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ABSTRACT. Inthis paper we start from a class of linear and positive operators defined by infinite
sum. We consider the associated GBS operators and we give an approximdgieroofinuous

and B-differentiable functions with these operators. Through particular cases, we obtain state-
ments verified by the GBS operators of Mirakjan-Favard-Szasz, Baskakov and Meyer-Koénig and
Zeller.
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1. INTRODUCTION

In this section, we recall some notions and results which we will use in this articléN bet
the set of positive integers aig) = N U {0}.

In the following, letX andY be real intervals.

A function f : X x Y — R is called aB-continuous function iz, o) € X x Y if and
only if

lim Af[(xv y)? (x07 yO)] = Oa
(z,y)—(z0,y0)

where

Af[($a y)7 (370;'3/0)] = f(l’a y) - f(an y) - f(l',yo) + f($07y0)
denotes a so-called mixed differencefof
Afunction f : X x Y — R is called aB-continuous function otX x Y if and only if it is
B-continuous in any point ok x Y.
A function f : X x Y — Ris called aB-differentiable function inxg, yo) € X x Y if and
only if it exists and if the limit is finite

i A), (@ 0)
(z,y)—(z0,y0) <=T - l‘o)(@/ - yo)
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This limit is called theB-differential of f in the point(xz, o) and is noted byD g f (¢, yo)-

Afunction f : X x Y — R is called aB-differentiable function onX x Y if and only if it
is B-differentiable in any point ok x Y.

The definition of B-continuity and B-differentiability was introduced by K. Bégel in the
papersl[[8] and [9].

The functionf : X x Y — R is B-bounded onX x Y if and only if there exist& > 0 so
that|Af[(x,y), (s,t)]| < kforany(z,y),(s,t) € X x Y.

We shall use the function sef3(X x Y) = {f|f : X x Y — R, f bounded onX x Y}
with the usual sup-norm|| _, By(X xY) = {f|f: X xY — R, fis B-bounded onX x Y},
Co(X xY)={f|f: X xY — R, fis B-continuous onX x Y} andD,(X xY) = {f|f:
X xY — R, fis B-differentiable onX x Y'}.

Let f € By(X x Y). The functionumixed(f; -, ) : [0,00) x [0, 00) — R defined by

wmixed(f; 01, 02) = sup{Af[(x,y), (s,0)]] : [z — 5| < b1, |y — ¢ < da}
for any (0y,0,) € [0, 00) x [0, 00) is called the mixed modulus of smoothness.

Theorem 1.1.Let X andY be compact real intervals anfle B,(X x Y).
Thené l(ism meixeo(f; d1,02) = 0ifandonly if f € Cp(X X Y).
1,02—

For anyz € X consider the functiop,, : X — R, defined byp,(t) = |t — x|, foranyt € X.
For additional information, see the following papers: [1], [3]./[15] &nd [19].
Let m € N and the operato§,, : C2([0,00)) — C([0,00)) defined for any functiory €

1) S =S R (L),
k=0 '

for anyz € [0, 00), whereCs([0,00)) = {f € C([0,00)) : lim L} exists and is finitg. The

operatorsS,,)>1 are called the Mirakjan-Favard-Szasz operators, introduced in 1941 by G.
M. Mirakjan in the paper [13].

These operators were intensively studied by J. Favard in 1944 in the paper [11] and O. Szasz
in the paperl[20].

From [18], the following three lemmas result.

Lemma 1.2. For anym € N, we have that

(1.2) (Sme?) (z) = %
TTL,I'2 x
(1.3) (Smiet) (@) = > m;
foranyx € [0, 00) and
(1.4) (Su?) (@) <
(1.5) (S 4) (2) < a(3a+1)
' mPy — m?2

for anyz € [0, a], wherea > 0.
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Let m € N and the operatoV,, : Cy([0,00)) — C([0,0)), defined for any functiorf €
C5([0, 00)) by

0o -3 () (1) (2)

k=0

for anyz € [0, 00).
The operatorsV,,),,>1 are called Baskakov operators, introduced in 1957 by V. A. Baskakov
in the paperl]B].

Lemma 1.3. For anym € N, we have that

@) (V) (= Z42).

m at m 2 m 22+
(1.8) (Vi) () = 3(m + 2)* + 6( +Til + (3m+T)2? +
foranyz € [0, 00) and
(1.9) (Vi) (@) < a(lﬂj %),

a(9a® + 18a* + 10a + 1)
m2

(1.10) (Vingz) (@) <

foranyz € [0, a], wherea > 0.

