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ABSTRACT. Inthe present paper we find the estimates omtheoefficients in the Maclaurin’s
series expansion of the inverse of functions in the cigs), (0 < § < 00,0 < o < 1),
consisting of analytic functiong(z) = z + > ~, a,2™ in the open unit disc and satisfying
S, nd (%) la,| < 1. For eachn these estimates are sharp wheis close tozero or one

andj is close tozero. Further for the second, third and fourth coefficients the estimates are sharp
for every admissible values afands.
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1. INTRODUCTION
Let/ denote theopenunit disc in the complex plane
U:={zeC:|z| <1}

Let S be the class ofiormalized analytic univalerfunctions ini/ i.e. fisinSif f is one to
one inU, analytic and

(1.2) f(z) :z—i-Zanz"; (z €eU).
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2 A.K. MISHRA AND P. GOCHHAYAT

The functionf € § is said to be inS*(a) (0 < a < 1), the class of univalergtarlike functions

of ordera, if
zf’(z))
Re > q, zelU
(7 Fet)
and f is said to be in the clas3)/(«) of univalent convex functions of orderif zf" € S*(«).
The linear mapping — =z f’ is popularly known as thélexander transformatian A well
known sufficient condition, for the functiofiof the form(1.1)) to be in the class, is
(1.2) D nla,| <1 (seee.gl[[17, p. 212)).
n=2
In fact, is sufficient forf to be in the smaller clas$*(0) = S* (see e.g/[4]). An analogous
sufficient condition foiS*(a) (0 < a < 1) is

(1.3) i (” - O‘) .| <1 (seelI5)).

1—a
n=2

The Alexander transformation gives that

(1.4) in(T:Z) lan] < 1

n=2

is a sufficient condition foyf to be inCV(«). We recall the following:

Definition 1.1 ([8,[12]). The functionf given by the seriefl.1)) is said to be in the clas$;(«)
<a<l,—oc0<d<oo)if

(1.5) im (T:Z) ] < 1

n=2

is satisfied.

For each fixech the functionn? is increasing with respect to Thus it follows that if5;, < d,,
thenS;, (o) C S;, (). Consequently, byfl.3)), the functions inS;(«) are univalent starlike of
ordera if 6 > 0 and further if6 > 1, then by [(1.4),S5(v) contains only univalent convex
functions of orderv. Also we know (see e.gl [12, p. 224]) thavif< 0 then the classs(«)
contains non-univalent functions as well. Basic properties of the 8lgsg have been studied
in [8,[11,[12/13]. We also note that ff € Ss(a) then

(1-o)

<
lan] < n’(n — «)

; (n=2,3,...)
and equality holds for eaahonly for functions of the form
_ (1 B Oé) 0 _n
f”<z>_z+n5(n—a)e 2", (6 € R).
We shall use this estimate in our investigation.

The inversef ! of every functionf € S, defined byf~!(f(z)) = z, is analytic in|w| <
r(f), (r(f) > 3) and has Maclaurin’s series expansion

(1.6) FHw) = w+ ibnw” (|w| < r(f)).

The De-Branges theorem [2], previously known as the Bieberbach conjecture; states that if the
function f in S is given by the power serigs (1.1) then| < n (n = 2,3, ...) with equality for
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eachn only for the rotations of the Koebe functiquw. Early in1923 Lowner [10] invented

the famous parametric method to prove the Bieberbach conjecture for the third coeffieient
las| < 3, f € §). Using this method he also found sharp bounds on all the coefficients for the
inverse functions i (or S*). Thus, if f € S (or S*) and f~* is given by [1.) then

b, | < ! (QH); (n=2,3,...) (cf[10]; also se€l]5, p. 222])
n+1\n

with equality for everyn for the inverse of the Koebe functidriz) = z/(1 + 2)?. Although the
coefficient estimate problem for inverse functions in the whole cfagss completely solved
in early part of the last century; for certain subclasseS ohly partial results are available in
literature. For example, if € S*(a), (0 < a < 1) then the sharp estimates

b2 < 2(1 — )

and
(1-—a)(5—-6a); 0<a<?

|b3] < (cf. [70)
1—q; §§a<1

hold. Further, iff € CV then|b,| < 1 (n = 2,3,...,8) (cf. [L,19]), while |byy| > 1 [6].
However the problem of finding sharp bounds fqrfor f € S*(a) (n > 4) and forf €
CV (n > 9) still remains open.

