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Abstract

This paper deals with a relation between Hardy-Hilbert's integral inequality and
Mulholland’s integral inequality with a best constant factor, by using the Beta
function and introducing a parameter A. As applications, the reverse, the equiv-
alent form and some particular results are considered.
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fp>1,1+1 =1 fg > 0satisfy0 < [ f(z)dr < oo and0 <
Iy 9(x)dx < oo, then one has two equivalent inequalities as (S§e [

an [ /M
sm z {/ ' } {/Ooogq(l‘)dx}q;

P

(1.2) /0 (0 j:_;daa) dy < Sm z / Pz

where the constant factopsT and [m} are all the best possible. In-

equality (L.1) is called Hardy- Hilbert’s integral inequality, which is important
in analysis and its applications (cf. Mitrinovic et a]).

If 0 < [7 S FP(2)dr < coand0 < [ -G(y)dy < oo, then the Mulhol-
land’s mtegral inequality is as follows (se@ E):

(1.3) /100 /loo %dmdy l l
T ()

<
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where the constant factgf 7 is the best possible. Settinfgx) = F(z)/x,
andg(y) = G(y)/y in (1.3), by simplification, one has (seé&Z])

(1.4) /100 /100 %ﬁ;y)dxdy

e {[ o fp(:v)dx}; { xq—lgqmdx}; .

We still call (1.4) Mulholland’s integral inequality.

In 1998, Yang 1] first introduced an independent parameteand thes
function for given an extension of (1) (for p = ¢ = 2). Recently, by introduc-
ing a parametek, Yang [3] and Yang et al. [(] gave some extensions df.()
and (L.2) as: If A > 2 —min{p, ¢}, f, g > O satisfy0 < [~ 2! fP(2)dz < o0
and0 < [, z'"*¢%(x)dx < oo, then one has two equivalent inequalities as:

* [ f()g(y)
(1.5) /0 /0 dedy

< kx(p) {/OOO xl_’\fp(x)dx}; {/OOO :Ul_qu(x)dx};

and
(1.6) /OOO gy P~ DD [/000 (xf_i(_x;)kdxrdy < [kx(p)]? /000 o' P (1) d,

where the constant factois,(p) and [kx(p)]? (kx(p) = B <’%, %ﬁ) :

B(u,v) is the function) are all the best possible. By introducing a parameter
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«, Kuang [] gave an extension ofL(1), and Yang §] gave an improvement
of [Slas: Ifa > 0,f,g > 0satisfy0 < [z~ D7) fP(z)dz < oo and
0 < [ 2l D=)gi(z)dz < oo, then

o [
<m{/o H0-D0-0) (1) };{/OOOQC( 1(1-0) g ()dx}l,

where the constanm is the best possible. Recently, Sulaim&hdave
some new forms ofl(.1) and Hong 1.4] gave an extension of Hardy-Hilbert’s
inequality by introducing two parameteksanda. Yang et al. [.5] provided an
extensive account of the above results.

The main objective of this paper is to build a relationtalf and (L.4) with
a best constant factor, by introducing théunction and a parametey; related
to the double mtegraf f dedy (A > 0). As applications, the re-

)+u(y))
version, the equivalent form and some particular results are considered.
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First, we need the formula of th&function as (cf. Wang et al./]):

(2.1) B(u,v) == /OOO Wt“_ldt = B(v,u) (u,v > 0).

Lemma 2.1 (cf. P). Ifp>1,1 41 =1w(0)>0,f,¢g>0,fe Ly(E)and
g € Li(FE), then one has the Holder’s inequality with weight as:

A Relation to Hardy-Hilbert's
Integral Inequality and

(2.2) / o)do < { [E w(0) fp(a)da}; { [E w(a)gq(a)da};; Mulhollénd’s Inequality

Bicheng Yang

if p < 1 (p # 0), with the above assumption, one has the reverse& &j,(
where the equality (in the above two cases) holds if and only if there exists non- Title Page
negative real numbers andc,, such that they are not all zero anrgf?(c) =

c29i(0), a. e. inkE. Contents
Lemma2.2.1fp #0,1, s +¢ = 1,6, = ¢,(\) > 0(r = p,q), p,+¢, = A, and . L
u(t) is a differentiable strict increasing function {ia, b) (—oo < a < b < o) < >
such thatu(a+) = 0 andu(b—) = oo, for r = p, ¢, definew, (z) as Go Back
b -1,/
- (u(y)?"u' (y) Close

(2.3) wp(z) = (u(z))* ¢’“/ dy x € (a,b)).