W. Meyer-Konig and K. Zeller have introduced a sequence of linear positive operators in
paper [12]. After a slight adjustment, given by E. W. Cheney and A. Sharma in [10], these
operators take the forif,, : B([0,1)) — C([0,1)), defined for any functiorf € B([0,1)) by

(L.11) (Znf)(x) = fj (" Y=ot ()

for anym € N and for anyz € [0, 1).
These operators are called the Meyer-Konig and Zeller operators.
In the following we consideZ,,, : C ([0, 1]) — C([0, 1]), for anym € N.

Lemma 1.4. For anym € N and anyzx € [0, 1], we have that

) 1—x)? 2
(1.12) (Zme2) (z) < x<m +? (1 o 1)
and
(1.13) (Znd) (0) < =

The inequality of Corollary 5 from [4], in the condition (1.14) becomes inequality (1.15).
Inequality (1.16) is demonstrated [n [16].

Theorem 1.5.Let L : Cp(X x Y) — B(X x Y) be a linear positive operator and'L :
Cp(X xY) — B(X xY) the associated GBS operator. Supposing that the opefatas the
property

forany(z,y) € X x Y and anyi, j € {1,2}, where "" and "«" stand for the first and second
variable. Then:
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(1) Forany functionf € C,(X xY), any(x,y) € X x Y and anyd,, d, > 0, we have that
(1.15) [f(z,y) = (ULS)(z,y)| < |f(2,y)[]L = (Leoo)(z, y)]
+ [(Leoo)(:c, y)+0r WV (L(—2)) (2, y)+0; v/ (L(x—y)?) (z, y)

+ 67105 VLC = )@ ) (L s — ), ) |wimied £ 81, 62).

(1) Foranyf € Dy(X xY)withDpf € B(X xY), any(z,y) € X xY and anyd;, §, > 0,
we have that

(116)  |f(x,y) — (UL)(z.y)|
< £, )11 = (Leow) (&,9)| + 31D oo/ (L( = 2w, 9)(L(x = y)?)(z,y)
+ [VEC= 2P ) (L= ), y)
+ 07 VILC = 2) ) (w,9)(L
+ 85 VILC = 2))(w,9)(L
+ 07105 (L(- = 2)%) (&, ) (L — )?

x)4 * —

)
)

) (
2) (* — y4

2. PRELIMINARIES

LetI,J, K C R beintervals,J ¢ K andl nJ # (). We consider the sequence of nodes
(T, k) keny),,>q SO thatr,,, € TN J, k € No, m € N and the functions,,, ;, : K — R with
the property thap,, .(x) > 0, for anyk € Ny, m € Nandz € J.

Definition 2.1. If m € N, we define the operatdr’, : E(I) — F(K) by

(2.1) Zsomk F (@)

for any functionf € E(I) and anyz € K, whereE( ) and F'(K) are subsets of the set of real
functions defined on, respectively ori'.

Proposition 2.1. The operatorgL;,),.-, are linear and positive od’(1 N J).
Proof. The proof follows immediately. O

Definition 2.2. If m,n € N, the operatorL},, : E(I x I) — F(K x K) defined for any
functionf € E(I x I) and any(x,y) € K X K by

(2.2) ( ZZ@mk Qpnj f(mm,kvxn,j)

k=0 j5=0
is called the bivariate operator af* - type.
Proposition 2.2. The operators(L,’;w)ym>1 are linear and positive o’ [(1 x I) N (J x J)].

Proof. The proof follows immediately. O

Definition 2.3. If m,n € N, the operatorUL;, . : E(I x I) — F(K x K) defined for any
functionf € E(I x I) and any(x,y) € K x K by

2.3) (UL:,,.f Zzwmk ) () [f (@mpry) + F(@,205) = (@ Tnj)]

k=0 5=0
is called a GBS operator af* - type.
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3. MAIN RESULTS
Lemma 3.1. Foranym,n € N, 4,7 € Ny and(z,y) € K x K, the identity
(3.1) (Lin( = 2)% (= 9)¥) (,9) = (L (- — 2)*) (2) (L7, (x = »)) ()
holds.
Proof. We have that

(Lo = 2)" (5 = Z Z P (%) (1)@m= )" (20 — y)¥

k=0 5=0

0

22 27

:E (;Dm,k( mmk_x E Qpn] xng )]
k=0

= (L3, (- — 2)") (&) (Ly(* —y)zj) (¥),
so (3.1) holds. O

For the operators constructed in this section, we notedhat) = /(L:,¢2) (x), Oma =
(Lx,o%) (z), wherex € INJ, m € N, m # 0.

Then, by taking Lemmia 3.1 into account, Theofem 1.5 becomes:
Theorem 3.2.

