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Abstract

The well-known second order moment Heisenberg-Wey! inequality (or uncer-
tainty relation) in Fourier Analysis states: Assume that f : R — C is a complex
valued function of a random real variable = such that f € L (R). Then the

|2
moment of the random real 5 for |,

is at least E‘f 2/—1ﬁ, where f is the Fourier

transform of f, such that f (¢) = = [pe ™0 f (z)de, f(z) = [ 2T £ (£) de,
and £ ;2 = Ja If (= )| de.

This uncertainty relation is well-known in classical quantum mechanics. In
2004, the author generalized the afore-mentioned result to higher order mo-
ments and in 2005, he investigated a Heisenberg-Weyl type inequality with-
out Fourier transforms. In this paper, a sharpened form of this generalized
Heisenberg-Wey! inequality is established in Fourier analysis. Afterwards, an
open problem is proposed on some pertinent extremum principle. These results
are useful in investigation of quantum mechanics.

2000 Mathematics Subject Classification: 26, 33, 42, 60, 52.
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The serious question of certainty in science was high-lighted by Heisenberg, in
1927, via hisuncertainty principle[1]. He demonstrated the impossibility of
specifying simultaneously the position and the speed (or the momentum) of an
electron within an atom. In 1933, according to Wiendrd pair of transforms
cannot both be very smallThis uncertainty principle was stated in 1925 by
Wiener, according to Wiener’s autobiograptiy p. 105-107], at a lecture in
Gottingen. The following result of theleisenberg-Weyl Inequalitg credited

to Pauli according to Weyl, p. 77, p. 393-394]. In 1928, according to Pauli

~|2
[6] the less the uncertainty inf|2, the greater the uncertainty inf| , and

conversely This result does not actually appear in Heisenberg’s seminal paper
[1] (in 1927). The following second order moment Heisenberg-Weyl inequality
provides a precise quantitative formulation of the above-mentioned uncertainty
principle according to W. Pauli.

Forany f € L*(R), f: R — C, such that

112 = / @) de = By,
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any fixed but arbitrary constants,,, ¢,, € R, and for the second order mo-

ments
(el = o = [ =) If ()" d,
(M2)‘f’2 = Urf|2 = /R (€& - fm)2

the second order moment Heisenberg-Weyl inequality

o) e

(H ) 02 X 02 Hf”;1
L E T = 1602

holds. Equality holds itf/7,) if and only if the generalized Gaussians

f () = coexp (2mizé,,) exp (—c (z — ZL‘m)Q)

hold for some constantg € C andc > 0.

Foranyf € L*(R), f:R — C,suchthat| | = [, |f (z)|*dz = E,;p, any
fixed but arbitrary constants,,, &,, € R, and for the fourth order moments

(u)go = [ @=an) [F @ ds and
@y = [ (€= &' |f(0)] e
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the fourth order moment Heisenberg-Weyl inequality

1
(Hs) (ha) 2 - (M4)m2 > @Eg,fa

holds, where
Bap =2 [ [0-4m @) @) - 2317/ @0)f ~ At (1 (0)F@)]
R

with x5 = = — x,,, & = € — &, Im (+) is the imaginary part of(-), and
|E27f| < Q.

The “inequality” () holds, unlesg(x) = 0.

We note that if the ordinary differential equation of second order

(ODE) fo(x) = =220 fo ()
holds, witha = —27&,i, fo(z) = e°*f(z), and a constant, = $k3 > 0,

ks € R and ko # 0,then “equality” in () seems to occur. However, the
solution of this differential equatiordDE), given by the function

; 1 1
flx) = /Jas|e*mesm [C20J—1/4 <§ |k2|$§) + o114 <§ | o f?)} ,

in terms of the Bessel function, , of the first kind of orderst1/4, leads to
a contradiction, because this¢ L*(R). Furthermore, a limiting argument is
required for this problem. For the proof of this inequality sée [

It is opento investigate cases, where the integrand on the right-hand side
of integral of £, ; will be nonnegative. For instance, foy, = &, = 0, this
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integrand is:= | f(2)|* — 22| f'()|* (> 0). In 2004, we (B, 4]) generalized the
Heisenberg-Weyl inequallty and in 2005 w#d nvestigated a Heisenberg-Weyl
type inequality without Fourier transforms. In this paper, a sharpened form of
this generalizedHeisenberg-Weyl inequaliig established in Fourier analysis.
We state oufollowing two pertinent propositiongor their proofs see’].

Proposition 1.1 (Generalized differential identity, [3]). If f : R — Cis a

k

complex valued function of a real variabie 0 < [5} is the greatest integer

_f, and(-) is the conjugate of-), then

<k o= 2
ok (ki
k—i\ i

.}, such that < i < [%] for

® f (@) fP (@) + [P (@) f ()

dk 27 ‘2

Y

d&?k 21 |f )

=0
holds for any fixed but arbitrary € N = {1,2, ..
ie€Nyg=1{0,1,2,...}.

