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Abstract

In this paper we investigate a set of structure conditions used in the existence
theory of differential equations. More specific, we find best constants for the
corresponding inequalities in the special case when the differential operator is
the p-Laplace operator.
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When dealing with certain nonlinear boundary value problems of the kind
{ —div (A (x,Vu)) = fonQ C R",

we Hy? (), 1< p< oo,

it is common to assume that the functidn: 2 x R™ — R™ satisfies suitable
continuity and monotonicity conditions in order to prove existence and unique-
ness of solutions, see e.g. the bookl [9], [11] and [L7]. For C} andC} Sharp Constants for Some

finite and positive constants, a popular set of such structure conditions are the Inequalities Connected to the
f0||0Wing' p-Laplace Operator

Johan Bystrom

A (2, &) = A, &) < CF (1] + &))" [ — &I,
(A(2,6) — A2,&).6 — &) > C5 (6] + &) 16 - &,

Title Page
where0 < o« < min (1,p — 1) andmax (p,2) < [ < oco. See for instance the Contents
articles [, [2], [2], [4], [7], [€] and [L0], where these conditions (or related
variants) are used in the theory of homogenization. It is well known that the <« 44
corresponding function < >

—2
A(x,Vu) = |[Vul’*Vu Go Back
for the p-Poisson equation satisfies these conditions, see E:J.but the best Close
possible constantS} andC’ are in general not known. In this article we prove _
that the best constantg andC, for the inequalities QU
_ _ l—a a Page 3 of 19
P26 — &P L] < CL(1&] + 16)P ™ 7 & — &), 2
<|£l|p72 51 - |§2|P*2 §2a gl - 52> Z 02 (|€1| + |£2|)p7ﬁ |§1 - §2|ﬂ ) J. Ineq. Pure and Appl. Math. 6(2) Art. 56, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:johanb@math.ltu.se
http://jipam.vu.edu.au/

are

C7 = max (1, 2277 (p—1) 22_p) ,
Cy =min (2°77, (p — 1) 2*77),

see Figurel.
21
1.5
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Figure 1: The constants; and(C, plotted for different values qf.
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Let (-, -) denote the Euclidean scalar producti®hand letp be a real constant,

1 < p < co. Moreover, we will assume th#g;| > |&,| > 0, which poses no
restriction due to symmetry reasons. The main results of this paper are collected
in the following two theorems:

Theorem 2.1.Let&;, & € R™ and assume that the constansatisfies

0 < a < min (1,]) — 1) . Sharp Constants for Some
Inequalities Connected to the
p-Laplace Operator

Then it holds that

Hfl‘p_g & — |6l 52| <O (|a] + &) 6 - &,

Johan Bystrom

with equality if and only if Title Page
Contents
(& = =&, forl <p<2,
44 44
V&, & € R™, forp = 2,
< >
&1 = &, for2 < p<3anda =1,
Go Back
= < et
§1=k&,1<k<oo, forp=3, Close
l & = k& whenk — oo, for3 < p < oo. Quit
The constant’; is sharp and given by Page 5 of 19
Cl = Imax (22—}77 (p - 1) 22—177 ]-) . J. Ineq. Pure and Appl. Math. 6(2) Art. 56, 2005
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Theorem 2.2.Let&;, & € R™ and assume that the constahsatisfies
max (p,2) < < 0.
Then it holds that
(a6 = el 26,6 — &) = Ca (1a] + &) P16 - &I,
with equality if and only if
& =&, forl <p<2andg =2,
VéL, & e R, forp =2,
& = =&, for2 < p < .
The constant’, is sharp and given by

Cy =min (2°77,(p— 1)2*7).
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In this section we will prove the four inequalities

G2 — el 26 <ala - &P, 1<p<2,
(a6 —1al 6,6 - &) > a(al+ &) 7o -&f, 1<p<?,
&P 26 — Gl 26| <a (&) + &)1 - &l 2<p<o,
(a8 — |68 - &) > el —&ff, 2<p<o

Note that, by symmetry, we can assume tlggt> 2| > 0. By putting

771:%7 ’771‘:17 n2:|§_§‘7 |?72’:17

7:<771’772>’_1§’Y§1, k:%21’

we see that the four inequalities above are in turn equivalent with

(3.1) K" =] < er [k —m T, 1<p<2,
(3.2) {(k"'mi—mokm —me) > o (k+ P2 |k —maf®, 1<p<2,
(3.3) ‘k:p_lnl —772‘ < (k+ 1P 2 |k —ml, 2<p< oo,

(3.4) (K=t —ma, by — ) > colkm —maf’, 2 < p < o0.
Before proving these inequalities, we need one lemma.

Lemma 3.1. Letk > 1 andp > 1. Then the function

hk)=@-p) (1) +{m-1) (k&7
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satisfiesh (1) = 0. Whenk > 1, h (k) is positive and strictly increasing for e
(1,2) U (3,00) , and negative and strictly decreasing for= (2, 3) . Moreover,
h(k)y=0forp=2orp=3.

