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Abstract

In this note we extend recent results of A. McD. Mercer and |. Gavrea on convex
sequences to other classes of sequences.
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The following result is valid [, 7]. Leta = (ao, aq, - .
The inequality

(1.1) > apu >0

k=0
holds for every convex sequenge= (ug, u1, . . ., u,) if and only if the polyno-
mial

n

Pa(x) == Zakxk

k=0
hasx = 1 as a double root and the coefficienis(k = 0,1,...,n — 2) of the

., a,) be areal sequence.
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polynomial
Contents
(z— 1 Z cpat <4« >
are non-negative. The sufficiency and necessﬂy of this result are due, respec- < 4
tively, to A. McD. Mercer [’] and to I. Gavreal]. Go Back
The purpose of this note is to extend the above result to other classes of ——
sequences.
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A convex conés a non-empty sef’ ¢ R**! such thainC + 3C c C for all
non-negative scalars and3. We say that a convex core is generated by
setV C C, and writeC' = cone V, if every vector inC' can be expressed as a
non-negative linear combination of a finite number of vectorg in

Let (-, -) stand for the standard inner product®f*'. Thedual coneof C'
is the cone defined by

dualC := {u e R""': (u,v) > 0 forallve C}.
It is well-known that

(2.2) dualdual C' = C

for any closed convex con€ Cc R"*! (cf. [3, Theorem 14.1, p. 121]). The
result below is a key fact in our considerations. It is a consequence)ff¢r
a finitely generated con€ = cone {Vy, Vi, ..., V,}.

Lemma 2.1 (Farkas lemma).Letv, vy, vy, . . ., V, be vectors irR™*!. The fol-

lowing two statements are equivalent:

(i) The inequality(u,v) > 0 holds for allu € R"*! such that(u,v;) > 0,

1=0,1,...,p.
(i) There exist non-negative scalatsi =0, 1, ..., p, such that

V=cyVg+ciVi +---+ Cpr.
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Given a sequenag = (qo, q1, - - -

(3.1) vi:=(0,...,0,q0,¢1,--,4,0,...,0) = Svy € R*"!
N——

7 times

for i=0,1,...

HeresS is theshift operatorfrom R to R"*! defined by

(3.2) S(20y 215+ 2n) = (0,20, 21, - -+, Zn_1)-

A sequencel = (ug,ug,...,u,) € R*™ is said to be ofj-class if
(3.3) (u,v;) >0 foralli =0,1,...,n—r.

In other words, the-class consists of all vectors of the cone
(3.4) D := dual cone {Vo,Vq,...,Vp_,-}.

Example 3.1.
(a). Setr =0, ¢y =1and

VZ' == (O, oo
H./_/
i times
Then @.3) reduces to

u; >0 fori=0,1,...,n.

,0,1,0,...,0) e R™™ fori=0,1,...,n.

,qr) € R with 0 < r < n, we define
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ThusD is the class of hon-negative sequences.
(b). Putr =1, ¢qo = —1 andq; = 1, and denote
v, =(0,...,0,—1,1,0,...,0) € R™" fori=0,1,...,n — 1.
H.,_/
i times
Then (8.3 gives
Ui < Ujgq fori=0,1,...,n—1,
which means thab is the class of non-decreasing sequences.
(c). Considerr =2,q90=1,¢; = —2,¢; = 1 and
v; =(0,...,0,1,-2,1,0,...,0) € R™" fori=0,1,...,n — 2.
\ﬁ.,—/
1 times

In this case, §.3) is equivalent to

Ui + Uy 4
quSsz fori=0,1,...,n—2.

This says that is a convex sequence. Therefdpels the class of convex se-
quences.

Theorem 3.1.Leta = (ag, ay, ..., a,) € R"tandq = (g, q1,...,q,) € R"!
be given with) < r < n. Then the inequality

n

k=0
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holds for every sequence= (uy, uy, .. ., u,) of g-class if and only if the poly-
nomial

Pa(x) == Zakxk
k=0
is divisible by the polynomial

Pq(x) = Z quka
k=0

and the coefficients, (k = 0,1,...,n — r) of the polynomial

are non-negative.