Proposition 1.2 (Lagrange type differential identity, [3]). If f : R — Cisa
complex valued function of a real variable and f, = ¢** f, wherea = — 1,
withi = y/—1 and g = 2x¢&,, for any fixed but arbitrary real constaigt,, as
well as if

2
Apk' — <§) 62(p_k)7 0 S k S D,

and

Bpkj = Spk <z) <];> gFIF L 0<k<j<p,
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wheres,, = (=1)"* (0 < k < p), then

wpy  |if ZAkaf P42 Y Bughe (rusfO57),

0<k(j<p

holds for any fixed but arbitrary € N,, where(-) is the conjugate of-), and
Tpkj = (—1)”_* (0 <k < j<p),andRe () is the real part of-).
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We assume thagt : R — C is a complex valued function of a real variabiéor
absolutely continuous ift-a, a], a > 0), andw : R — R a real valued weight
function of z, as well ast,,, &, any fixed but arbitrary real constants. Denote
f. = e f, wherea = —2x¢,,i with i = \/—1, and f the Fourier transform of
f, such that

N _ —2irtx d d _ Anlx £ de.
G Ae f(x)dr an f@)(ée f(€) de
Also we denote
(g = [ 0" @) (2 =0, | (0) o,
_ _ 2p
(e = [ (6= 6

the 2p™" weighted moment of: for | f|* with weight functionw : R — R and

the 2p'" moment of¢ for , respectively. In addition, we denote

= (— o _P (P—4 i < qg< p — i p
Cy=(-1) p_q( . ), if O_q_[Q} ( the greatest integes 2),

= (=177 [0 @) 0
R

o) de, if oglgqg[g},
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s = (17 [ wlp @) Re (1 0 19 (2)) d
R

it o<k<j<q<[l].

wherer,; = (—1)"_% € {£1,+i} andw, = (z — z,,)" w. We assume that
all these integrals exist. Finally we denote

D E Aql l+ 2 E qu:g qkj» On The Sharpened

0<k(j<q Heisenberg-Weyl Inequality

John Michael Rassias

if | Dy| < oo holds for0 < ¢ < [2], where

Ay = (Q>252(ql)’ By = 5o (q) (q) ik, Title Page
l k J Contents
ﬁmﬂ 6f: 21, @Nsg, = (1), and B, ; = S C, D, if |E,g| < oo 4« >
olds forp € N.
In addition, we assumge two conditions \ }
p—2g-1 - ) Go Back
, p—2q—r
(2.1) Z (—1) lxllgnoow (!f ‘ > =0, Close
r=0 .
Quit
foroglgqg[g],and Page 9 of 18
p2a-l - (p—2q—r—1)
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for0 <k < j <q<[%]. Also,

By sl =\ By p +44%(= |Epg]),

where A = ||u| zo — ||v] %o, with L2—norm ||-|[* = [, |-*, inner product
(Jul, [v]) = Jg lu| |v], and

u:w( )-ffs)fa(x), v:fép)(a:);
$024|V(I)||h(x)\d$a yOZ/RW(fU)Hh(ﬂCNdl‘,

as well as

2

hiw) = \/2_;\F

wherey is the mean and the standard deviation, or

_lfz—p
1
(& 4 s

1 N 1

~ o\ T (2) (1+ﬁ)n7+“

h(z)

wheren € N, and
|h(z)]]> = /R \h(z)[dz = 1.
Theorem 2.1.1f f € L* (R) (or absolutely continuous if-a, a], a > 0), then

1
(Hy) 1/ (H2p) 12 X/ (#2p)|f|2 2 o2 |5 ¢

holds for any fixed but arbitrary € N.
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Equality holds in (7)) iff v(z) = —2c,u(x) holds for constants, > 0, and
any fixed but arbitrary € N; ¢, = k§/2 >0,k, € Randk, # 0,p € N, and
A=0,0r

h(x) = crpu(x) + copv(x)

andz, = 0, or yo = 0,wherec;, (i = 1, 2) are constants and!? > 0.

Proof. In fact, from the generalized Plancherel-Parseval-Rayleigh identjty [
(GPP)], and the fact that**| = 1 asa = —27¢&,,,i, one gets

1 On The Sharpened
Heisenberg-Weyl Inequality
(2.3) M = M, — 2
p (27T>2p

John Michael Rassias

= (,U/Qp)wa‘z . (/’L2p)‘f’2 — ﬁAQ
Title Page
- ([ @) -1 0 ) contons
NN T < >
([ e-e|f©f de) - oz < ]_»
— 1 2 _ 2p 2
- (2ﬂ)2p [(/Rw () (x — 20)™" | fu (2)] dw) Go Back
. ( ) 2, > B AQ} Close
/R‘f“ @] do Quit
(2.4) = (2;)% [[[ee]| [|0]|* — A?] Page 11 of 18

J. Ineq. Pure and Appl. Math. 7(3) Art. 80, 2006
with © = w(:zc)xf;fa (x)’ v = fép) ([B) http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jrassias@primedu.uoa.gr
http://jipam.vu.edu.au/

From 2.3) — (2.4), the Cauchy-Schwarz inequalitj| , |v|) < ||| ||v|| and
the non-negativeness of the followiGyam determinanf”]