=T | ) vutgr @ D) u
Then forz € (a, b), eachw,(x) is constant, that is Page 6 of 28
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Proof. For fixedz, settingv = % in (2.3), one has

By (2.1), one hasZ.4). The lemma is proved. O

Lemma23.1fp > 1, + . =1,¢, >0 (r=p,q),satisfyp, + ¢, = A, and
u(t) is a differentiable strict increasing function {@, b) (—oco < a < b < o0)
satisfyingu(a+) = 0 andu(b—) = oo, then forc = «~'(1) and0 < & < q¢,,

' ‘/ / um)%_;_lﬁ;@<u<y>>%—z—1

(u(z) +

(2.5) - 1p <¢p — S b+ —) —0(1);
€ q q

u'(y)dzdy

if 0 <p <1 (orp < 0),with the above assumption afd< ¢ < —q¢, (or
0 < e < qpp), then

(2.6) < B<¢p ,¢q+§).
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Proof. For fixedz, settingv = % in I, one has

R W)
I._/C (u(z))? u () [/C (u(x)—l—u(y))’\u(y)dy dx

_ / (@)= (2) / ) ﬁv%zldvdx

B / | (Z,((:;))cfi /Ooo E)f ;U;dv
= ?f:i;dv -/ b g: o / U¢p;1dv] .
-2, zﬁ—lydv— (e-5)

By (2.1), inequality .5 is valid. If 0 < p < 1 (orp < 0), by (2.7), one has

b (z) <1 e
I B e Sr=51q
</c (u(x)) 1+ / A+ o) v

and then byZ.1), inequality ¢.6) follows. The lemma is proved.
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Theorem 3.1.1fp > 1, 2+ - = 1,0, > 0(r = p,q), ¢, + ¢y = A, u(t) is &

differentiable strict increasing function i, b) (—oo < a < b < ), such that
u(a+) = 0andu(b—) = ooandfg>03at|sfy0<fbM P(x)dr <
oo and 0<f % I(z)dr < oo, then
(3 1) :L’ g y) dxdy A Relation to Hardy-Hilbert's
(y Integral Inequality and
1 Mulholland’s Inequality
(u(x)) ' o
B<¢pa¢q) {/a (u/(:v))p 1 f (ZE)dIE Bicheng Yang
1
« {/b (U(m))qu_%)_lgq(x)dx}q Title Page
/ —1 7
@ (u'())e Contents
where the constant factaB(¢,, ¢,) is the best possible. f < 1 (p # 0), <« >
N >0(r =p,q), P, + ¢, = A} # ¢, with the above assumption, one has
the reverse of3.1), and the constant is still the best possible. < >
Proof. By (2.2), one has Go Back
Close
J = :c)g y) dxdy Quit
x) + u(y))*
Page 9 of 28
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(
(
: {/ U &((gic)))i;g)(y i) (U(<))<(>>)( “ |

(3.2) X {/ab [/ab (u(@)?tu <x)d$1 (u<y))(q_1)(1_¢p)gq(y)dy}; _ A Relation to Hardy-Hilbert's

(U(I) -+ u(y))’\ (u’(y))q_l Integral Inequality and

Mulholland’s Inequality
If (3.2) takes the form of equality, then b{.@), there exist non-negative num-

Bicheng Yang
bersc; andc,, such that they are not all zero and

Ul(y)(u(x))(pfl)(lfd)q) P(y) — ¢ UI(I)(U(Z/))(WI)O*%) q Title Page
) @@ T s et @ Contents
a.e.in(a,b) x (a,b).