(1) For any functionf € C,(I x I), any(x,y) € (I x )N (J x J),anym,n € N, any
41,09 > 0, we have that

3.2) [f(z,y) — (UL, . f)(z,y)]
< |f(a, )|t = (Leoo) (2, y)| + ((Leoo) (@, y) + 67 0m(@) + 5 0n(y)
+ 6f16515m<x>5n(y))wmixed(f§ 91, 02).

(17) Forany functionf € D,(I x I)withDgf € B(I xI),any(z,y) € (I xI)N(J x J),
anym,n € N, anyd, 6, > 0, we have that

(33) |f(x.y) — (UL f)(x.9)| < |f(x.9)I]1 = (Leoo)(x. )
+ 31D fllocb ()5 (5) + [5rn(@)00 () + 51 S0 (y)
05 00 ()3ny + 010 102, (2)82 (1) whined D f 61, 6).

In the following, we give examples of operators and of the associated GBS operators.

Application 1. If I = J = K = [0,00), E(I) = C5([0,00)), F(K) = C([0,0)), pmi(z) =

e~me (";j)k y Tk = % , x € [0,00), m,k € Nog, m # 0, then we obtain the Mirakjan-Favard-

Széasz operators.

Theorem 3.3.Leta,b € R, a > 0 andb > 0. Then:

(1) Forany functionf € C([0,00) x [0,00)), any(z,y) € [0,a] x [0,b] andm,n € N, we
have that

B 1fe0) - USnad)] < (1+v3) (14V8) e Fi = 0= )
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(71) For any functionf € Dy ([0, 00) x [0,00))NC([0,00) x [0, 00)) with D f € B([0, a] x
[0,0]), any(x,y) € [0,a] x [0,b], anym,n € N, we have that

3.5) [f(z,y) = (USmnf)(z,y)| < \/%[3\|D3f||oo + (1 +Via+l

—i—m—l-\/_)wmmed(DBf Jm’ \/1—)]\/1_

Proof. It results from Theore@.z, by choositig= -, d, = - and Lemm2. O

Theorem 3.4.1f f € C([0,00) x [0, 0)), then the convergence
(3.6) lim (USmnf)(z,y) = f(z,9)

m,n— o0

is uniform on any compagt, a] x [0, b], wherea, b > 0.
Proof. It results from Theoremn 1.1 and Theorgm|3.3. O

Application 2. If I = J = K = [0,00), E(I) = C5([0,00)), F(K) = C(]0,0)), pmxr(z) =

1+ a) (™ (=) = % 2 € [0,00), mk € Ng, m # 0, then we obtain the
k 14+ ) m

Baskakov operators.

Theorem 3.5.Leta,b € R,a > 0 andb > 0. Then:
(i) Forany functionf € C([0,00) x [0,00)), any(z,y) € [0,a] x [0, b] and anym,n € N,
we have that

3.7) |f(z,y) = UV ) (@, y)]
S(l—l— 1+a>(l+m>wm,xed(;%,%)-

(17) Forany functionf € D,([0, c0) x [0, 00))NC(]0, 00) x [0, 00)) with Dg f € B([0, a] x
[0,0]), any(x,y) € [0,a] x [0,b], anym,n € N, we have that

(3-8) |f(z.y) = (UViuf)(z,y)l < Vab(l+a)(1+ b){3HDB||oo

n [1 + V9 + 1842 + 10a + 1 + VO + 1862 + 10b + 1

1 1
Proof. It results from Theore@.z, by choosifig= -, &, = J- and Lemm3. O

Theorem 3.6.1f f € C([0,00) x [0, o0)), then the convergence
(3.9) lim (UVinf)(z,y) = f(2,y)

m,n— 00

is uniform on any compagt, a] x [0, b], wherea, b > 0.
Proof. It results from Theorern 1.1 and Theorgm|3.5. O

Application 3. If I =J=K=1[0,1], E(I) = F(K) = C([0,1]), pmr(z) = (") (1 -
)"k x, =22 €[0,1], m, k € Ny, m # 0, then we obtain the Meyer-Kénig and Zeller
operators.
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Theorem 3.7. For any functionf € C([0,1] x [0,1]), any (z,y) € [0,1] x [0,1] and any
m,n € N, we have that

(3.10) |f<x,y>—<UZm,nf><x7y>rs<3+w§>wmixed< L )

ARG

Proof. It results from Theore@.z, by choosing= —-, d, = 7~ and Lemm4. O

Theorem 3.8.1f f € C([0,1] x [0,1]), then the convergence
(3.11) lim (UZnnf)(x,y) = f(2,9)

m,n— 00

is uniform on|0, 1] x [0, 1].

Proof. It results from Theorem 1.1 and Theorem|3.7. O
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