APPROXIMATION OF B-CONTINUOUS AND
B-DIFFERENTIABLE FUNCTIONS BY GBS
OPERATORS DEFINED BY INFINITE SUM

Received:

Accepted:
Communicated by:
2000 AMS Sub. Class.:

Key words:

Abstract:

OVIDIU T. POP

National College "Mihai Eminescu”
5 Mihai Eminescu Street
Satu Mare 440014, Romania

EMail: ovidiutiberiu@yahoo.com

27 June, 2008

18 March, 2009

S.S Dragomir

41A10, 41A25, 41A35, 41A36, 41A63

Linear positive operators, GBS operator3;continuous andB-differentiable
functions, approximation of3-continuous andB-differentiable functions by
GBS operators.

In this paper we start from a class of linear and positive operators defined by
infinite sum. We consider the associated GBS operators and we give an approx-
imation of B-continuous andB-differentiable functions with these operators.
Through particular cases, we obtain statements verified by the GBS operators of
Mirakjan-Favard-Szasz, Baskakov and Meyer-Konig and Zeller.
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1. Introduction

In this section, we recall some notions and results which we will use in this article.

Let N be the set of positive integers ald = N U {0}.
In the following, letX andY be real intervals.
Afunction f : X xY — Ris called aB-continuous function irizg, yo) € X xY
if and only if
lim Af[((ﬂ, y)v (an yO)] =0,

(z,y)—(z0,y0)
where

Af[(l’,y), (xo,yo)] - f(x,y) - f(l’o,y) - f('ray0> + f(x(byo)

denotes a so-called mixed differencefof

A function f : X x Y — R is called aB-continuous function oiX x Y if and
only if it is B-continuous in any point ok’ x Y.

A function f : X x Y — R is called aB-differentiable function inxg, y) €
X x Y ifand only if it exists and if the limit is finite

lim Af[(ZE, y)? (ZE, yO)] )
(@y)—(zowo) (T — Z0)(y — Yo)

This limit is called theB-differential of f in the point(z,yo) and is noted by
Dp f (o, yo)-

A function f : X x Y — R is called aB-differentiable function onX x Y if and
only if itis B-differentiable in any point oX x Y.

The definition ofB-continuity andB-differentiability was introduced by K. Bégel
in the papersd] and [9].

The functionf : X x Y — R is B-bounded onX x Y if and only if there exists
k > 0sothat|Af[(x,y), (s,t)]| < kforany(z,y),(s,t) € X x Y.
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We shall use the function seB( X x Y) = {f|f : X x Y — R, f bounded on
X x Y} with the usual sup-normj-|| _, By(X xY) = {f|f: X xY =R, fis
B-bounded onX x Y}, Cy(X xY) ={f|f: X xY — R, fis B-continuous on
X xY}randD,(X xY)={f|f: X xY — R, fis B-differentiable onX x Y'}.

Let f € B,(X x Y). The functionwmixed(f; -, ) : [0,00) x [0,00) — R defined
by

Wmixed(f§ 517 52) - Sup{Af[(x, y)7 (S7t)]| : |‘T - S| < 617 |y - t| < 52}
for any(dy,02) € [0, 00) x [0, 00) is called the mixed modulus of smoothness.

Theorem 1.1.Let X andY be compact real intervals anfle B,(X x Y).
The”(;llgﬂowmixeo(ﬁ d1,00) =0ifand only if f € Cp(X x Y).

For anyx € X consider the functiop, : X — R, defined byyp,(t) = |t — z|,
for anyt € X. For additional information, see the following papers}, [3], [15]
and [19].

Let m € N and the operatof,, : C([0,00)) — C([0,00)) defined for any
function f € C([0,0)) by

1) (Sme) =3 Tl (1),

m
k=0

for anyz € [0,00), whereCy([0,00)) = {f € C([0,00)) : lim L% exists and

o0 1+@?
IS finite}. The operatorssS,,).>: are called the Mirakjan-Favard-Szasz operators,
introduced in 1941 by G. M. Mirakjan in the papé#d].
These operators were intensively studied by J. Favard in 1944 in the ddper [
and O. Szasz in the pap&(.
From [18], the following three lemmas result.
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Lemma 1.2. For anym € N, we have that

(1.2) (Su?) () = —.
(13) (St () = T
: P —

foranyz € [0, 00) and
a
(L5) (Sut) () < 221

for anyz € [0, a], wherea > 0.

Let m € N and the operatoV,, : C5(]0,00)) — C([0,00)), defined for any
function f € C5([0, 00)) by

16)  (Vmf)(2)=(1 +l‘)_m§ <m +: : 1) (1ix)kf (%)

for anyz € [0, 00).
The operatorsV/,,),,>1 are called Baskakov operators, introduced in 1957 by V.
A. Baskakov in the pape#].

Lemma 1.3. For anym € N, we have that

@) (Vug?) () = ZEED)
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3(m+2)zt +6(m+2)x®> + 3m +T7)2* +x

(1.8) (Vingz) (@) =

m3
foranyx € [0, 00) and
(1.9 (Vi??) (@) < “E2.
m
3 2
(1.10) (Vi) (2) < a(9a” 4 18a 2+ 10a + 1)

m

for anyz € [0, a], wherea > 0.

