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Abstract

Suppose f(x,y) is a positive homogeneous function defined on U(S R, xR ),

f(aP ,bP)

call Hy(a,b;p,q) = {/‘W‘M)
If f(x,y) is 2nd differentiable, then the monotonicity in parameters p and ¢ of
Hy(a,b;p,q) depend on the signs of I; = (In f),,, for variable « and b depend
on the §ign. of Iy, = [(In f), 111(,’(//,’1')]% and [Qb = Kl.n f)yln(;zj/ Y], respectively. On the Homogeneous

As applications of these results, a serial of inequalities for arithmetic mean, ge- EUmsiens wilh The BREmeers
ometric mean, exponential mean, logarithmic mean, power-Exponential mean and Its Monotonicity

and exponential-geometric mean are deduced.

1
y"’ homogeneous function with two parameters.

Zhen-Hang Yang
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The so-called two-parameter mean or extended mean values between two un-
equal positive numbers andb were defined first by K.B. Stolarsky in.(] as

( P
< = ZZ)) = p#q,pq#0
1
aP —bP p _
<P Ina—Inb) ) ) p 7é 0,¢=0 On the Homogeneous
1.1 E b: = 2 . Functions with Two Parameters
( ) (a’ Py C]) <q liqa bl(;b ) 4 p= (]7 q 7£ 0 and Its Monotonicity
exp (ap 121(:7211: Inb }_17> p=q 7& 0 Zhen-Hang Yang
\ Vab p=q=20
Title Page
The monotonicity ofE(a, b; p, q) has been researched by E. B. Leach and Contents
M. C. Sholander in4], and others also in%| &, 7, 6, 5, 11, 14, 15, 17] using
different ideas and simpler methods. 4 »
As the generalized power-mean, C. Gini obtained a similar two-parameter < >
type meanin]]. Thatis:
Go Back
_1
(ZZIZZ) pe p#q Close
(1.2) G(a,b;p,q) = exp(inatb’Ind = 0 . Quit
p aP+bP p q
- p=q=0 Page 3 of 23
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mean with the Gini mean were put forward by using the so-called concept of

“strong inequalities” (]).
From the above two-parameter type means, we find that their forms are both

1
<§EZ§2§§> """ wheref(z,y) is a homogeneous function ofandy.
The main aim of this paper is to establish the concept of “two-parameter ho-

mogeneous functions”, and study the monotonicity of functions in the form of
1

;EZSZ% """, As applications of the main results, we will deduce three inequal-
! On the Homogeneous

ity chains Whlch_ contain the arlt_hmetlc, geqmetrlc, exponential, logarithmic, - e o eters
power-exponential and exponential-geometric means, prove an upper bound for and Its Monotonicity
the Stolarsky mean in.}], and present two estimated expressions for the expo- Zhen-Hang Yang

nential mean.
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Definition 2.1. Assume thayf : U(S R, x R;) — R, is a homogeneous
function of variablex and y, and is continuous and exists first order partial

derivative,(a,b) € Ry x R, witha # b, (p,q) € Rx R. If (1,1) ¢ U, then we
define

o [flanw))e
21)  Hy(a,bip,q) = {ﬂaq’ bq)} (p # a.pq # 0),
(2.2)  Hy(a,b;p,p) = }Iig}lﬁf(a, bip,q) = Grpla,b)  (p=q#0),
where
2.3) Gy p(a,b) = G2 (a?, 17), G (x, 1)
e fo(z,y) Ine +yfy,(r,y)Iny

- l flz,y) ’

f=(z,y) and f,(x, y) denote partial derivative to 1st and 2nd variablefdt:, y)
respectively.
If (1,1) € U, then define further

f(a?, 07)
f(,1)

f(at, bq)} : B
FOLT) (p=0,q#0),
fe(1,1)  fy(1,1)

(2.6) Hy(a,b;0,0) = lir%Hf(a, b;p,0) = a /@D pIED
pg)

(24) Hy(a.bip.0) = [ ] (b #0.q = 0),

(2.5) Hy(a,b;0,q) = {

On the Homogeneous
Functions with Two Parameters
and Its Monotonicity
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From Lemma3.1, H(a, b; p, ¢) is still a homogeneous function of positive
numberse and b. We call it a homogeneous function for positive numhers
andb with two parameter® andq, and call it a two-parameter homogeneous
function for short. To avoid confusion, we also denote it&yp, ¢) or Hy(a, b)
or Hy.

