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Abstract

Let f be a 2 periodic function in L'[0, 2r] and Y52 __ f(ny)e™* be its Fourier
series with ‘small' gaps nr., — ny > ¢ > 1. Here we obtain a sufficiency
condition for the convergence of the series ), _, | f(m,) 7 (0< B <2)if fis of
¢ A BV locally. We also obtain beautiful interconnections between the types of
lacunarity in Fourier series and the localness of the hypothesis to be satisfied by

the generic function allows us to interpolate results concerning lacunary Fourier On The Absolute Convergence
series and non-lacunary Fourier series. Of Small Gaps Fourier Series Of
Functions Of o A BV
R.G.V
2000 Mathematics Subject Classification: 42A16, 42A28, 26A45. G. Vyas
Key words: Fourier series with small gaps, Absolute convergence of Fourier series
and pA-bounded variation.
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Let f be a2r periodic function inL'[0, 27| and f(n), n € Z, be its Fourier
coefficients. The series

(1.2) Z f(nk)em’“x,

keZ

wherein{n; }{° is a strictly increasing sequence of natural numbersrand=
—ny, for all £, satisfies an inequality

(1.2) (ngr1—ng) >qg>1 forall k=0,1,2, ..,

is called the Fourier series gfwith ‘small’ gaps.
Obviously, ifn, = k, for all k, (i.e. ny 1 — ngp = ¢ = 1, for all k), then we
get non-lacunary Fourier series andif; } is such that

(1.3) (Ngt1 —ng) 00 as k— oo

then (L.1) is said to be the lacunary Fourier series.
In 1982 M. Schramm and D. Watermati have introduced the class A
BV (I) of functions of oA-bounded variation ovef and have studied suffi-

ciency conditions for the absolute convergence of Fourier series of functions of

ABV® andyp A BV.

Definition 1.1. Given a nonnegative convex functipndefined orj0, cc) such
that 22 — 0 asz — 0, for some constand > 2, p(2z) < dy(z) for all
x > 0 and given a sequence of non-decreasing positive real nunfberg \,,, }
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(m=1,2,...)suchthaty" < diverges we say that € p A\ BV (thatis f is
a functlon Ofgo /\-bounded varlatlon overl() if

Vi (f, 1) = {S}lﬁ{VAW(Um}’ fi1)} < oo,

where

Vel fo1) = (me >r>7

and{I,,} is a sequence of non-overlapping subintervigls= [a,,b,,] C I =
la, b].

Definition 1.2. For p > 1, the p-integral modulus of continuity® (4, f, I) of
f overl is defined as

([))(57 f7 ]) = sup ||(Thf - f)(m)Hp,Ia
0<h<é

whereT}, f(z) = f(x + h) for all z and|[()[|, ; = [|(-)x/ll, in whichx; is the
characteristic function of and||(-)[|, denotes the.?-norm. p = oo gives the
modulus of continuity (0, f, I).

By applying the Wiener-Ingham resuli,[Vol. |, p. 222] for the finite

trigonometric sums with ‘small’ gapl(2) we have already studied the suffi-

~ |8
ciency conditions for the convergence of the sefies , ‘f(nk)‘ (0<p<2)

for the functions ofA BV and ABV ) in terms of the modulus of continuity

[6]. Here we obtain a sufficiency condition if functighis of ¢ A BV. We
prove the following theorem.
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Theorem 1.1.Let f € L[—n, 7] possess a Fourier series with ‘small’ gaps
(1.2) and I be a subinterval of length;, > 27“ Iffe o ANBV(I),1<p<2r,
1<r<oo,and

s
2

2r—p :
i (w((Q—p)s-‘rp) <Lk, f’ ])) /
%) T k < 00,
k=1 Zjil N

J
wherel + 1 =1, then

~ B
(1.4) > |fm) <o 0<p<2)
kez

Theoreml.1 with 3 = 1 is a ‘small’ gaps analogue of the Schramm and
Waterman resultd, Theorem 2]. Observe that the intervatonsidered in the
theorem for the gap conditiori @) is of length> 27” so that whem,, = k,
for all k£, I is of length27. Hence for non-lacunary Fourier series (equality
throughout in {.2)) the theorem withg = 1 gives the Schramm and Waterman
result [3, Theorem 2] as a particular case.

