Journal of Inequalities in Pure and
Applied Mathematics

ESTIMATION OF THE DERIVATIVE OF THE CONVEX FUNCTION
BY MEANS OF ITS UNIFORM APPROXIMATION

volume 6, issue 4, article 113,

2005.
KAKHA SHASHIASHVILI AND MALKHAZ SHASHIASHVILI Received 15 June, 2005;
I . . accepted 26 August, 2005.
Thilisi State University ]
Faculty of Mechanics and Mathematics Communicated by: |. Gavrea
2, University Str., Thilisi 0143
Georgia.
EMail: mshashiashvili@yahoo.com
Abstract
Contents
44
| 2
Home Page
Go Back
Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit

185-05


Please quote this number (185-05) in correspondence regarding this paper with the Editorial Office.

mailto:Ioan.Gavrea@math.utcluj.ro
http://jipam.vu.edu.au/
mailto:mshashiashvili@yahoo.com
http://www.vu.edu.au/

Abstract

Suppose given the uniform approximation to the unknown convex function on
a bounded interval. Starting from it the objective is to estimate the derivative
of the unknown convex function. We propose the method of estimation that
can be applied to evaluate optimal hedging strategies for the American contin-
gent claims provided that the value function of the claim is convex in the state
variable.
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Consider the continuous convex functiff:) on a bounded interva, b and
suppose that its explicit analytical form is unknown to us, whereas there is the
possibility to construct its continuous uniform approximatignwheres is a
small parameter. Our objective consists in constructing the approximation to
the unknown left-derivative’(z—) based on the known functiofy(x). For

this purpose we consider the lower convex enveldper) of f5(x), that is the
maximal convex function, less than or equalfigx). Geometrically it rep- Estimation of the Derivative of
resents the thread stretched from below over the graph of the fungtion the Convex Function by Means

o ] . ) - of its Uniform Approximation
Now our main idea consists of exploiting the left-derivatif/gz—) as a rea-
Kakha Shashiashvili and Malkhaz

sonable approximation to the unknovifiz—). The justification of this method Shashiashvili
of estimation is the main topic of this article.

These kinds of problems arise naturally in mathematical finance. Indeed,
consider the value function(t, z) of the American contingent claim and sup-
pose we have already constructed its uniform approximatignz), where Contents
0<t<T,0<x< L (forexample, by discrete Markov Chain approximation

Title Page

developed by Kushner.]). The problem is to find the estimation method of 4 ad
the patrtial derivativeg—;(t, x) that can be used to construct the optimal hedging 4 >
strategy (we should note here that the explicit form of the value funetiomn) Go Back
is typically unknown for one in most problems of the option pricing). It is well-

known (see, for example El Karoui, Jeanblanc-Picque, ShrdyeHat for a Close
variety of practical problems in the pricing of American contingent claims that Quit
utilize one-dimensional diffusion models, the value functidh x) is convex Page 3 of 23

in the state variable and hence we can apply the above mentioned method of
estimation. Thus, consider first for fixed= [0, 7] the lower convex envelope
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u(t,x) of the functionu(t, z) and then use its left-derivativi (¢, z—) instead
of the unknowng—;(t, x). Then in this way we construct the approximation to
the optimal hedging strategy.
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Consider the arbitrary finite convex functigiiz) on a bounded intervak, b].
It is well known that it is continuous inside the interval, and at the endpaints
andb it has finite limitsf (a+) and f(b—). Moreover it has finite left and right-
derivativesf’(x—) and f'(z+) in the interval(a, b) (see, for example Schwartz
[3, p. 205]).