Proof. The mapy that assigns to each sequetice: (by, b, . . ., by,) the poly-
nomial

p(b) == Py(z) = Z bra”

is a one-to-one linear map froR™*! to the space of polynomials of degree at
mostm. Also, 1 := ¢! is a one-to-one linear map. It is not difficult to check
that

(2" Py()) = S"(Py()).
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Therefore, for any polynomial
PC<I> =ctar+---+ Cn—rxn_r7

we have

w(PC(CL’)Pq((L’)) = C()SOVQ + ClsIV() + -+ Cn_TSn_rVO
=coVo + Vi + - + Cp—rVi—r,

An Extension of Results of A.
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wherey; are given by 8.1). In other words,

(3.6) Pe(x)Py(x) = @(covo + eaVi + -+ + ¢V ) LG PR
forany c= (co,c1,...\Cny).
Title Page
We are now in a position to show that the following statements are mutually Contents
equivalent:
44 44
() Inequality 3.5 holds for every of g-class. p >
(i) (a,u) > 0for everyu € dual cone {Vy,Vy,...,V,_,}. o Back
(i) There exist non-negative scalagscy, . . ., ¢,—, such that = coVo+c1vi + p—
ot G Ve .
Quit
(iv) There exist non-negative scalatsci, .. ., ¢,—, such thatPa(z) = (¢o + e

iz + -+ cpp ") Py().
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In fact, (ii) is an easy reformulation of (i) (se8.4)). That (ii) and (iii) are
equivalent is a direct consequence of Farkas lemma (see Lehijnd\Ve now
show the validity of the implication (iii}= (iv). By (iii) and (3.6), we have

Pa(z) = o(a@) = p(coVo + c1Vi + -+ + enyVu—y) = Pe(x) Pg(7)

for certain scalarg, > 0,k =0,1,...,n —r. Thus (iv) is proved.
To prove the implication (iv)=- (iii) assume (iv) holds, that i®a(x) =
Pe(r)Pg(z) with ¢, > 0,k =0,1,...,n —r. Then by §.6),

a= 1 (Pa(r)) = ¥ (Pc(x)Pg(z))
= Po(coVo + Vi + -+ - + Coy Vi)
=coVo + Vi + -+ + V.
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In this section we study special types of sequences related to difference calculus

and generalized convex sequences.

We introduce thelifference operatoon sequences= (zg, 21, . . ., zm,) by

Az .= (Zl — 20, R2 T Rly.-ylm — mel)-
Notice thatA = A,, acts fromR™+! to R™. We define
Az:=zand A"z:= A, i1 A 1Az forr=1,2,...,m.
A sequencal € R"! is said to beconvex of order (in short,r-convey, if
A"u > 0.
The last inequality is meant in the componentwise sen&&ii~", that is
(4.2) (A"u,e) >0 fori =0,1,...,n—r,
where
g :=(0,...,0,1,0,...,0) € R""",
H.,_/
i times
In order to relate the-convex sequences to thyeclass of Sectiof3, observe
that @.1) amounts to

(u,(A"Tg) >0 fori=0,1,....,n—r,
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where(-)T denotes the transpose. By a standard induction argument, we get
(A"'e, = S'vy fori=0,1,...,n—r,
wheresS is the shift operator frork™*! to R"*! given by @.2), and

(4.2) Vo :=(9,0,...,0) € R"™ and q:= (q0,q1,---, )
with ¢; == (r) (—1)".
J
Asin (3.1), we set WD erer and . avtea
v; ;= S, fori=0,1,...,n—r. Marek Niezgoda

In summary, the-convex sequences form tlogeclass forq given by @.2).
For example, the class ofconvex sequences for= 0 (resp.r = 1, r = 2) Title Page
is the class of non-negative (resp. non-decreasing, convex) sequei®es in

Contents
(cf. Example3.1).
By virtue of (4.2) we get 44 44
r . 4 >
Py(z) = = (z—1)".
q(z) ; g = (r —1) Go Back
Therefore we obtain from Theoreil Close
Corollary 4.1. Leta = (ag, ay, ..., a,) € R"* be given witt) < r < n. Then Quit
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holds for every--convex sequenae = (ug, u1, - . ., u,) if and only if the poly-
nomial

Py(z) = Z apx”
k=0

hasz = 1 as a root of multiplicity at least, and the coefficients, (k =
0,1,...,n—r) of the polynomial

are non-negative.

Corollary4.1extends the mentioned results of A. McD. Mercer and I. Gavrea

fromr = 2 to an arbitrarny) < r <n.
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