

n_ln-i-l ]

n+1 1 n+1
n—i—lzp]_ [ ZPJ { +1ZPJ}]-
Hence applyinq:@Z) provides
n+1 1 n+1
By the inductive hypotheS|s
1 & 1 &
B (ﬁ ZPj) > > " B(py)
7j=1 7j=1
1 n+1
B( {pn+1+_ Zp]}> Z
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Hence

1 n+1 1 n+1 1 n+1
B ; — B(p; —1)B ; )

Rearrangement of this inequality yields

1 n+1 1 n+1
B . - B(p.
(Mlzp]) > 1 2 B,
7j=1 7j=1
the desired result. O

Remark 3.4. Taken together, relations (2.5) afd (3.1) give
n n 1 n
(3.5) n_1+B<lej> <ZlB(pj)§nB (ﬁzlpg) :
J= J= J=

the second inequality being strict unless all the valpeare equal. Ifzyzlpj = 1, this
simplifies to

(3.6) n—1< iB(pj) <nB(n'),

j=1
sinceB(1) = 0.
Fork = 0, (3.3) and[(3.6) become (for > 1) respectively

n—1+<1—<zn:pj> ) <Zn:(1—p§”)m§n<1—<%znjpj> )

and
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