We will use the following inequality several times (Schwariz jp. 205])
concerning convex functiofi(z) and its left-derivativef’(x—)

f(x2) — f(x1)

(2.1) file—) < T < fl(za—)
for arbitraryzy, zo with a < z; < 9 < b.
Letting z, tend tob we get
/ f(b=) — f(z1)
—) <
f (371 ) — b _ x]_ Y
and similarly lettingr; tend toa, we have
f(IQ) B f(a+) < f/(l'z—).
To —Q
From here we get
r—a b—x
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Multiplying the latter inequality byx — a)(b — x) we obtain the following
crucial estimate

2.2) (b—2)(f(z) = flat)) <(

(

From this estimate we see, that the function

wi(z) = (z —a)(b—z)f(z—)

is bounded on the intervé, b), moreover

a)(b—z)f'(z—)
a)(f(b=) — f(z)) for a <z <b.

< (z—
< (z—

wy(a+) =0, wi(b—) =0,

hence it is natural to extend this function at the endpairisdb by the relations

Thus we obtain the functiom, (x) defined on the closed intervial, b], which
is left-continuous with right-hand limits and is bounded on the intefwval].
Similarly for another finite convex functiop(z) defined onja, b] we may de-
note

wy(z) = (x—a)(b—x)¢'(z—) for a <z <b

Finally introduce the following function

(2.3) w(z) = wi(z) — wa(x)
=(x—a)b—2x)(f'(z—) —¢'(z—)) for a <z <b
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and note that it is bounded, left-continuous (with right-hand limits) and also
w(a) =0, w(b) =0.

Now our objective in this section is to bound the Riemann mteﬁlral2 x)dx,
it holds the key to our method of estimation of the derivative of the arbitrary
convex function. This bound is given in the theorem below.

Theorem 2.1. For arbitrary two finite convex functiong(z) and ¢(z) defined

on a closed intervala, b] the following energy estimate is valid Estimation of the Derivative of
the Convex Function by Means

b 5 of its Uniform Approximation
2 2 / /
(2.4) / (= a)*(b— =) (f (z=) —¢ (I_D dx Kakha Shashiashvili and Malkhaz
@ 3 Shashiashvili
<5 VB- s [f(@) ~ p(o)| sup |£(x) + pl)| (b~ a)
z€(a,b) z€(a,b) .

9 Title Page
4

+ — sup ‘f (x)} (b — a)g‘ Contents

3 z€(a,b)
44 42

Proof. The proof is lengthy and therefore divided in two stages. At the first
stage we verify the validity of the statement for smooth (twice continuously
differentiable) convex functions. At the second stage we approximate arbitrary Go Back
finite convex functions inside the intenjal b] by smooth ones in an appropriate

< 4

Close
manner and afterwards pass on limit in the previously obtained estimate. _
Thus, at first we assume that the convex functiffs) and(z) are twice oLt
continuously differentiable of, b] in which case we obviously have Page 7 of 23

f"(x) >0, ¢"(z)>0, a<z<b.
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Introduce the functions

= (z —a)’(b— 2)*(f(z) — o(z)).
Consider the following integral and use in it the integration by parts formula

b

/ab o' (2)v (z)de = o' (z)v(z)| — /abv(x)u”(g;) A

= —/ (z—a)*(b—2)*(f(2) — (2)) (f"(z) — ¢"(2)) da,

asv(a) = v(b) = 0.
From here we get the estimate

[ i

However, as pointed abov& (z) > 0, ¢"(z) > 0, hence
|f"(2) = ¢"(2)] < f"(2) + ¢"(2)

and from the previous estimate we obtain the bound

[ i

< sup |f(z ()| da

x€|a,b]

|/xa (b—2)* 1" () —

‘/ r—a)*(b—x) (f”( )+ (z ))d

< sup f
x€|a,b]
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Next we have to transform the integral

b
/ (2 — alP(b— 2)2(f"(z) + ¢(x)) da
= (= a0 (F () + 9 @)
- / ((x — a6 — 2)?) (f'(2) + ¢ () da

b

b
- _/ 2(z —a)(b—2) (=22 +a+b)(f(z) + ¢(z)) dx
= —2(z —a)(b— )(=2x + a+ b)(f(x) + p(2))|"

= [ @l ab- )20+ a+0) (1) + ole) dr
Therefore
b
[e—aro—ap(rw+ 7 i

< sup [f(z) + (e
x€|a,b]