The object of the present paper is to study the coefficient estimate problem for the inverse of
functions in the class$;(«); (6 > 0,0 < a < 1). We find sharp bounds fab,|, |bs| and |bs|
for f € Ss(a) (0 < a < 1andd > 0). We further show that for every positive integer> 2
there exist positive real numberg, ¢,, andt,, such that for every € S;(«) the following sharp
estimates hold:

2 (3 (=) (0<a<e,0<8<4,)

n2m=035 \ p—2 2—a
(1.7) |bn| <

ﬁ; (1—t, <a<l1,6>0).
For eachn = 2,3, ..., there are two different extremal functions; in contrast to only one
extremal function for every: for the whole class (or S*(0)). We also obtain crude estimates
for |b,] (n = 2,3,4,...;0 < a < 1,6 > 0; f € Ss(cr)). Our investigation includes some

results of Silvermari [16] for the case= 0 and provides new information far> 0.

2. NOTATIONS AND PRELIMINARY RESULTS

Let the functions given by the power series
(2.1) s(2) =1+ diz+dp2® + - -
be analytic in a neighbourhood of the origin. For a real numlsifine the functiork by

(2.2) h(z)=(s(2))’ = (1+diz+do2* +--- P =1+ i C',S,p)zk.
k=1

ThusC,gp) denotes thé'" coefficient in the Maclaurin’s series expansion of tHepower of the
functions(z). We need the following:

Lemma 2.1([14]). Let the coefficienté,*,gp) be defined as i .2), then

k ‘

p+1)j

(2.3) Clizfl = Z [p - (le)} dk+1—jC](p); (k=0,1,...; Cép) =1).
=0
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Lemma 2.2([16]). If £ andn are positive integers with < n — 2, then

(1) ()

is a strictly increasing function of, j = 1,2,... k.

Lemma 2.3. Letk andn be positive integers with < n — 2. Write
(1—a)(n+j—1 (n(k +1—3) + ) 1—a)’
Ai(a, ) = .
() 270 J (k+2—j)(k+2—j—a)\2—a/ ’
0<a<l1, §>0).

Then for eachn there exist positive real numbetg and 9,, such thatA;(«, d) is strictly in-
creasinginjfor0 <a<e,, 0<i<d,andj =1,2,... k.

Proof. Write
hj(Oé, 5) = Aj+1<a, 5) — Aj(Oé, 6)
_ (- -1 (n+J)(nk =35+ G+ D)1 —a)
S 2°2-ap\ g 2+ DE+1-0(k+1-j-a)2-a)
. (k+1-5)+]) }
(k+2—j)0k+2—j—0a)]

We observe that for each fixed(j = 1,2,...,k — 1) h;j(a, ) is a continuous function of
(a,8). Also lim(q6)—(0,0) hj(a,d) = h;(0,0) = A;11(0,0) — A;(0,0) > 0 by Lemma[ 2.D.
Thus there exists an open circular dis(0, r;) with center a(0, 0) and radius-; > 0 such that
h;(a,d) > 0 for (a,d) € B(0,r;) for eachj = 1,2,... .k — 1. Consequentlyh;(a,d) > 0
forallj (j =1,2,...,k—1)and(a,d) € B(0,r), wherer = min;<;<,_1 ;. If we choose

en = 0, = %2, thenA;(a,d) is strictly increasing inj for 0 < a < ¢,, 0 < § < 4, and
j=1,2,... k. The proof of Lemma 2|3 is complete. O

3. MAIN RESULTS

We have the following:

Theorem 3.1. Let the functionf, given by the seriefl.1)) be inSs(e) (0 < a <1, 0< 6 <
o0). Write

(3.1) Frw)=w+> ba”,  (Jw] <ro(f))
n=2
for somery(f) > 1. Then
(a)
(3.2) |b|<u- (0<a<1,0<6<o0)
. 2_26(2_05)’ S o ) — Q).
Set
_ log3 —log2 _ logh
(3.3) % = log4 —log 3 and = log 2 b
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(0) (i) If 0 <& < dy, then

(3.4) |bs| <
_(1=a) .
39(3=a)’

(g << 1),
whereq is the only root, in the intervad) < o < 1, of the equation
(3.5) (230 —22)0? —4(2-3° — 2¥)a + (6-3° — 4. 2%) = 0.