If f(x,y) is a positivel-order homogeneous mean function definedanx
R, then callH(a, b; p, ) the two-parameterf-mean of positive numbets
andb.

. iy . : On the H
Remark 1. If f(z,y) is a positivel-order homogeneous function defined on  Fynctions with Tue Parameters

R, xR, , and is continuous and exists 1st order partial derivative, and satisfies and Its Monotonicity
f(ZL', y) = f(y7 I)’ then Zhen-Hang Yang
Gyola,b) = Hs(a,b;0,0) = Vab.
Title Page
In fact, by @.3), we have Contents
1,1)1 1,1)1
Gyo(a,b) = exp fo(1,1) nfad_{)y( 1) Inb = H(a,b;0,0). 44 >
’ < >
Sincef(z,y) is a positivel-order homogeneous function, frod 1) of Lemma
3.2, we obtain Go Back
e LAY 140D
' f(1,1) f(1,1) ' Quit
If f(z,y) = f(y,z), thenf,(z,y) = f,(y,z), SO we have Page 6 of 23
(2.8) fx(l, 1) = fy(l’ 1). J. Ineq. Pure and Appl. Math. 6(4) Art. 101, 2005
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By (2.7) and (2.8), we get

therebyG' ;o = v/ab.

Thus it can be seen that despite the fornfi(@f, y) we always havé{,(a, b; 0, 0)
= Go(a,b) = Vab, so long asf (z, y) is a positivel-order homogeneous sym-
metric function defined oR | x R, .

On the Homogeneous

Example 2.1.In Definition2.1, let f(z,y) = L(z,y) = —2%— (z,y > 0,z # Functions with Two Parameters

" Inz-Iny and Its Monotonicity
, we get (.1), i.e.
y) g Q- ) Zhen-Hang Yang

( R
g(aP—bP) \ p—a
e p#q,pqg#0
(zj( b9) Title Page
Lr(aP,bP) p#0,g=0 Contents
29 H bl b7 ) = 1 ’
(2.9) d@0pa) = [ia 1) p=0,q+£0 “ dd
Grplab)  p=q#0 4 >
| G(a,b) p=q=0 Go Back
where Close
. Quit
Grpla,b) = Ey(a,b) = Ev(a",V7) = E,
. Page 7 of 23
a a—b
E(a,b) = (= ,  Gla,b) = Vab
bb J. Ineg. Pure and Appl. Math. 6(4) Art. 101, 2005
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Remark 2. That

a

E(a,b) = e (E) . (a,b> 0witha # b)

is called the exponential mean of unequal positive numbarsdb, and is also

called the identical mean and denoted Ky, b). To avoid confusion, we adopt

our terms and notations in what follows.

Example 2.2.1n Definition2.1, let f(z,y) = A(z,y) = ¢ (z,y > 0,z # y),
we get (.2), i.e.

(Z2)77 pq

GA,p<a7 b) p=q#0

G(a,b) p=qg=0

(210) HA<a7b;pa Q) =

whereG a,(a,b) = Z,(a,b) = Zv (a?,?) = Z,. Z(a,b) = a=rrba+ is called
the power-exponential mean between positive numbarsi b.

1

Example 2.3.1n Definition2.1, let f(x,y) = E(x,y) = e} (%)H (z,y >
0,z # y), then

E(a? bP ﬁ
(Eﬁaq,bq» P#4q
Ggp(a,b) p=q#0 >
G(a,b) p=q=0

On the Homogeneous
Functions with Two Parameters
and Its Monotonicity
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whereGp.,(a,b) = Y,(a,b) = Y7 (a?, W) = Y,. Y(a,b) = Ee' 7 is called
the exponential-geometric mean between positive nunabemsl b, whereE =
E(a,b), L = L(a,b), G = G(a,b).