W. Meyer-Konig and K. Zeller have introduced a sequence of linear positive oper-
ators in paper]2]. After a slight adjustment, given by E. W. Cheney and A. Sharma
in [10], these operators take the ford, : B([0,1)) — C([0,1)), defined for any
function f € B(]0,1)) by

(1.11) Zuf)) =Y (m;j k) (1 —aymiaty (L> ’

pr m+k

for anym € N and for anyz € [0, 1).
These operators are called the Meyer-Konig and Zeller operators.
In the following we considef,,, : C([0, 1]) — C([0,1]), for anym € N.

Lemma 1.4. For anym € N and anyz € [0, 1], we have that

) z(1 —2)? 2x
(1.12) (Zm3) (z) < (m—+1> <1 Tt 1)
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and

2
o

(1.13) (Zmp3) (2) <

The inequality of Corollary 5 frond], in the condition (1.14) becomes inequality
(1.15). Inequality (1.16) is demonstrated ir6].

Theorem 1.5.LetL : C,)(X x Y) — B(X x Y') be a linear positive operator and
UL : Cy(X xY) — B(X xY) the associated GBS operator. Supposing that the
operator L has the property

(L.14) (L —2)*(x—y)¥) (z,y) = (L(- — 2)*) (z,y) (L(x = 9)?) (z,y)

forany (z,y) € X x Y and anyi, j € {1,2}, where "" and "x" stand for the first
and second variable. Then:

(7) For any functionf € C,(X x Y), any(z,y) € X x Y and anyd;, d, > 0, we
have that

(L15) [/(2,9) = (ULF)(,9)| < [, 9)][1 = (Leoo) (. )]
+ [(Lean) (@, 9)+67 VL2, )+ T—y)D) (@)
+ 67185 VLG = 2P, ) (L — 9)D) (@, 9)] mied f3 61, 62)

(17) Forany f € Dy(X xY)withDpf € B(X xY),any(z,y) € X xY and any
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01,02 > 0, we have that

< |f(z,y)[|1 = (Lego)(,y)]

+ 311 D3 f oo/ (L(- = 2)) ;) (L

+ ML(- —2)?)(z,y)(L(x — y)?)(z,y) e Dt Functons
+ o7 VL =)@ (Ll = y)?)

+ 07 VL= 2P @ )Ll = y)")

07103 (L(- = 2)%) (@, 9) (L = 9)*)(2, ) |wimined D f: 01, 62).

xZ, y) Ovidiu T. Pop
vol. 10, iss. 1, art. 7, 2009
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2. Preliminaries

LetI,J,K C R beintervals,] ¢ K andI Nn.J # (. We consider the sequence
of nodes((@m.k)keny),,>; SO thatr,,,, € I NJ, k € Ny, m € Nand the functions
omr : K — R with the property that,, .(z) > 0, for anyk € Ny, m € N and

r € J.

Definition 2.1. If m € N, we define the operatdr’, : E(/) — F(K) by
(2.1) (L) (@) = Y @@ (2m)
k=0

for any functionf € E(I) and anyr € K, whereE(I) andF(K) are subsets of the
set of real functions defined an respectively ork.

Proposition 2.2. The operatorg L}, ) are linear and positive o’ (1 N J).

m>1

Proof. The proof follows immediately. O

Definition 2.3. If m,n € N, the operatod;, , : E(I x I) — F(K x K) defined
for any functionf € E(I x I)and any(z,y) € K x K by

Zzgpmk Qpn] f(xm,kaxn,j)

k=0 5=0

(2.2) (Lt o f

is called the bivariate operator af - type.

Proposition 2.4. The operators(L:;W)m 1
(J x J)]. )

Proof. The proof follows immediately. O

are linear and positive o[({ x ) N
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Definition 2.5. If m,n € N, the operatot/ L}, ., : E(I x I) — F(K x K) defined
for any functionf € E(I x I) and any(z, y) € K x K by

23)  (ULy.f) (2,y)

[ e o]

- Z )pn.i (Y )[f@mk, y) + f(x,2n;) — f(@Tmk, xng)}
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3. Main Results

Lemma 3.1. Foranym,n € N, i, j € Ny and(z,y) € K x K, the identity
(B1)  (Lial —2)%(x = 9)%) (,9) = (L(- — 2)%) (@) (Ly(x —9)¥) (1)
holds.

