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ABSTRACT. Inthe paper“ Sharp inequalities for trigonometric sums in two variablédijiqis
Journal of Mathematicsyol. 48, No.3, (2004), 887-907) Alzer and Koumandos investigated
some special trigonometric sums. One of them is the sum
A () = i cos(k — %k):x siln(k - %)y
k=1 2
In the present note we show that the results[6f [1] can be easily obtained by a very simple
elementary argument. And the results we obtained are more exact.
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In a recent long papelr|[1], Alzer and Koumandos investigated the trigonometric sums:

n

An(z,y) =) m—smky’ A% (2,y) = i cos (k— %) wsin (k — 1) v

)
k=1 : k=1 k=3
" sin kx sin ky
Bulag) = 3 Shsinky,
k=1

Their results can be restated as follows:
(A) |An(z,y)| < sup{A,(z,y): z,y € [0,7],n € N} = [ 2L dt;
(B) min{B,(z,y) : z,y €[0,7],n e N} = —¢,

1 om T OT
Bn((II,y) - _g = n=2 and<x7y) - (Fa g) or (xvy) - <€7 ?) ;
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(C) —2(vV2—-1) < A(z,y) <2,

Aifep) = -5 (VE-1) = =2 = (F.5).
Ar(z,y) =2 <= n=1,(x,y) = (0,7).

The purpose of the present note is to give more exact results by very much simpler proof.
For a continuous functioyi on D := [0, 7] x [0, 7] we define

min(f) = min{f(z,y) : (z,y) € D}, max(f) =max{f(z,y): (z,y) € D}.

Our results are

(A')
max(4,) = 4, ( ) / nﬂ) 2cos(n + L)t sin it dt,
. sint
min(An> — —maX An (7T77T ) ;
max(A,) < lim max(A /
n—0o0 0
(B") Forn > 2
9 1
min(B,) = B, (2n + )7T7 T
n(n+1) "n(n+1)
g 1)t sinnt
_ / sin(n +' )tsinn dt < min(By11),
. sint
n+1
lim min(B,) = 0.
(C) Foralln
max(A}) = A, (0’ E)
n
_ /2n sl?Qnt dt
0 sint
t
- maX n+1 / & dt Tl — 00)7
and forn > 2

. . L (3T T\ W sin 2nt
min(A’) = A" (Zn 2n> _/; Y dt < min(A),;) =0 (n— o0).

In particular,min(A43) = 2(1 — v/2).
The results (A), (B), (C) are easy consequences 6f (B') and (C) respectively.
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Proof of (X). We have

sink(x +y) —sink(z — y)

An(2,y) = o
k=1
n 1 k(z+y)
= Z — / costdt
k=1 2k k(z—y)
n zty
2
= / cos 2kt dt
k=17 5"
z+ n
[ 2cos2ktsint
I = 2sint
2 k=1
=" sin(2n + 1)t — sint =" cos(n+ 1tsinnt
= dt = . dt.
-y 2sint z—y sin ¢
2 2
Then we get
max(4,) = A, (0, L>
n+1
[z cos(n + 1)tsinnt 0t
- sint
2(n+1)
_ /2<n7r+1) 2cos(n + 1)tsinnt gt
—J sint

</2(n+1 QCOS(n—i—l)tsm(n—f— d _/ smt

0
s1nt
lim max
n—oo

min(A,) = min{A,(r —z, 7 —y) : (z,y) € D}

D
= —max(4,) = A, (7r,7r— +1> .
n

Proof of (B) and (C). We have

i cosk|x — y| — cosk(z +y)

k=1

= Z/ | sin 2kt dt

t— 2 1)t
/ ‘cos cos(2n + 1)t gt
z—y

- 2sint
B /z;y sin(n + 1)tsinnt 0t
Sz sint ’

J. Inequal. Pure and Appl. Math?(2) Art. 46, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 KUNYANG WANG

oty 1 = sin 2nt
A (z,y) = k— - ) tdt = dt
“(2,9) / ) ( 2) / 2

Then we get (B and (C). O
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