Example 2.4.In Definition2.1, let f(x,y) = D(z,y) = |z — y| (x,y > 0,2 #
y), then

1
al=bP | p—q
- pP#q, pg#0
(2.12) Hp(a,b;p,q) = = :
G a. b = 0 On the Homogeneous
D7p( ’ ) p q ?é Functions with Two Parameters
and Its Monotonicity

whereGp ,(a,b) = Gp, = er B+ (a?, W) = e+ E,.

Zhen-Hang Yang

In order to avoid confusion, we renarf& (a, b; p, q) (or E(a,b;p,q)) and
Ha(a,b;p,q) (or G(a, b; p, q)) as the two-parameter logarithmic mean and two-

parameter arithmetic mean respectively. In the same way, weéieall, b; p, q) Title Page
in Example2.3the two-parameter exponential mean. Contents
In Example2.4, since D(z,y) = |z — y| IS not a certain mean between «“ b
positive numbers andy, but one absolute value function of difference of two
positive numbers, we cal{»(a, b; p, ¢) a two-parameter homogeneous function < >
of difference. Go Back
It is obvious that the conception of two-parameter homogeneous functions
has greatly developed the extension of the concept of two-parameter means. Close
For monotonicity of two-parameter homogeneous functibfy$a, b; p, q), Quit
we have the following main results. Page 9 of 23

Theorem 2.1.Let f(x,y) be a positivex—order homogenous function defined
onU(E€ R, xR, ), and be second order differentiable./if= (In f)., > (<)0, 3. Ineq. Pure and Appl. Math. 6(4) Art. 101, 2005
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then™(p, q) is strictly increasing (decreasing) in boghandq on (—oo,0) U
(0, +00).

Corollary 2.2.

1. H(p,q), Ha(p,q), Hr(p,q) are strictly increasing bothp and ¢ on
(—OO,—i—OO),

2. Hp(p, q) is strictly decreasing both andq on (—o0,0) U (0, +00).

Theorem 2.3. Let f(z,y) be a positivel-order homogeneous function defined
onU(E R, x R,), and be second order differentiable.

1.0f Iy = [(Inf),In(y/z)], > (<)0, thenH;(a,d) is strictly increasing
(decreasing) inu.

2.1f Iy = [(In f)yIn(z/y)], > (<)0, thenHy(a,b) is strictly increasing
(decreasing) irb.

Corollary 2.4. Hy(a,b), Hp(a,b) is strictly increasing in botla andb.

On the Homogeneous
Functions with Two Parameters
and Its Monotonicity

Zhen-Hang Yang
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For proving the main results in this article, we need some properties of homo-

geneous functions in.[]. For convenience, we quote them as follows.

Lemma 3.1. Let f(z,y), g(x,y) ben, m-order homogenous functions over
respectively, therf - g, f/g (¢ # 0) are n + m,n — m-order homogenous
functions ovef) respectively.

If for a certainp with (2, y*) € Q, and f?(x, y) exists, therf (27, y?), f*(x,y)
are bothnp-order homogeneous functions over

Lemma 3.2. Let f(z,y) be an-order homogeneous function overand f,, f,
both exist, thery,, f, are both(n — 1)-order homogeneous functions o\er
furthermore we have

(3.1) Tfe +yfy =nf.

In particular, whenn = 1 and f(x, y) is second order differentiable over,
then

(3.2) Tfe+yfy =1
(3.4) zfxy + yfyy =0.