(i) Further, if§ > 9y, then

(1-a)
(3.6) |bs| < m, 0<a<l).

(c) () If0 <6 <4y, then
2—%%; 0<a<a),
(3.7) |by| <
%; (a1 <a<l),
whereq; is the only root in the intervad < o < 1, of the equation
(3.8) (2% —5-4%)a® —6(2% —5-4%)a? —3(15-4° —4-2%)a +4(5-4° —2-2%) = 0.

(i) If 6 > 6y, then

(3.9) by < 4(1 —% . g<a<1)

d—a)
All the estimates are sharp.

Proof. We know from [7] that

For fixedn write

)= |2 n: 1 _ S (=n) k
() [f(zﬂ Ty ey = LT LG

k=1

Thus

b, — E h(2)
211

h(n—1)
dz = (0)

G\
2" (n—1)! n-l

jzl=r

Therefore a function, which maximizé€\"’| will also maximize|b,|. Now write w(z) =
— >, apzFtandh(z) = (1 + w(z) + w?(z) +--+)" (2 € U). It follows that all the
coefficients in the expansion éfz) shall be nonnegative if(z) is of the form

o0

(3.10) f(z):z—Zakzk, (a, >0;k=2,3,...).

k=2

Consequentlymax s s;(a) |C,(;’})\ must occur for a function ib;(«) with the representation
(3-10)).

J. Inequal. Pure and Appl. Math?(3) Art. 94, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

6 A.K. MISHRA AND P. GOCHHAYAT

(a) Now
9 00 —2
(ﬁ) :<1—;akzk_l> =1+2a9z+---.
Therefore
Y =94 :MA- 0<XA<1,0<a<1,0<6< 1)
1 2 29(2 — ) 2 >A > LUS U >

and the maximun@l(_” is obtained by replacing, = 1. Equivalently
o 11—«

= L ) < < .
ba] = =5 < o) 0<a<1,0<d<o0)
We get(3.2). To show that equality holds if8.2), consider the functiorf,(z) defined
by
(1-0a) ,
: =z— 2 < 1,0< :
(3.11) falz) =2 25(2—04)2’ (zeU,0<a<1,0<0<o0)
For this function
2
z B 2(1 — ) B (—2)
<f2(z)> —1—1-26(2_&),2—1- =1+C; 7z +
and
by = G0 (1=a)
T T 22 —a)

The proof of (a) is complete.
To find sharp estimates fdl;|, we consider

3 o0
h(z) = (L) = (1—a22—a3z2— ...)_3 — 1‘*‘20]&_3)219.
k=1

f(z)
By direct calculation or by taking = —3, d;, = —ax11 in Lemmd 2.]1,we get,
(3.12) C =30, and 5P =3as 4 20,CY = 3a5 + 642,
Substitutinga, = (2{{2“_)2“;‘ anda; = g{{;_)ii, (0 < Xa, A3 < 1,M5 4+ A3 < 1) in the equation
(3.12)) we obtain
_ 3(1 — ) 6(1 — a)?
oy = A A2
2 T PE_a) T BR_a)p
Equivalently
oy Y

= (1-—

5~ a){35(3—a) MCZIPIE
In order to maximize the right hand side @f13), write

PB—a) 22— «)?
The functionG ()2, A\3) does not have a maximum in the interior of the squdre, \3) : 0 <
Ay < 1,0 < A3 < 1}, sinceG,, # 0,G,, # 0. Also if A3 = 1then)X, = 0 and if A\, = 1 then
A3 = 0. Therefore