Cc

44 44
It follows that | >
p(1—¢q) q(1—9p) . Go Back

o P gy — VDT i) — oy, e in(a,b) x (ab), 2 Bac

(u' ()P (u'(y))1 Close

wherecs is a constant. Without loss of generality, suppose* 0. One has Quit
(u(z))P—¢a)-1 () = csu' () ae. in(a,b) Page 10 of 28
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which contradict®) < [ pr( )dz < co. Then by @.3), one has

33) J< { / e )( ((z/)():)l)p%l o (@dx};

o0 (u(z))a0—20)—1 . ‘
SV e
and in view of @.4), it follows that @3.1) is valid.
For0 < € < q¢,, settingf.(z) = g-(z) =0,z € (a,¢) (c = u~(1));

fol@) = (u(@)* 7 (2),  ge(w) = (u(2))™ 5" (x),
€ [¢,b), we find

e { [ i ff(x)dm};

q(1—op)— % 1
X / (u (:c?) a(m)dm =—.
o (W(x))! 2
If the constant factoB(¢,, ¢,) in (3.1) is not the best possible, then, there exists
a positive constanmt < B(¢,, ¢,), such that §.1) is still valid if one replaces
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B(é,. é,) by k. In particular, by £.6) and @.4), one has
5 (0, .0+ f) —c0(1)
<e / / (uf;() oy
)
q

<ot / e p))p ) | fr(a)d }{ / (v Ej?zw;f’} gs(x)dm}é:k,

and thenB(¢,, ¢,) < k (¢ — 07). This contradicts the fact that< B(¢,, ¢,).
Hence the constant factdét(¢,, ¢,) in (3.1) is the best possible.

For0 < p < 1 (orp < 0), by the reverse ofA.2) and using the same
procedures, one can obtain the reverse3df)( For0 < e < —g¢, (0r0 < e <
q¢,), settingf-(x) andg.(x) as the above, we still hav8.@). If the constant
factor B(¢,, ¢,) in the reverse of3.1) is not the best possible, then, there exists
a positive constank” > B(¢,, ¢,), such that the reverse d3.(l) is still valid if
one replace®3(¢,, ¢,) by K. In particular, by £.7) and 3.4), one has

B(¢p_§a¢q+§>

fs( :(y)
> 5/ x) w(@)) dxdy

. eK{ / (“E?();))M f(@dx}’l’ { / b (u((?gl();%j_lgg(m)dx}é K
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and thenB(¢,, ¢,) > K (¢ — 07). This contradiction concludes that the
constant in the reverse dd.() is the best possible. The theorem is proved!

Theorem 3.2. Let the assumptions of Theoréni hold.

0 Ifp > 1,113 + ¢ = 1, one obtains the equivalent inequality &f.1) as
follows

(3:5) / <u<Zl>(ﬁzp¢p U <u<a:>ffz)t<y>>kdxrdy

b (u(2))P(I—0a)—1
< [B(¢p7¢Q)]p/ ( Eu?gx))p—l

(i) If 0 < p < 1, one obtains the reverse d3.f) equivalent to the reverse of
(3.9;

fP(z)dz;

(i) If p < 0, one obtains inequality3(5) equivalent to the reverse di.Q),

where the constants in the above inequalities are all the best possible.

Proof. Set
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and use §.1) to obtain

o</a (u E )2q(1 - 9% (y)dy
(y
(y)*

T V <u<x>ffz)n<y>>xdx]pdy

-[[ (u"; ﬂ sedady < B(6,.6,)

1

(3.6) X

Sl

{ )
(
B {/a (U(Z)()%) Por ML (U(x)ffli(y)ydx} dy}
B

(¢ps &q) {/ab (uiz?zi()l)jl)lfp(x)dx}; < 0.