Proof. We easily see thdt (1) = 0. Two differentiations yield
Wk =@-1)((p-3)F?+1-(p—2)k7),
" _ 1
H ) = =D -2 -3k (1- 1),

with 2’ (1) = 0 andh” (1) = 0. Whenp € (1,2) U (3,00), we have that
h" (k) > 0 for k > 1 which implies that’ (k) > 0 for £ > 1, which in turn
implies thath (k) > 0 for & > 1. Whenp € (2,3), a similar reasoning gives
that»’ (k) < 0 andh (k) < 0 for & > 1. Finally, the lemma is proved by
observing that (k) = 0 forp =2 orp = 3. O

Remark 3.2. The special casg = 2 is trivial, with equality ¢; = ¢, = 1) for
all ¢&; € R™ in all four inequalities 8.1) — (3.4). Hence this case will be omitted
in all the proofs below.

Lemma 3.3. Letl < p < 2and¢&;, & € R™. Then
&P 728 — &P 2] <ala — &P,
with equality if and only if; = —¢&,. The constant, = 2277 is sharp.

Proof. We want to proved.1) for k£ > 1. By squaring and putting = (11, 72) ,
we see that this is equivalent with proving

k,Z(p—l) +1— 2kzp_1ry S C% (k‘2 +1-— 2k’y)p71 )

Sharp Constants for Some
Inequalities Connected to the
p-Laplace Operator

Johan Bystrom

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 8 of 19

J. Ineq. Pure and Appl. Math. 6(2) Art. 56, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:johanb@math.ltu.se
http://jipam.vu.edu.au/

where—1 < v < 1. Now construct

ROD 41— 2kly (- 1) 4 2k (1)

P = ey (k=12 +2k(1—7)""
Then
fi(k,y) < oo
Moreover,
of, 2k ((1 R (R — 1) + (2 p) (Qkp—l (1—7) + (k*L — 1)2))
oy (k2 + 1 —2kv)?
< 0.

Hence we attain the maximum fgi (k,~) (and thus also for/ f1 (k,~)) on
the bordery = —1. We therefore examine

B !
g (k)=+vfi(k,—-1)= —(k T
We have 1

with equality if and only ifk = 1. The smallest possible constantfor which
inequality 3.2) will always hold is the maximum value @f (k) , which is thus
attained fork = 1. Hence

C1 =01 (1) = 22—p'

This constant is attained féar= 1 andy = —1, that is, wher¢; = —&. H

Sharp Constants for Some
Inequalities Connected to the
p-Laplace Operator

Johan Bystrom

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 9 of 19

J. Ineq. Pure and Appl. Math. 6(2) Art. 56, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:johanb@math.ltu.se
http://jipam.vu.edu.au/

Lemma 3.4.Letl < p < 2and&;, & € R™. Then
(P2 & — 16" &, & — &) > e (J61] + |&)" 2 161 — &,
with equality if and only i, = &. The constant, = (p — 1) 2277 is sharp.

Proof. We want to proved.2) for &£ > 1. By puttingy = (1, 12) , we see that
this is equivalent with proving

W+l— (24 Dky> e (k+ 1772 (B +1 - 2k),
where—1 < < 1. Now construct

b1 — (k2 + 1) by

f2(k’7)_(k;+1) (k2 + 1 — 2k7)
T =) (=) (R k) (1)
K+ (k=1 +2k(1-7))
Then
fa (k,~v) > 0.
Moreover,
of2 k(1 —kP2)(k* —1)

’

O (k+1)P (k2 + 1 — 2ky)°
with equality fork = 1. Hence we attain the minimum fof, (k,~) on the
bordery = 1. We therefore examine

Pt —1
(k—1) (k+ 1P

92 (k) = f2 (k1) =
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By Lemma3.1we have that

B-—p)A—k"H+(p—1) (k-2
(k—1)* (k4+ 17!

gy (k) = >0

Y

with equality if and only ift = 1. The largest possible constantfor which
inequality 8.2) always will hold is the minimum value af, (k) , which thus is
attained fork = 1. Hence

]{;Pfl -1 Sharp Constants for Some
Co = lim g2 (k?) = lim — = (p — 1) 22—;0' Inequalities Connected to the
k—1 k=1 (k—1)(k+ 1)p p-Laplace Operator
This constant is attained fér= 1 and~ = 1, that is, wher¢; = &. O Johan Bystrom
Lemma 3.5. Let2 n R™ Then
emma3.5.Let2 < p < occand&, & € e Title Page
&2 & — &2 &) < e (Ja] + &) & - &l Contents
with equality if and only if « dd
| 4
&1 = &o, for2 < p < 3,
Go Back
& = k& whenl < k < oo, forp=3,
Close
= k& whenk for3 < p < 0.
&1 = k& — 09, P <0 Quit
The constant; is sharp, where; = (p — 1)227?for2 < p < 3andc, = 1 for Page 11 of 19
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Proof. We want to proved.3) for k£ > 1. By squaring and putting = (11, 72) ,
we see that this is equivalent with proving

K20D 41— 2k ly < 2 (k+ 12777 (B2 4+ 1 - 2k7),

where—1 < v < 1. Now construct

E2=1) 1 — 2kPly

f3 (k’ 7) (k + 1)2(17—2) (kg +1- 2]{7) Sharp Constants for Some
N Gt Vi (e I
(k+ 1272 (k= 1)* + 2k (1 — 7)) Johan Bystom
Then
fa (K, ) < . Title Page
Moreover, Contents
Ofs _ 262 -1 -1) « >
A (k+1)2P (k2 4+1—2ky)
with equality fork = 1. Hence we attain the maximum fgg (k, ) (and thus < >
also for\/f5 (k,v)) on the bordety = 1. We therefore examine Go Back
-1 q Close
9 M) = ViD= Quit

' Page 12 of 19
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whenp = 3, implying thatc; = 1 with equality for all§; = k&, 1 < k < .