G(A2, A3) = 0< A <1,0< A <1, A+ A3 < 1).

max G (g, A\3) =

21 -a)
ax —36(3 — a) and I)\I;i}l( G()\Q, )\3)

C2%(2 — )%
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Also
2(1 - «) L
We get
1 2(1 —a)
Og&;}é G(A2, A3) = max {35(3 —a) 22(2 — )2 } .
0<A3<1
Thus
C§_2) 1 2(1 — «)
<(1_ )
3 =T EE ) P ap

We now find the maximum of the above two terms. Note that the sign of the expression

1 21 —a) —F(a)
B¥B—a) 22%2-—a)> 2%35(3—a)2—a)?

depends on the sign of the quadratic polynondidgh) = a(d)a? — 4a(d)a + c(d), where
a(8) = 3% -2 — 2% andc(8) = 2(3°+! — 220+1), Observe that

>0 ifo<o
= < log 2
(5) ()
<0 if6>6 082~ 108
>0 i 0 <d log3 —log 2
" (o iy
<0 if 6> d, log4 —log3

anddy < 65.
(b) (i) The casd) < § < &: Supposd) < § < &, thenF(0) = ¢(§) > 0, F(1) = —2% <
0 and sincex(d) > 0, F(«) is positive for large values of. ThereforeF'(«) > 0
if 0 <a<apandF(a) < 0if oy < a < 1 whereqy is the unique root of equation
F(a) = 0intheintervald < o < 1. Or equivalently—F(a) < 0for0 < a < ay
and—F(«a) > 0for ap < a < 1. Consequently,

2(1—a)? |

05—3) 3% (3—a)? (0 < a<ag);
|bs| = 5 <
-«
3((;(3—_(1); (O./() <a< 1)
We get the estimats.4).

(i) The case), < §: We show below that ib, < 0 < §5 or 65 < 0 thenF(a) < 0.
Suppose), < 0 < §5, thena(d) > 0. ConsequentlyF'(«) > 0 for large positive
and negative values of. Also F'(0) = ¢(§) < 0 andF(1) = —2% < (. Therefore
F(a) < 0 for everya in the real intervab < o < 1. Similarly, if 6; < d, then
a(0) < 0. ThusF'(a) = 2a(d)(a—2) > 0; (0 <« < 1). Or equivalentlyF'(«) is
an increasing function it < o < 1. Also F(1) = —2% < 0. ThereforeF(a) < 0
in0<a<l.

Since—F'(«) > 0 we have

ol _ 1-a

_ 2
bsl = =5 =~ 3B -a)

0<a<1;§>d).
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This is precisely the estimaf.6]). We note that for the functioffi,(z) defined by

B.17)
2N (. A=a) N7
(ﬁﬂ@) (1 2%2—a>)
B 3(1 — «) 6(1 — a)? 9
=l se et Twp et T
Therefore

5?20 - a)
3 2¥(2—a)?’
We get sharpness if8.4) with 0 < o < a. Similarly for the functionf;(z)

|bs| =

defined by
(3.14) fg(Z):Z—%ZS; (zelU,0<a<1,0<0<00),
we have
=\’ (1-a) L\ . 31-aq
(EGQ ‘(“¥W3—mf) “ U e
|b3| — C’2(73) (1 - CK)

3 ¥B-a)
This establishes the sharpness([®fl) with oy < o < 1 and [3.6). The proof of
(b) is complete.

In order to find sharp estimates fio;|, we consider the function

h(z) = (%)4 = (1 = gakzk_l) T 1+ g O 2k,

Takingp = —4 andd;, = —ay, in Lemmd 2.1, we get

C§_4) = 4ay; 05_4) = 4az + 10a3; C§_4) = 4ay + 20asas + 20d5.
Taking as = %)\2, as = %Ag anda, = %)\4, where0 < M\, A3, \, < 1 and
Ay + A3+ Ay < 1 we get
C(—4)
|ba| = 34