It follows that (3.6) takes the form of strict inequality by using.(); so does

(3.7) <

A Relation to Hardy-Hilbert's
Integral Inequality and
Mulholland’s Inequality

Bicheng Yang

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 14 of 28

J. Ineq. Pure and Appl. Math. 6(4) Art. 112, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bcyang@pub.guangzhou.gd.cn
http://jipam.vu.edu.au/

(3.7). Hence one can geB(5). On the other hand, if(5) is valid, by @.2),
" @)
/a /a (u(x)+u(y)),\dxd?/
L ) LI O 1o N B 1)) s
_/a (U(y));“"*’/a (u($)+u(y))>\d] [ W) g(y)] dy
bl [ fw Y
- {/ wan L ] ¢

(3.8) X { /ab (a((?é()l)—qqspf-lgq(y)dy}i |

Hence by 8.9), (3.1) yields. It follows that 8.1) and (3.5) are equivalent.

If the constant factor in3.5) is not the best possible, one can get a contra-
diction that the constant factor i8.(l) is not the best possible by using.®).
Hence the constant factor i.¢) is still the best possible.

If 0 < p < 1(orp < 0), one can get the reverses 6§, (3.7) and 3.9),
and thus concludes the equivalence. By}, for 0 < p < 1, one can obtain the
reverse of 8.5); for p < 0, one can get3.5). If the constant factor in the reverse
of (3.5) (or simply 3.5)) is not the best possible, then one can get a contradiction
that the constant factor in the reverse 8flj is not the best possible by using
the reverse of3.8). Thus the theorem is proved. O

<
——
=
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We point out that the constant factors in the following particular results of The-
orems3.1- 3.2 are all the best possible.

Corollary 4.1. Let the assumptions of Theorefhd— 3.2 hold. For

- <1_—> A=2)+1  (r=p,9),

r

e b (@)=
0 </a ( ()1

settingk,(p) = B <p+/\727 q+)\—2) ’

p q

Uz)dx < 00,

() Ifp> 1, % + é =1, A > 2 — min{p, ¢} , then we have the following two
equivalent inequalities:
@.1) / / flz g (v)

+ u(y))*

S dxdy
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=
QL
)
——
Q=

and

2 / 1; = [/ <u<x>ffz)n<y>>xdfrdy
< [kA(p))? / Mf”(m)dm.

(i) fO<p<land2—p< X< 2—¢q,one obtains two equivalent reverses
of (4.2) and (4.2,

(i) fp <0Oand2 — ¢ < A < 2 — p, we have the reverse of (1) and the
inequality @.2), which are equivalent. In particular, byt(1),

(a) settingu(z) =z (a > 0,2 € (0,00)), one has

(4.3) // xxgy(gAda:dy
k, OOpl-&-ocZAp)p d}p
< Lo {/w fP(2)dx
qg—14+a(2—2—q) g d},
x{/ox g% (x)dx

=
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(b) settingu(z) = Inz, z € (1,00), one has

(4.4) /1 /1 —szﬁgﬁ) dady

< ka(p) {/100 xplanx)ufp(w)dx}”

o0 q
x o [ et (na) Pgi(a)de _ _
1 A Relation to Hardy-Hilbert's

Integral Inequality and
Mulholland’s Inequality

(c) settingu(x) = e*, x € (—o0,0), one has

(4.5) / Z / Z (‘Zgz—ge(j)ldxdy

Bicheng Yang

Title Page
< kx(p) / 6(2—p—k)wfp<x)dx}p Contents
- . «“ a4
X {/ e(QqA)””gq(:c)d:U}q : < >
- Go Back
(d) settingu(z) = tanz,z € (0,%), one has Close
L Quit
> (2 f(x)g(y)
4.6 dxd
(4.6) /0 /0 (tanz + tan y)> rey Page 18 of 28
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o=
N
—+
o
)

q .
{/o sec2a—D 57 (x)dx} ’

(e) settingu(z) = secx — 1,z € (0, F), one has

@.7) / / f(z)g(y) dady
o Jo (secx+secy—2)
A Relation to Hardy-Hilbert's

z (Secw B 1)1_>\ Inte i
gral Inequality and
< k>‘ (p) {/0 (sec Ttan x)p—l fp(J;)dx Mulholland’s Inequality