] (Jul, [v]) yo
(25) 0<| (Jvl,ful) o] o
Yo To 1

2 2 2 2
= llul™ [[o]1" = (ful . [01)* = [llull” 25 — 2(ul , [v))zoyo + [[0]" 5]

0 < [[ull* o]l* = (ful, Jul)* — A®
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A= [ul) zo — [[0] yo, 20 = / (@) ()] dr, yo = / ju()] |h(z)] dz,

R Title Page
and Contents
@) = [ frte)de =1, <
we find < >
(26) My 2 ol o) G0 Back
Close

= s (1) o
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wherew, = (z — z,,)Pw, andf, = e* f. In general, if|| 2|| # 0, then one gets
(u,0)* < Jlull* |v]|* — B?,

whereR = A/ |[h|| = [Jul| # — [[v]| y, such thate = wo/ |2l , y = o/ [|1]-

In this case A has to be replaced by in all the pertinent relations of this
paper.

From @.6) and the complex inequalityjab| > 1 (ab+ab) with a =

wy (2) fu (2),b = £ (x), we get
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(2.7) M; _ T {5 / wy(z) (fa( )f(P)( )+ f ( )fa(q:)> dm] . John Michael Rassias
R
From (2.7) and the generalized differential identit§)( one finds Title Page
* | P2 o " 2 Contents
28) My > /wp () Zquxp D @) ] de| «“ b
R " < >
From 2.8) and the Lagrange type differential identity 10), we find E——
[p/2] Close
1 dpP—24 0
* )
My 2 S /pr () z; L — (Z Ag |19 Quit
q=
9 Page 13 of 18

A (k) )
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From the generalized integral identity]] the two conditionsZ.1) — (2.2), and
that all the integrals exist, one gets

dr=2 2 _ 2
s o) 19 0 = (175 [ 070 ) e

as well as

[ @) g e (s £ 0 9 )
— (_1)p_2q/ wz(,p’2q) ()Re <qujf(k) () f

Thus we find
[p/2] 2
M, = 22(p+1 2P ZC Zqu at2 Z Barjlors
q=0 0<k(j<q
1 2
= 20+ 2 Ly f

whereE, ; = E[f:/f)] CyD,, if |E, | < oo holds, orthe sharpened moment

uncertainty formula
(2 5205 ¢/1Er).

— 1
2 7 *
Y=o B

whereM, = My + 5 A%
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We note that the corresponding Gram matrix to the above Gram determinant
is positive definite if and only if the above Gram determinant is positive if and
only if w,v, h are linearly independent. Besides, the equalityZirp)(holds if
and only ifh is a linear combination of linearly independenandv andu = 0
orv = 0, completing the proof of the above theorem. O

Let
(may) e = [ a1 @ do

be the2p™ moment ofz for | f|* about the origine,, = 0, and
~ 2
(ma) 0 = [ € |Fe)] e
R
~2
the 2p"" moment of¢ for ‘f‘ about the origirt,,, = 0. Denote

g P pl (p—q
Epg = (=177 o ( ) 7

p—q 29!\ q

if pe Nand0 < ¢ < [&].

Corollary 2.2. Assume thaf : R — C is a complex valued function of a real
variablez, w = 1, z,,, = &,, = 0, and f is the Fourier transform of, described
in our theorem. Iff : R — C (or absolutely continuous ift-a, a|, a > 0), then
the following inequality

[p/2]

2
1 P
(Sp) 2</ (m2p)‘f|2 2{/ (m2p>|f-|2 Z m ZO gp,q (m2q>’f(q)‘2 + 4A2,
q:
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holds for any fixed but arbitrary € N and0 < ¢ < [%], where

2
(m2q)‘f(q>‘2 = /372(1 ‘f(q) (1’)} dx
R
and A is analogous to the one in the above theorem.

We consider thextremum principlévia (9.33) on p. 51 of{]):
1
(R) R(p)> 5 peN

for the corresponding “inequality’,,) [3, p. 22],p € N.

Problem1. Employing our Theorem 8.1 on p. 20 ¢f[ the Gaussian function,

the Euler gamma functiohi, and other relatedpecial functionswe established
and explicitly provedhe above extremum princip{&), where

F@+9

R
[/2 ! -
\Zp oo (7T

with
lq/2]
g2 1 1
r, = ;2% <2k) r? (k+§) r (2q—2k—|—§)
o X cre()(3)

0<k<j<[q/2]

1 1 1
T(k+=)0(j+=)0(2g—k—j+=
r(eeg)r(ieg)rarivg)
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0 < [4] is the greatest integet £ for ¢ € NU {0} = N, (2) = ﬁlq), for

peN,geNgandO<¢g<p,p'=1-2-3----- (p—1)-pando! =1, as well
1

as
Iy 1 (2p) B
F(p+2)—22p ) Vv, peN and F(z)_\/%.

Furthermore, by employing computer techniques, this principle was verified
forp=1,2,3,..., 32,33, as well.lt now remains open to give a second explicit
proof of verification for the extremum principlB)(using only special functions
technigues and without applying our Heisenberg-Pauli-Weyl inequaljty
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