2(x —a)(b—z)(—2z + a+1b)) ’dm
Evaluating the last integral we get

/

(2 = a)(b— 2)(~20 +a+1))| do = g 3 (b—a).
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Whence we come to the estimate

(2.5) / o' (z)v'(x) da

<5 VA s |1) — el - s 1) + o) (0o

-9 z€la,b z€[a,b]

On the other hand
b b ,
[ e = [ (7@ - @) - 20— 02(f(@) - o)) ds
= /(x—a)(b—x)(—2x+a+b)(f(x)—w(x))(f’(w)—w’(@) dx
a b )
b [ @ a0 027 @) - e do
Therefore we get the equality

2

@8 [ (o= 0002 () - @) do

- / o ()0 () di — / (z— a)(b— ) (f'(2) - & ()
X2(—2x+a+0b)(f(x) —p(x)) dx.
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Bound now the last term

1

<5 [ @ aP0— 0P (o)~ @) da

2

b
+2 (24 0+ DP(f0) - pl@) do

<5 [ @=aPO—P (@) - @) da

+2 ( sup |(z) —90(37)0 DR

z€la,b]
as
b 1
/ (=27 +a+b)*dr = §(b —a)®.

Therefore we obtain
@7) ‘ [ @-a0-o(@ - ¢w)

x 2(—2z +a+b)(f(z) — p(x)) do

b
<5 [ == (o) - @) e

b
/ (2 — a)(b—2) (f'(2) — ©(@))2(22 + a + B)(f(z) — p(z)) de
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sup |f
z€la,b]

2
2
+§< (z) —w(@l) (b—a)’.
Finally, if we use the bound(5) and @.7) in the equality 2.6), we come
to the following estimate

b
(2.8) / (2 — a)*(b— 2)* (f'(z) — /())? da

<g VB sup |f(2) + p(a)| - (b= )

z€la,b]

4

* 3

Let us pass to the second stage of the proof. Consider two arbitrary finite convex
functions f(z) andy(z) on the closed intervdk, b]. We have to construct the
sequences of smooth convex functighéx) andy,, (x) approximating, respec-
tively, the functionsf(z) and p(z) inside the intervala, b] in an appropriate

manner.
For this purpose we will use the following smoothing function

{

where the factor is chosen to satisfy the equality

/O2p(x)dx:1.

sup |f(x) = ()| -

z€la,b]

sup |f
z€[a,b]

(z) — w(@l) (b—a)’.

for 0 <z <2
otherwise

_ 1
c - ex(z=2)

0,

(2.9) p(z)
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Define
(2.10) nuvz/Vrpwwi—wyf@m%
ab
onlz) = / nep(n- (= —) - oly)dy,

wheren = 1,2,...andx € (—o0, +00).

For arbitrary fixedd > 0 consider the restriction of functiong,(x) and
¢n(z) on the intervala + 6,b — 6] and letn > 5. Thenn - (z — a) > 4 and
n-(x—>b)<0forzela+d,b—9].

Perform in .10 the change of variable=n - (z — y), then we’ll have

fulw) = [ i'(“) o) f (- 2) a.

n-(xz—b) n

n-(z—a) e
Pn(T) = / p(z) - ¢ (w - —) dz.

n-(z—0b) n

But the functionp(z) is equal to zero outside the interv@l, 2) and hence
we obtain

@11) h@ = [ o)1 (r-2)
() = /02p(2)-90<93— =) .
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if n > % From the definitionZ.10) it is obvious, that the functiong,(x) and
vn(z) are infinitely differentiable, while the convexity of these functions simply
follows from the representatio (L1).