/’; (secx — 1)1
X 9
o (secxtanx)d!

hSAl

Bicheng Yang

<
~—~
2
U
8
—
Q=

Title Page
Contents
. <44 >»
Corollary 4.2. Let the assumptions of Theorefhd— 3.2 hold. For
< >
A—1 1
Cbr:T"'; (r=p,9), Go Back
b 1-x Close
(u(x))" =
0< /a Wfp(x)dx < 0 Quit
and Page 19 of 28
11—\

b ( q—5=
u(x))?"
NN a4
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settingk, (p) = B <pAg_£+2’ qxgg+2> |

() Ifp>1, +2=1,A>1-2min{}, .}, then one can get two equivalent
inequalities as follows:

< (B [ i

(i) fo<p<1,1— ]% <A<1-— %, one can get two equivalent reversions of
(4.8)and (@.9),

(i) Ifp < 0,1 — % <A< 1-— I% one can get the reversion of.6) and

inequality @.9), which are equivalent. In particular, by}(8),
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(a) settingu(z) = z* (a > 0,z € (0,00)), one has

(410)// 1}”3 dady
< IR { [Tt

e 1+,\ 4
% / 79~ 1+a(l—¢=%2) g ( )dﬂf ’ - - '
0 A Relation to Hardy-Hilbert's
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=

(b) settingu(z) =Inz, x € (1,00), one has
Bicheng Yang
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ln ) Title Page
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<;;;<p){ / e“—p“ﬁwfp(x)dw}p{ / e“—ql?”wg%x)dx}q;

[e.o]

(d) settingu(r) = tanz, z € (0, 5), one has

PE 0 fla)e(y)
(4.13) /0 /0 (tanx—i—tany)’\dxdy

s — A ey
~ 2 tanp1T T i A Relation to Hardy-Hilbert's
< /ﬂ,\ (p) Tf (:r;)dx Integral Inequality ar_1d
0 Mulholland’s Inequality

1
jus 1-x q Bicheng Yan
2 tan? 2 ! 91ang
X ﬁgq(x)dx ;
o sec2a1 g

Title Page
(e) settingu(z) = secz — 1,z € (0, 5), one has Contents
LA 44 44
Nk f(@)g(y)
4.14 dxd
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< ka(p) {/0 (seca — 1) fp(x)dx}

(secx tan z)P~1 Close

s _ 1 t
3 (seca — 1)1 . I Qui
) /0 (sec z tan x)i—1 g'(@)de o Page 22 of 28

J. Ineq. Pure and Appl. Math. 6(4) Art. 112, 2005
http://jipam.vu.edu.au



http://jipam.vu.edu.au/
mailto:bcyang@pub.guangzhou.gd.cn
http://jipam.vu.edu.au/

Corollary 4.3. Let the assumptions of Theoref& — 3.2 hold. For

Or

and

A

= ;(T =D, Q)7

(1)

0 < /ab (u(z))®”

(W @)

0<

(' ()

then one can get two equivalent inequalities as:

(4.15) / / i i) _drdy
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u
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)

p—1)(1-A)

N

(' ()P~

A/

:

o (g;)dg;}

1
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P q

fP(z)dr < o0
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In particular, by @.15),

(a) settingu(z) = *(a > 0;x € (0,00)), one has

(4.17) / / o dxdy

1
—B <>‘ )‘) {/ x(p1)(1a,\)fp($)d$}”
a \pq
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< B (i, é) {/ e(l_p)’\;‘fp(x)dx}p {/ e(l_qp‘xgq(x)da:}q :
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(d) settingu(r) = tanz,z € (0, 7), one has
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Remark 1. For a = 1, (4.3) reduces to 1.5. For A = 1, inequalities ¢.3),
(4.10 and @.17) reduceto {.7), and inequalities4.4), (4.11) and @4.18 reduce
to (1.4). It follows that inequality 8.5) is a relation betweenl(4) and (L.7)(ro
(1.D) with a parameter\. Still for A = 1, (4.5), (4.12 and @.19 reduce to

v [ [ L
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