We need the following lemmas to prove the theorem.

Lemma 1.2 ([2, Lemma 2]). Let f and I be as in Theorem. 1 If f € L?(1)
then

(L5) S| Fm| < Asla ) 5 B

keZ

whereA;s depends only oh.
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Lemma 1.3. If [ng| > p then fort € N one has

™

/ " sin® |ny,| hdh >

0

2t+1p'
Proof. Obvious. O

Lemma 1.4 (Stechkin, refer to []). If u, > 0forn € N, u,, # 0 and a
function F'(u) is concave, increasing, and(0) = 0, then

! 1

Proof of Theorem..1. Let I = [zo — &, 2 + %] for somez, andd, be such
that0 < 27“ < &y < &1. Putéy = 6, — 6, andJ = [z — 2,z + 2]. Suppose
integers]” and; satisfy

4
(1.6) Inp| > 2T and 0<5< 03 ||
53 47

f € o ABV(I)implies
[f(@)] < 1f(@)]+1f(z) = @)l < [f(a)| + Co™ (Vo (. 1)) forallz e[

Since f is bounded over, we havef € L*(I), so that (.5 holds andf €
L?[—m, ). Ifwe put f; = (Tojnf — T(2j—1)nf) thenf; € L*(I) and the Fourier
series off; also possess gaps.p). Hence by Lemma.2we get

) S [ s ("47) =0 (1515

keZ
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because

2 A . g h
fi(ng) = 2if (ny)e™ 2" sin (%) '

Integrating both the sides ofl.(7) over (0, ) with respect tok and using
Lemmal.3 we get

o0

S || = 0tn) / i (1£:113,,) .

0

(1.8) R,

Since2 = Z=pstp 4 P, by using Holder’s inequality, we get from.¢)

S

B= [ 1) ds

< (/Jlfj(a:)l(Q_p)s+p d:c)i </J!fj(l’)|p dfﬁ)
</ ( / rfj<x>\f’dx)i,

where(), ; = (W@ Pste(h, f J))¥~P. Thus

1
T

(19) B" < Qh7j/(]|fj(x)|p dx.

Since f is bounded ovet, there exists some positive constdit > I such
that|f(z)] < M for all = € I. Dividing f by the positive constan/ alters
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wp(h, f, J) by the same constant andy(2 |f(z)|) < dy(|f(z)|) for all z, we
may assume thaf (z)| < 1 forall x € I. Hence from {.9) we get

B < s [ @) d
J

Sinceyp(2x) < do(z), we havep(az) < d°52%(x), SO

B . |fi(x)| dx
"2 ((5_) < dl &2 0.1 (LJ(S— On The Absolute Convergence
2 2 Of Small Gaps Fourier Series Of
_ CQlogz fJ |f] ‘ d:L‘ Functions Of ¢ A BV
h,J 52 R. G. Vyas
_ fi(x)] dx
h.J PP [, 1dzx Title Page
<0 fJSO |f] |d$ s . . Contents
<CQ g | =—F (by Jensen’s inequality for integrals)
% <4« 43
=CQ (/ o |fi(@)] d;,;) : < >
J
L ) . ) . Go Back
Multiplying both the sides of the equation g‘y and then taking the summation
J
overj = 1tony (T € N) we get Close
Quit

(1.10) © (%) <C (%{L)) (/J (i:; Wi{ﬂ(@‘) dx) ' Page 8 of 11
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Observe that for in J, hin (0, ;) and for eacly of the summation the points
x + 2jh andzx + (25 — 1)k liein I; moreoverf € o A BV (I) implies

Therefore, it follows from {.10) that

<l

Ql/nT,I
=i ()

Substituting back the value @ in the equationX.8), we get

B=0| |¢!

np = N ; ‘2 _ » M
Ry, Z fo)| =0 |¢ S
Thus |
Ry, =0 <p_1 (w(2—p)s+p (%? 7. I>>2r_p 1
=i (%)
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Finally, Lemmal.4 with u; =

Z‘fnk‘ _2ZF

> (7
(%

f(nk)f (k € Z) andF(u) = /2 gives

)

| /\

=
3

=4 :

2 (%
o 2 p)s+p( f ]))27” P
(%] =) / ’“

This proves the theorem.
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