Next we show the uniform convergence of the sequehce) to f(x) on the
interval [a + 6, b — 4] (similarly for ¢,,(x) to ¢(x)). For this purpose we use the
uniform continuity of the functiory (z) on the intervala + $,b — §]. For fix

¢ > 0 there exist® such that we have

}f(xg)—f(xlﬂgs if \xQ—x1\<3\ and xq, 2z, € [a+g,b—5} )

Taken > max{%,% . Thenfor0 < z < 2andz € [a + §,b — 6] we get

o fos R N
< min 39 , I n_a 2—@ 5"

W

‘f(x—%) —f(x)’ <e for anaX{§,§}

and consequently

2
z
e = f@ = | [ o) (1 (2= 2) = @) @2
forz € [a+ 6,0 — ] andn > max{%,%L :
Thus we've shown the uniform convergence of the sequghnce) to f(x)
on the intervala + 9, b — d].
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Now we need to differentiate the relatioris{1). We’ll use again the basic
inequality €.1) on convex functions. Take therein

[E1:<$—i)_h7 x2:$_iv
n n
where0 < h < 3.
We will have
(2_12) f’( (:C — i — h) — ) < f(ZE _ ﬁ) _ f(:E o h> Estimation of the Derivative of
n - h the Convex Function by Means
z of its Uniform Approximation
</((==3)-)
n Kakha Shashiashvili and Malkhaz
] Shashiashvili
if x € [a+5,b—5],0§z§2,0<h<gandnzgl.
Taking into account that the left-derivative of the convex function is nonde- _
. Title Page
creasing and that
5 Contents
z z
I—ﬁ—hza—l—z, x—ﬁgb—é <« >
we get < >
Go Back
6 flea=2)—flea—2-h)
! n n !
(213) f ( <a + Z) —) < - < f((b—=98)-). Close
Quit

It follows from here that the family of functions

flea—2)-fle—2—h)
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is uniformly bounded by the constant

o= (|7( (a+2) )l -9)

if x € [a+(5,b—(5],0§z§2,0<h<%anan%.
We write from the representatiof.(1)

h - /0 '0(Z) . h 2 Estimation of the Derivative of

the Convex Function by Means
of its Uniform Approximation

Now letting h to zero and using the bounded convergence theorem we come

to the following formula Kakha Shashiashvili and Malkhaz
Shashiashvili
2
(2.1) fuw) = [ o) £((o-2) =) s
0 n Title Page
forz € [a+ 6,b — 0] andn > 3. Contents

From this formula it is easy to see, that for fixed [a+4, b—d] the sequence

f!(z) converges to the left-derivativé(z—). Indeed consider the difference 4 dd

< | 2
R = e = [ o (7((s-2) =) - s e o Back

Close
where we assume that> % and choose arbitrary > 0. As the left-derivative

f'(z—) is left-continuous we can find/(¢) such that (fo0 < z < 2) Quit
Page 16 of 23
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f/( (x — —) —> — f/(x—)' <e ifonly n> N(e).
n J. Ineq. Pure and Appl. Math. 6(4) Art. 113, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:mshashiashvili@yahoo.com
mailto:mshashiashvili@yahoo.com
http://jipam.vu.edu.au/

Hence we get

2
\fo(x) = fz—)] < / p(z)-edz=¢ if n>max (%,N(e)) :
0
Thus for any fixed: € [a + 0, b — ] we have
Tim fi(x) = f'(z—),
and similarly for functionsy/, (x), ¢'(z—)

lim i, (2) = /().

n—oo

Next write the estimate2(8) for functionsf,, (), ¢, (z) restricted to the interval
l[a+6,b— ]

b—d

(2.15) y (z—(a+ 5))2 ((b=106) - x)2 (fo(x) — @%(m)f dx
<5 VE sw o [fule) - (o)
z€la+0,b—0]
X sup ‘fn(x)+90n<x)‘(b_a_26)3
z€[a+6,b—0]

r€la+,b—0

+§< sup \h(ﬂf)-%(ﬂf)\) (b—a—2-9)"
€ ]

Forz € [a+6,b—4],0 < z < 2andn > $ we have

P((ar5)-) =7 ((=2)-) < rie-o-)
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multiplying this inequality byp(z) and integrating by: over (0,2) from the
equality ¢.14) we obtain