Moreover, we have that

B-—p A=K+ (p—-1)(k—k?)
(k—1>%k+1)P" '

By Lemma3.1it follows thatgs (k) < 0 for 2 < p < 3 with equality if and

only if £ = 1. The smallest possible constantfor which inequality 8.3) will

always hold is the maximum value ¢f (k) , which thus is attained fok = 1.
Hence

g5 (k) =

11
clzllgilr%gg(k):lm =(p—-1)2*7 for2 <p<3.

1 (k1) (k+ 1) 2
This constant is attained far= 1 and~y = 1, that is, whert; = &.

Again using LemmaB.1, we see thay; (k) > 0 for 3 < p < oo, with
equality if and only ifkx = 1. The smallest possible constantfor which
inequality 3.3) will always hold is the maximum value a@f (k) , which thus is
attained whert — oco. Hence

kPt —1
clzklimgg(k):hm =1, for3 <p < oc.

?mwk—lﬂk+1fﬂ

This constant is attained whén— oo andy = 1, that is, whent; = k&,
k — oo. [

Lemma 3.6. Let2 < p < oo and¢&y, & € R™. Then

<|51|pf2 & — &P, 6 — 52> > e |6 — &,

with equality if and only if; = —¢&,. The constant, = 2277 is sharp.
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Proof. We want to proved.4) for k£ > 1. By squaring and putting = (11, 72) ,
we see that this is equivalent to proving

(K +1— (K24 1) ky)" > & (K 41— 2kv)",
where—1 < v < 1. Now construct

(kP 4+1— (kP2 + 1) k)*
(k2 +1 — 2kvy)?
(P =1)(kE=1)+ (R + k) (1 — v))z_
(k=12 +2k(1—7))"

f4 (k’,’}/) =

Then
fa(k,v) > 0.
Moreover,
Ofs _2k((p=2)Ak)+B(k)AK) _
oy (k2 41 — 2ky)P*™! ’
where

Aky=(F'=1)(k=1)+ (K" +k)(1—7),
B(k)=(k"?-1) (k*—1).
Hence we attain the minimum fgf (k, ) (and thus also fot/ f, (k,~)) on the
bordery = —1. We therefore examine
|

g1 (k) =/ fa(k,—=1) = W'
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We have

i) = L= =Y 5,

with equality if and only ift = 1. The largest possible constantfor which
inequality 3.4) will always hold is the minimum value af; (k) , which thus is
attained fork = 1. Hence

Co = (g4 (1) = 22—p.

This constant is attained féar= 1 andy = —1, that is, wher¢; = —&,. H
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Proof of Theoren2.1. Let1 < p < 2. Thenthe conditiof < o < min (1,p — 1)
= p— limplies thatp — 1 — « > 0. From LemmaB3.3it follows that

Hfl\p_2 & — |&fP §2| <e b —&PTTYG - &°
< (|G + &) G - &I,

with ¢; = 2277, and we have equality whefi = —&;,. Now let2 < p < .
Then0 < a < min(1l,p —1) = 1 implies thatl — « > 0. From Lemma3.5it
follows that

G| + &)

p—2 ¢ p—2 ( .
Hfl‘ &1 — & 52| < (&l + (6" &1 — &
<o (|G] + 16D 6 — &I

with
a) c; = (p— 1) 2277 equality for§; = & whena = 1 for 2 < p < 3,
b) c¢; = 1, equality foré; = k& whenk — oo for 3 < p < oo.

The casep = 2 is trivial and the cas@ = 3 has equality forg; = k&,
1 < k < oo, both cases with constant = 1. The theorem follows by taking
these two inequalities together. ]

Proof of Theoren2.2. Let 1 < p < 2. Then the conditior2 = max (p,2) <
[ < oo implies thats — 2 > 0. From Lemma3.4it follows that

(aP2 6 — |Gl 26,6 — &) > oo (|G| + &P 7 (6] + &) 2 6 - &)
> co (€] + |§2|)p7ﬂ & — 52|ﬁ,
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with ¢, = (p — 1) 2277 and equality foi; = & wheng3 = 2. Now let2 < p <
oo. Thenp = max (p,2) < [ < oo implies thats — p > 0. From Lemma3.6it
follows that

(JaP?& - el P&, &6 - &) > ala — &P o - &ff
> 3 (|G| + &l 16 - &l
with ¢, = 2277 and equality for§, = —&. The casep = 2 is trivial, with

constantc, = 1. The theorem is proven by taking these two inequalities to-
gether. O
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