—(1—a) { A4 N 5(1 — a)AoAs 5(1 — a)2)\§}
P4—a) 293%2—-a)3—a) 2%(2-—a)
= (1 —a)L(A2, A3, \y) (say).
SinceL,, # 0,L,, # 0 andL,, # 0, the functionL cannot have a local maximum in the

interior of cubed < Ay < 1,0 < A3 < 1,0 < A4 < 1. Therefore the constraint + A3+ Xy < 1
becomes\; + A3 + A4 = 1. Hence putting\y = 1 — \; — A3 we get

C(—4)
|by| = =2

1-— )\2 - >\3 5(1 - Oé))\Q)\g 5(1 - Oé)Q)\g
(1_0‘){ ¥i—a)  P32-a)B-a) 236(2—a)3}
= (1 —a)H (A, A3) (say).
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Thus we need to maximizB ()., A3) in the closed squar@ < \, < 1,0 < A3 < 1. Since

Hay, - H (Hyn,)? = =) " <0
Aede A A RAL T 9935(2 — ) (3 — )

the functionH cannot have a local maximum in the interior of the square A\, < 1,0 <
A3 < 1. Further, if A\, = 1 then); = 0 and if \; = 1 then\, = 0. Therefore

5(1 — a)?
&22}1{[{(&)\3) = H(1,0) = m’

max H(X2,A3) = H(0,1) =0,
i

max H(Ay,0) = max{

0<A2<1

1= 51 —a)\
P(4—q)  2%(2—a)?

= max { o 41_ Q) 22522_—()[02;3}

and
1— X3 1
0D 21 H(0,43) = 0D 21 494 —a) 44 —a)
Thus
B 1 5(1 — )
éﬁéHM%&y_mw{@M—QYQMQ—aP}
0<A3<1

The maximum of the above two terms can be found as in the casig fovVe see that the sign
of the expression

5(1-a)* 1

28(2 —a)3  49(4—a)
is same as the sign of the cubic polynomidh) = a(d)a? — 6a(d)a? — 3b(6)a + 4c(5), where
a(0) =23 —5-4° b(0) =15-4° — 4 - 2% andc(d) = 5 - 4° — 2 - 2%, We observe that

>0 if <4 log 5
c(d) ; 01 = oa2 1),
<0 ifd>4 0g
>0 if 6 <dy
b(6) : (@::51+-Fg2-—1)
<0 if 5> 6 08
and _
<0 if & < 53 lOgB
a((S) ) 53 = loo 2 .
>0 if§> 05 08

Moreover,j; < d2 < d3. Also the quadratic polynomial’(«) = 3<a(5)a2 — 4a(0)a — b(d))
has roots a2 + /4 + .

(c) (i) The casé) < 6 < 4;: In this case:(§) > 0, b(d) > 0 anda(d) < 0. Note that
both the roots of’'(«) are complex numbers arfél (0) = —3b(0) < 0. Therefore
P’(a)) < 0 for every real number and consequenti(«) is a decreasing function.
SinceP(0) = 4c¢(d) > 0 andP(1) = —2% < 0, the functionP(«) has a unique
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root «; in the intervald < o < 1. Or equivalently,P(a) > 0 for 0 < a < oy and
P(a) <0if oy < < 1. Thus

We get the estimat3.7).

(i) The cas& > 9;: We shall show below, separately, thabif< § < d, ordy < 6 <
d30rdz < dthenP(a) <0in0 < a< 1.
First suppose thaf; < § < d,. Thenc(d) < 0, b(0) > 0 anda(é) < 0. Thus,
as in case of (c)(i)P'(«) has only complex roots and’(0) < 0. ThereforeP(«)
is a monotonic decreasing function(in< o < 1. SinceP(0) < 0, we get that
P(a) <0for0 <a < 1.
Next if 5o < § < d3, thenc(d) < 0, b(6) < 0 anda(d) < 0. Therefore,P'(«)
has two real roots: one is negative and the other is greater2th&he condition
P’(0) > 0 gives thatP’(a) > 0in 0 < a < 1. ThereforeP(«a) is a monotonic
increasing function i) < o« < 1. SinceP(1) = —2% < 0, we get that’(a) < 0
in0<a<l.
Lastly, if 6 > d3 thenc(d) < 0, b(6) < 0 anda(é) > 0. HenceP’(«) has only
complex roots and the conditiaf (0) = —3b(d) > 0 gives P'(«) > 0 for every
real a. Consequently”(«) is a monotonic increasing function. Sinég1l) < 0,
we get thatP(a) < 0in0 < a < 1.
SinceP(«) < 0for0 < a < 1, we have