Proof. We have that

(Lol = 2)"(x = 1)) ( Z Z Pm k(%) (1) (@mp — )% (20,5 — y)¥

k=0 5=0

= Gmk(@) @mp = 2)* D 00 (W) (@0 — y)¥
k=0 =0

= (L, (- = 2)*) (=) (L (x — »)¥) (v),
so (3.1) holds. O

For the operators constructed in this section, we noteithat) = /(L:,©2) (z),

Omaz =/ (LE,0%) (z), wherex € INJ,m € N,m # 0.
Then, by taking Lemma.1into account, Theorem.5becomes:

Theorem 3.2.
(1) Forany functionf € Cy(I x I), any(z,y) € (I xI)N(J x J),anym,n € N,
anyd,, d, > 0, we have that
3.2) [f(z,y) — (UL, . f)(2,y)]
< |f(z,)l[1 = (Leoo)(z, y)| + ((Lewo) (2, y) + 07 dm(z) + 05 0, (y)
+ 0705 10 (%) 0, (y) ) wmixed f; 01, 62).
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(1) Forany functionf € D,(I x I)with Dpf € B(I x I),any(z,y) € (I x I)N
(J x J),anym,n € N, anydy, d2 > 0, we have that

(3.3) |f(z,y) — (UL f)(z,y)| < |f(z,9)|[1 — (Leoo)(z,y)]
+ 3| Daflocbm(2)6n(y) + [0 ()85 (y) + 67 0m w60 (y)
+ 0y 'O ()0 + 07 16y 00, ()07 (y) | winixed D f; 61, 02).

In the following, we give examples of operators and of the associated GBS oper-
ators.

Application 1. If I = J = K = [0,00), E(I) = C5([0,00)), F(K) = C(]0,00)),

—mx (mw)k

Omi(z) = e 2 T = £, 2 € [0,00), m,k € Ng, m # 0, then we obtain
the Mirakjan-Favard-Szasz operators.

Theorem 3.3.Leta,b € R, a > 0 andb > 0. Then:

(i) For any functionf € C(]0,00) x [0,00)), any (z,y) € [0,a] x [0,b] and
m,n € N, we have that

B4)  [f(z,y) = USmnf)(2,9)|

< (1+v@) (145 i i = 72 )

(1) For any functionf € Dy ([0, 00) x [0,00)) N C([0,00) x [0,00)) with Dpf €
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B([0,a] x [0,0]), any(x,y) € [0,a] x [0,0], anym,n € N, we have that

3.5) [f(2,y) = (USmaf)(x,y)| < \/@[3I|D3f\|oo + (1 +Vv3a+l

1 1 1
+v3b+1+ \/%>Wmixed(DBfa T %) TR
Proof. It results from Theoren3.2, by choosing);, = \/% 0y = %ﬁ and Lemma
1.2 L]
Theorem 3.4.1f f € C([0,00) x [0, 00)), then the convergence
(3.6) Nim (USynf)(z,y) = f(z,y)

is uniform on any compagt, a| x [0, b], wherea, b > 0.
Proof. It results from Theorem.1 and Theoren3.3. O

Application 2. If I = J = K = [0,00), E(I) = C5(]0,00)), F(K) = C(]0,00)),

Omk(z) = (14 a:)_m(er:_l) (Hix)k, Tk = % , x € [0,00), m, k € Ng, m # 0,

then we obtain the Baskakov operators.
Theorem 3.5.Leta,b € R, a > 0 andb > 0. Then:

(1) For any functionf € C(]0,00) x [0,00)), any(x,y) € [0,a] x [0,b] and any
m,n € N, we have that

< (1 + va(l+ a)) (1 +/b(1+ b)) Whixed (f; L ; %) :

3
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A C([0,00) x [0,00)) with Dy f €

(1) For any functionf € Dy(]0,00) x [0,00))
,b], anym,n € N, we have that

B([0,a] x [0,]), any(x, y) € [0,a] x [0

(3-8) |f(z.y) — (UVinf)(z,y)| < Vab(l +a)(1+ b){3||DB||oo

n [1 4 V993 £ 18a2 + 10a + 1 + v9b% + 1802 + 100 + 1

1 1
+ v/ab(1 + a)(1 + b)]wm,xed(DBf \/_ \/_) }\/_
Proof. It results from Theorens.2, by choosingj; = \/%L 5y = \/iﬁ and Lemma
1.3 ]
Theorem 3.6.1f f € C(]0,00) x [0, 00)), then the convergence
(3.9) i (UVinaf)(@,y) = f(z,y)

is uniform on any compagt, a] x [0, b], wherea, b > 0.
Proof. It results from Theorem.1 and Theoren3.5. O]

Application 3. If I = J = K = [0,1], E(I) = F(K) = C([0,1})), pmx(x) =
(™Y (1 — 2)™ 2k, 2y, = £ 2 € [0,1], m, k € Ny, m # 0, then we obtain the
Meyer-Konig and Zeller operators.

Theorem 3.7.For any functionf € C([0,1] x [0,1]), any(z,y) € [0,1] x [0,1] and
anym,n € N, we have that

(3.10)  |f(z,y) = (UZuaf) (2. y)| < (3 + 2V2)wmixed (f% Tlm , %) -
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Proof. It results from Theoren3.2, by choosing); = %ﬁ Oy =
1.4

Theorem 3.8.1f f € C([0,1] x [0,1]), then the convergence
(3.11) lim (UZpnf)(2,y) = f(2,y)

is uniform on|0, 1] x [0, 1].

Proof. It results from Theorem.1 and Theoren3.7.

1
G and Lemma

O
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