7((a+5)-) <@ < r0- 0

Similarly for the functionsy!, ()

¢ ((a+5) ) <o < @-0),

Hence the sequences of the functigh&r) andy!, (x) are uniformly bounded
on the intervala + 6,b — 6] for n > 5. Thus we can apply the bounded con-

vergence theorem in the left-hand side of the inequality) passing to limit
whenn — oo and we get

2

(2.16) / (a: — (a+ 5)) (b—106)— x)2 (fl(z=) = ¢ (z—)) da
<3 VE s 5@ -t
z€la+0,b—0)
< swp |f@)+ple)]- b2

z€[a+8,b—0]

2
+§- ( sup ’f(l‘)—@(x)o (b—a—2-0)".
z€la+6,b—9]
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Finally it remains to pass onto limit wheh — 0 in the inequality 2.16).
Introduce the following function

z—a—08)2 —5—xz\2
X (a+8,b—0] () - ( m_aé) : (bbix ) fora<z<b
us(z) = | 7
0 otherwise

wherex .., () is the characteristic function of the interval + 6,6 — d].

Evidently
1, a<x<b
lim us(z) = {

0 <wus(x) <1, .
810 0, otherwise

We remind now the definitior2(3) of the functiomwu(z) and the fact that it
is a bounded function on the closed interjealb] and we rewrite the inequality
(2.1 in terms of the functions)(x) andus(x).

b
(2.17) /w(m)-wQ(as)dxég-\/é- e[sm_ﬂ\f(ﬂf)—so(x)}
x sup |f(z) +e(@)|-(b—a—-2-5)

z€la+0,b—0)
A 2
—l—g- ( sup ‘f(:z:)—go(a:)‘) (b—a—2-9)>
x€la+4,b—4]

We use again the bounded convergence theorem in this inequalitywhen
and at last get the desired energy estimaté) ( O
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The following proposition is the basic result of this article though its proof is a
simple consequence of the previous theorem

Theorem 3.1. Let f(x) be the unknown continuous convex function defined on
the bounded interval:, b] and suppose we have at hand its some continuous

uniform approximationfs(z). Consider the lower convex enveloﬁg(x) of
the functionfs(x). Then for the unknown left-derivatiyé(x—) the following

~—

estimate througlhy;(z—) does hold

~—

ey | (wap (b—af - (£lam)  Folam)) da

<

©| oo

V3 sup |fo(x) — f()] <sup @)+ sup |fa(rc)\) (b a)*

z€[a,b] z€(a,b] z€[a,b]

—|—% (sup |f5(m) — f(:):)!) -(b—a)®.

z€[a,b]

Proof. Introduce the notation

sup ‘f(;(x) — f(x)‘ = cs.

z€la,b]

It is clear that

flz) —cs < fs(x), fs(x) —cs < f(x), if x€la,b].
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Therefore we get that the convex functiff) — ¢ is less or equal thayf(x)
and hence

f(x) = cs < fa(@), =€ [a,b].

On the other hand we have

Fol@) —cs < fs(z) — s < f(x), =€ [a,b],

therefore _
[F3(2) = f(@)| < 5, 2 € [ab)
that is
(3.2) sup | £5(x) = ()] < sup |fs(@) = f(x)].

z€|a,b|

Denote sup |fs(z)| = ¢s, then obviously

z€[a,b]
—¢s < fs(x) < ¢, x € [a,b]
and hence _
—Cs < fo(x) < fs(z) < ¢, w € [a,b],
that is
(3.3) Sup )f& ’< sup | fs(x)).

z€[a,b) z€la,b]

Take nOW7§(l’) instead of convex functiog(x) in the formulation of The-
orem 2.1 and use the inequalities.¢) — (3.9 in the right-hand side of the
estimate 2.4), then we directly come to the estimage]). H
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Remark 1. As the left and the right-hand derivatives of convex function coin-
cide everywhere except on the countable set, Thedtehand3.1are obviously
true for the right-derivatives instead of the left-ones.
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