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ABSTRACT. The Grüss inequality is improved by adding a positive component to the left hand
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1. I NTRODUCTION

Let L∞(a, b) denote the usual Banach algebra of essentially bounded functions defined a.e.

on(a, b) and let the functionsf andg be members of this set withm ≤ f(x) ≤ M , p ≤ g(x) ≤
P a.e.

Then the classical Grüss inequality [1] reads as follows:

(1.1)
1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a

∫ b

a

f(x)dx · 1

b− a

∫ b

a

g(x)dx ≤ 1

4
(M −m) (P − p) .

Proofs of this inequality and other forms of it can be found, for example, in [2] and Chapter

10 of [3] serves as a comprehensive reference. There are also many references to be found at

the web sitehttp://jipam.vu.edu.au .

Since (1.1) is invariant under affine transformations off andg (i.e. f → Af + B, g →
Cg + D) we could, without any loss of generality, putM = P = 1 andm = p = 0. It may be
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noted also that if in (1.1) we were to replacef(x) by M + m− f(x) we would obtain:

1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a

∫ b

a

f(x)dx
1

b− a

∫ b

a

g(x)dx ≥ −1

4
(M −m) (P − p)

so it is immaterial whether we enclose the left hand side of (1.1) within modulus signs or not.

We mention this because the Grüss inequality appears in both forms. Finally, there is no loss

in taking the basic interval(a, b) to be(0, 1).

To sum up, the inequality stated as:

(1.2)
∫ 1

0

f(x)g(x)dx−
∫ 1

0

f(x)dx

∫ 1

0

g(x)dx ≤ 1

4

with 0 ≤ f(x), g(x) ≤ 1 a.e. is entirely equivalent to (1.1).

It is our purpose in this note to show that the Grüss inequality (1.2) can be sharpened to the

following:

Theorem 1.1.We have

(1.3)
∫ 1

0

f(x)g(x)dx−
∫ 1

0

f(x)dx

∫ 1

0

g(x)dx

+

∫
F

|f(x)− g(x)| dx

∫
G

|f(x)− g(x)| dx ≤ 1

4
,

whereF andG are the setsF = {x : f(x) ≥ g(x)}, G = {x : f(x) < g(x)}.

It is interesting to note that both (1.2) and (1.3) are best-possible in the sense that there are

functions which give equality in each. These functions are:

f(x) = g(x) = 1 if 0 < x <
1

2
,

f(x) = g(x) = 0 if
1

2
≤ x < 1.

On the other hand, the Grüss inequality (1.2) is not best-possible in a more conventional sense.

For, if we take

f(x) =

{
1 if 0 ≤ x ≤ 1

2

0 otherwise
and g(x) =

1

2
if 0 ≤ x ≤ 1

we find that the left hand side of the Grüss inequality (1.2) is zero whereas the value of the left

side of our new inequality (1.3) is1
16

.

We shall write

(1.4)
∫

f to mean
∫ 1

0

f(x)dx etc.

2. PROOF OF THE THEOREM

We now prove the result stated in (1.3).
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Proof. Let u(x) = max[f(x), g(x)] and w(x) = min[f(x), g(x)].

Thenf(x)g(x) = u(x)w(x), so that

(2.1)
∫

fg =

∫
uw.

Next∫
f

∫
g −

∫
u

∫
w =

[∫
F

f +

∫
G

f

] [∫
F

g +

∫
G

g

]
−

[∫
F

f +

∫
G

g

] [∫
F

g +

∫
G

f

]
.

This reduces to [∫
F

f −
∫

F

g

] [∫
G

g −
∫

G

f

]
,

which equals ∫
F

|f − g|
∫

G

|f − g|

and so we have

(2.2)
∫

f

∫
g −

∫
u

∫
w =

∫
F

|f − g|
∫

G

|f − g| .

From (2.1) and (2.2) we get

(2.3)
∫

fg −
∫

f

∫
g +

∫
F

|f − g|
∫

G

|f − g| =
∫

uw −
∫

u

∫
w.

Since0 < f, g < 1 then 0 < w ≤ u < 1 and so the right hand side here is majorised by∫
w −

(∫
w

)2

≤ 1

4
since 0 ≤

∫
w ≤ 1.

So from (2.3) we get ∫
fg −

∫
f

∫
g +

∫
F

|f − g|
∫

G

|f − g| ≤ 1

4

and this concludes the proof of (1.3). �

Note. As we mentioned in the introduction, it is immaterial whether the left hand side of (1.2)

is enclosed by modulus signs or not. However, in the case of our new inequality (1.3), although

the result of doing so would be correct, it would add nothing since the left side of the modulus

form, when opened, is already implied by the Grüss inequality.

3. FINAL REMARKS

Referring back to (1.4) let us now take∫
f to mean the Riemann-Stieltjes integral

∫ 1

0

f(x)dα, etc.,

where nowf, g ∈ C[0, 1] , 0 ≤ f(x), g(x) ≤ 1 andα(x) is non-decreasing from0 to 1 in [0, 1].
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All the calculations in the previous section proceed just as before and we arrive at a more

general form of (1.3), namely:

(3.1)
∫ 1

0

f(x)g(x)dα−
∫ 1

0

f(x)dα

∫ 1

0

g(x)dα

+

∫ 1

0

φF |f(x)− g(x)| dα

∫ 1

0

φG |f(x)− g(x)| dα ≤ 1

4

in which φF andφG are the characteristic functions ofF and G. We have written the last two

integrals here in this way so that all the integrands in (3.1) are seen to be continuous functions,

as indeed, are the functionsu andw which appear in the calculations.

An equivalent form of (3.1) is

L(fg)− L(f)L(g) + L(φF |f − g|)L(φG |f − g| ≤ 1

4
,

whereL is a positive linear functional defined onC[0, 1]

Next, suppose that in (3.1) the functionα is a step function with points of increase1
n

at

eachxk where0 < x1 < x2 < · · · < xn < 1. Then writingak andbk for f(xk) andg(xk)

respectively we get the discrete form of our inequality:

1

n

n∑
1

akbk −
1

n

n∑
1

ak ·
1

n

n∑
1

bk +
1

n

∑
k∈F

|ak − bk| ·
1

n

∑
k∈G

|ak − bk| ≤
1

4
,

with 0 ≤ ak, bk ≤ 1 and F = {k : ak > bk} , G = {k : ak < bk}.
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