Lemma 3.3. Let f(z,y) be a positiven—order homogenous function defined
onU(E R, x R,), and be second order differentiable. Set

T(t) =In f(a",b"), wherex = a',y = b",a,b > 0,

On the Homogeneous
Functions with Two Parameters
and Its Monotonicity

Zhen-Hang Yang
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then

O*In f(x,y)
ooy (In f)y-

Proof. Since f(z,y) is a positivern-order homogeneous function, frorf.{),
we can obtair(In f), + y(In f), = norz(In f), =n —y(In f),, y(In f), =
n—az(ln f),, SO

T"(t) = —vyl,(Inb — Ina)?, wherel, =

a'fe(a', o) Ina + o' f,(a',b") Inb

(3.5) T'(t) =

f(at,0")
_zfe(r,y)Ina+yf,(z,y)Inb
59 B f(z,y)
(3.7) =z(lnf),Ina+y(n f),Inbd.
Hence
poy - OT O dr | 9T dy

Oxr dt Oy dt
= [y(In f)y(Inb — Ina) + nlnal a'lna
+ [z(In f).(Ina — Inb) +ninb], b*Inb
=y(ln f)y,(Inb—Ina)rlna+ z(In f),y(Ina — Inb)ylnb
= —2y(In f)zy(Inb — Ina)?
= —ayl,(Inb — Ina)’.

On the Homogeneous
Functions with Two Parameters
and Its Monotonicity

Zhen-Hang Yang
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Lemma 3.4. Let f(z,y) be a positivel-order homogeneous function defined
onU(E R, x R,), and be second order differentiable. Set

trfu (v, y)

S = f(z,y)

,wherex =o',y =b"a,b> 0,

then
S'(t) = xylaq, wherely, = [(In f), ln(y/x)]y.
Proof. On the Homogeneous

Functions with Two Parameters
and Its Monotonicity

v Zhe(zy) o d [2fo(z,y)
S <t> - f(!)?, y) + tdt f([)?, y) Zhen-Hang Yang
B J(x(In f),)dx O(x(Inf),)dy .
=z(Inf), +1 [ e dl + a9y pr Title Page
oallnf)y) o da(nf)) S
rmn j ), rT\mn J )z
=z(lnf), +t {Tat Ina + 8—ybt lnb] < >
4
— 2l f)o + ¢ [p(a(ln ) na+ y(o(n f),), Inb]. !
Go Back
By Lemma3.1, thatz(In f), = xf“(“i §’) is a 0-order homogeneous function, —
from (3.1) of Lemma3.2, we obtaln
Quit
zz(In f)a], +ylz(In f).], =0 or zz(lnf)], = —ylz(n f).],, Page 13 of 23
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hence

S'(t) = z(In f), +ty [z(In f).], (Inb — Ina)
=xz(ln f), + tzy(In ), (Inb — Ina)
=z(In f), + zy(In f)zy(Inb" — Ina")
= (00 )+ 2(0n yliny )
=y [y~ (I f)s + (In f)ay In(y/o)]
= zy [(In f). In(y/z)], = zyla.

]

Based on the above lemmas, then next we will go on proving the main results

in this paper.

Proof of Theoren2.1 SinceH(p, ¢) is symmetric with respect toandq, we
only need to prove the monotonicity fprof In H ;.

1) Whenp # g,
L flen ) T(p) —T(q)
lan— f(aquq> - p—q )
OlnH; (p Q)T’(p) —T(p)+T(q)
op (p—q)? '

Setg(p) = (p — ¢)T"(p) — T'(p) + T'(q), theng(qg) = 0, ¢'(p) = (p — ¢)T"(p),
and then exist = ¢ + 0(p — ¢q) with 6 € (0, 1) by Mean-value Theorem, such
that

OlmH;  glp) —gle) _ g'(€) _ (€—q9)T"()

B - o-af p-a- p-g _OTOTE

On the Homogeneous
Functions with Two Parameters
and Its Monotonicity
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By Lemma3.3, 7"(¢) = —xyli(Inb —Ina)? = = o,y = b*. Obviously, when
Iy < (>)0, we get™ 5 > (<)0.
2) Whenp = ¢, from (2.2) and (3.6),

InH; = lnG]%(ap,bp) = zfa(@,y) 1Hf$(;5{y($,y) ny =T'(p),

=T"(p) = —zyl,(Inb — Ina)?.

