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Abstract

A univariate Jensen-type inequality is generalized to a multivariate setting.
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The following theorem was proved in]| using Tchebycheff methodg] [5],
to extend a result obtained if][for the Laplace transform. It was later reproved
in [3], [6], [7] using Jensen’s inequality.

Theorem 1.1.Let X be a nonnegative random variable with(X) = p >
and £ (X?) = A < oo. Suppose thaf : [0,00) — R with f(0) =
and g (x) = f(x)/x convex on(0,00). Then,E(f (X)) > pug (A p)
(u?/X) f (\/n) and the bound is sharp.

0
0

We next provide a natural multivariate generalization of Theotehusing
the same approach aq[followed by examples to illustrate its application.
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Let S = (0,00)" and letgy, ..., g, be real-valued functions aofi. For any col-
umn vectorz = (zq, .. . 7:cn)T e S, letf(x)=>"", zg (x)and lete; denote
thei*” unit column vector irR™.

Theorem 2.1. Let g, ..., g, be convex oy , and letX = (X;,..., X,)" bea
random column vector iff with £/ (X) = p = (u1,. .., p,)" andE (XXT) =
¥ + pp for covariance matrix>. Then,

X)) = imgi (2; +u)

i=1 v

(2.1) E(f(

and the bound is sharp.

Proof. By convexity, for any; € S, there exists &; (¢;) € R™ such that

(2.2) gi (z) > gi (&) + by (fi)T (x — &)

forall x € S, i.e., there exists a supporting hyperplang;atence,

= zn: E(Xig: (X))
>ZE( (0 (6) +bi (&) (X = €)))

>Z/~%( @ +nie (2(57)-4))

(2.3) E(f (X))
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But
E(XX;)=E(XX"¢;) =E(XX")e; = Se; + ppu.

Then, @.2) and @.3) together imply that

XX; Ye;
&i=F ( ) = +
12 2%

yields the maximum bound which is obviously attained whers concentrated
at u. [

Theoren?2.1is a true multivariate extension as the following examples illus-
trate. As indicated inZ] for the Laplace transform, certain extensions are only
nominally multivariate and fall within the domain of Theoréni because the
random variables are combined in a univariate linear combination.

Multivariate Version of a
Jensen-Type Inequality

Robert A. Agnew

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 5 of 8

J. Ineq. Pure and Appl. Math. 6(4) Art. 120, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:raagnew@aol.com
http://jipam.vu.edu.au/

Example 3.1.Letg; (z) = a; + S 2 be linear witha; € R and; € R™ . Then

= ingi () = sz (s + B )
i=1 =1

is a general quadratic function which can also be writtenfas) = o’z +
«TBx wherea = (o, ..., a,) andB = [3,,...,,]". Then we have
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=1
= Z (O%' i+ B (Se + M/M)) Title Page
— > Contents
T €i
—Z/‘z (O‘ﬂfﬁ (uz “)) « | »
=« u—l—,uTBu—l—tr (BY) < 4
so the Theoremd.1 bound is, not surprisingly, exact in this general quadratic Go Back
case. Close
Example 3.2. Letg; () = p; [[}_, ;" with p; > 0 and~;; > 0. Here, the Quit
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> xi g (z) represents total market revenue for the ensemble of products. In
this context, we would normally expegt € (0, 1) for viable products. Then,

with probabilistic supplies, we have

) > ngz (—+u) Zuzsz (FHL”)

whereg;; is theij element of. This example demonstrates that Theogein
has an interesting application in economic oligopoly theory.

—Yij

In Example3.2, g; (z) = ") where

j=1

is convex onS . In general, ifk : R — R is convex nondecreasing and S —
R is convex, thery (z) = k (h (x)) is convex onS since

—A) 2?)) <k (A (W) + (1= A) h(2?))
<Mk (R (2®)) + (1= 3) & (b (=)

for any2z™, 22 ¢ S and\ € [0,1]. Other examples satisfying Theoreiri
can be generated by composing the linear functions of Exatpieith convex
nondecreasing functions like(u) = ¢*, k (u) = u+ Vu2 + 1 = 50" = or
k (u) = max (0, u).

k(h (A2 + (1
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