81an
Op

whenZ; < (>)0, we get™57 > (<)0.

Combining 1) with 2), the proof is completed. O

Proof of Corollary2.2. It follows from Theorem?2.1 that the monotonicity of
H(p, q) depends on the sign 6f = (In f).,,.

1) For f(x,y) = L(x,y),

1 1
I, = (lnf>zy - (ZL‘ _ y)Q B xy(lIlZE — 1ny)2
1 2_12%(g
= o g (Ve = L(@.y).

By the well-known inequality.(z, y) > /zy ([17]), we havel; < 0.
2) For f(z,y) = A(z,y),
1

< 0.
( +y)?

[1 = (lnf)xy = —

On the Homogeneous
Functions with Two Parameters
and Its Monotonicity

Zhen-Hang Yang

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 15 of 23

J. Ineq. Pure and Appl. Math. 6(4) Art. 101, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:yzhkm@163.com
http://jipam.vu.edu.au/

3) For f(z,y) = E(z,y),
I = (In.f)ay = ﬁ 20 —y) — (@ +y)(nz — Iny)]

~ 2(Inx —1Iny) Tty
o (a-y)P [L(x’ )7 }
By the well-known inequality.(z, y) < £ ([17]), we havel; < 0.
4) For f(z,y) = D(z,y),

=0y = e >0
Applying mechanically Theorera.1, we immediately obtain Corollarg.2.
O
Proof of Theoren?2.3,
1) Since
OlnH; 1 [pa’'fo(a”,b") qa?'fi(a%,0%)] _ S(p) — S(q)
da  p—ql fler)  fatb) | alp—q)

by the Mean-value Theorem, there exists ¢+ 6(p — ¢) with 6 € (0, 1), such

that
OlnH; _ S(p) — S(q)

da a(p —q)
From Lemma3.4, S'(¢) = xyly,, Wherex = af,y = b5, Obviously ,if
I, > 0, thenmgff > 0, S0H(a, b) is strictly increasing im; If I, < 0, then
% < 0, s0H(a,b) is strictly decreasing in.
2) It can be proved in the same way. H

= 15(6)

On the Homogeneous
Functions with Two Parameters
and Its Monotonicity
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Proof of Corollary2.4.
1) For f(z,y) = L(z,y),

faa = (10 ), (/) = L,

By the well-known inequalityn x < = — 1 (x > 0,z # 1), we havel,, > 0.
2) For f(z,y) = D(z,y),

_z/y—1—In(x/y)

L, =(1 1 = .

2a [( n.f)oc n(y/:r)}y (LE . y)2 >0
SinceH(a,b), Hp(a, b) are both symmetric with respectacandb, apply-
ing mechanically Theorera.3, we immediately obtain Corollary.4. O

On the Homogeneous
Functions with Two Parameters
and Its Monotonicity
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As direct applications of theorems and lemmas in this paper, we will present
several examples as follows.

Example 4.1 (a G-A inequality chain). By 1) of Corollary2.2, for f(z,y) =
A(z,y), L(z,y) and E(z,y), H(p, q) are strictly increasing in botlp and q.
So there are

1
(4.1) Hf(a, b; 0, 0) < Hf(a, b; 1, 0) < Hf (CL, b; 1, —> On the Homogeneous
2 Functions with Two Parameters
< Hf(a b1 1) < Hf(a b1 2)' and Its Monotonicity

. . . . ... . Zhen-Hang Yang
From it we can obtain the following inequalities respectively, that are

2
b b Title Page
4.2 Vab < L(a,b) < M < E(a,b) < ot ; =
2 2 Contents
2 2 2
(4.3) \/E<a+b<(a—+b) < Z(a,b) < 2 +b; S L
2 va+ b atb < >
2
E E 2 12
@4  Vab< Bab) < |—280 |y gy < EOLD) Go Back
E <\/E, \/l_)) E(a,b) Close
. E(a2,0?) Lo QU
Notice 5 = Z(a,b), then @.4) can be written into that

Page 18 of 23
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4.5)  Vab< E(a,b) < Z? (\/a, \/5) < Eexp <1 _ Cj-j) < Z(a,b).


http://jipam.vu.edu.au/
mailto:yzhkm@163.com
http://jipam.vu.edu.au/

The inequality 4.2) was proved by13], which shows that can be insertéqd
% and F betweenG and A, so we call 4.2) the G-A inequality chain.4(3)
and @.4) are the same in form completely, so we célll} the G-A inequality
chain for homogeneous functions.

Remark 3. That EE(‘(LZZ? = Z(a,b) is a new identical equation for mean. In
fact, ’

b b—a
b
E(a,b)Z(a,b) = e — botagita On the Homogeneous
a® Functions with Two Parameters
and Its Monotonicity

a

b b
— eilbb+a+b7a abiai b—a
Zhen-Hang Yang

_ s 2
—= e bb a“ b a
(bg)b2 L Title Page
_ 1 _ 2 12
- ((az)“2> = E(a%. 1), Contents
. . . <44 >
It shows that”(a, b) is not only one “geometric mean”, but also one ratio of
one exponential mean to another. Thus inequalities involvifyg b) may be 4 >
translated into inequalities involving exponential mean. Go Back
Example 4.2 (An estimation for upper bound of Stolarsky mean).From 2) Close
of Corollary 2.2, we can prove expediently an estimation for the upper bound of Quit

the Stolarsky mean presented by
Page 19 of 23
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In fact, from 2) of Corollary2.2, whenp, ¢ € (—o0,0) U (0, 4+00), Hp(p, q)
is strictly decreasing in botp and ¢, so wherp > 2, we haveH p(a, b; 1,p) <
HD(G, b; 1, 2)

Notice

1

af — b\ 1 1
) —pPTS,(b) (p>0)

a—>b

(4.6) Hp(a,b;p, 1) = (

R 1 .
thus wherp > 2, we obtainp—1.5,(a,b) < 22-15(a,b) = a+b, i.e. S,(a,b) <
1 On the Homogeneous
pi-e (a + b)- Functions with Two Parameters
and Its Monotonicity

Example 4.3 (Reversed inequalities and estimations for exponential mean).

By 1) of Corollary2.2, H(p, q) is strictly increasing in bothy and ¢, so when AN AR EE
p1 € (0,1), p2 € (1,+00), we have
HL((Z, b;pla 1) < HL(CL, bv 17 1) < HL(@, b;p27 1)7 LIS Page
i Contents
44
4.7) S, (a,b) < E(a,b) < Sy, (a, ). «
< 4
On the other hand, By 2) of Corollad/2, whenp, ¢ € (—o0,0) U (0, +00),
Hp(p, q) is strictly monotone decreasing in bgtrandg. So wherp, € (0, 1), Go Back
pe € (1,+00), we have Close
(4.8) Hp(a,b;p,1) > Hpla,b;1,1) > Hp(a,b;pa, 1). Quit
From (4.6), (4.8) can be written into Page 20 of 23
_1 _1
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or

1 1

1 - 1 P1—
(49) gng 1SP2(a7 b) < E(CL, b) < gpl 1SP1 ((I, b)

Combining ¢.7) with (4.9), we have

1

1
Spl(a'7 b) < E(a7b) < Epf171 Spl(a'7 b)’ Wherepl € (07 1)a

(4.10)

1

1 L
(4.11) Ep§2715p2(a, b) < E(a,b) < Sp,(a,b), wherep, € (1,+00).

In particular, whenp, = l,pg =2, by @.10), (4.11), we get

2

2 2

(4.12) <M> < B(a,b) < 4 (M) :
2 e 2
(4.13) 2(““’) < Bla,b) < X0
e 2
The inequalities4.12 and @.13 may be denoted simply by
(4.14) A+G<E<EA+G,
e 2

(4.15) 2A < E <A

€

The inequalities4.14) and @.15 make certain a bound of error that expo-

nential meank are estimated byl or 43¢,
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