(1-a)
< = 7 - < X
|b4|_46(4_0é)7 0<a<)
This is precisely the estimafB.9)). We note that for the functioffi,(z) defined by

@.11)

z 4_ 4(1 — ) 20(1—a)? , 20(1—a) ,
( ) _1+25(2_a)2 2.225@_@)22 235(2—04)32 4.

f2(2)

Therefore

cyY 51— a)?

4 2¥(2—a)3
This shows sharpness of the estim with 0 < a < «5. Similarly, for the
function f,(z) defined by

|ba| =

(3.15) fdz)zz—%z‘l; (zelU,0<a<1,0<0<o0)
we have
P I )
4 M4 —a)
We get sharpness with a; < o < 1andin(3.9). The proof of Theorerp 3/1
Is complete.

O
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Theorem 3.2. Let the functionf, given by(L.1), be inS;(a) (0 < a < 1,6 > 0) and f~!(w)
be given by(3.1)). Then for each: there exist positive numbess, d,, andt,, such that

2 (3 (=) (0<a<e,0<8<4,)

n2(n=1)6 \ n—2 2—a

(3.16) bl <

The estimatg (3.16) is sharp.
Proof. We follow the lines of the proof of Theorem B.1. Write

he) = (f())

=(1—agz—azz>—---)" (a, >0, n=2,3,...)

=1+ Z C,gfn)zk
k=1

(=n)

and observe that, = i Now takingp = —n andd, = —ag41 In Lemm , We get

n

k .
-n (1 _ n)] (—n)
C’ngl) = E |:n + k‘——l—l ak+2_]~C’j .
Jj=0

Sincef € Ss(a), we get

(1—a) S
17 _ U-a <M <1 <1].
(3.17) hn né(n_a)A”’ DS ’;An_
Therefore
k .
o (1—n)j (1 — ) Apgoj (—n)
(3.18) Crn —Z[n+ k+1 ](k+2—j)5(k+2_j_a)0j '

J=0

In order to establisk3.16)), we wish to show that for each= 2, 3,. .. there exist positive real
numbers:,, andd,, such thaC,(;’{) is maximized when\, = 1for0 < a <g, and0 < 4§ <,,.

Using (3.18)) we get

(—n) n(l —a) N n(l — ) N
@ = 20(2 — ) 2o = 22—a)”
so that
() nl—a)
(3.19) ;< m =d; (say).
ThusC{‘") is maximized when\, = 1. Write
™ = max C'j(_n) (1<j<n-1).

J FeSs (@)

Assume thaC](.’”) (1 < j < n-—2)is maximized for\, = 1 whena > 0 andd > 0 are
sufficiently small. It follows from(3.17)) that\, = 1 implies\; = 0 for every; > 3. Therefore
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using([3.18) and [3.19) we get
(n) o (nt1) (1)
G 7 s < 2 ) 22—a) !
n+2-1\ 1 /1—a\’ n
:( p )ﬁ(Q—a) =4 (s
Assume that
) (n+i-1\1 [1-a) _
(3.20) d; —( ; )ﬁ YN (0<j<n-—2).
Again, using(3.18)), we get
(3.21) d" = max
feSs(a)

= (1 —a)A
_ — n—j (=n)
—£§X<§: n—ﬁ(n—%ﬂwq )

7=0
1 a n—2
— n)
n -J- a C] } (; A J)
n

—]
1—@) d(-in) ‘
—j)n—j—a)’

<.

0<]<n 2 {

0<]<n 2
Write ( )1 )
n—71)(1l—a« n
Aled) = =
Substitutingdé‘”) — 1 and the value of{ ™ from (3.19), we get
n(l— «) n(n—1)(1 — a)?
n’(n — a) 2(n—10Yn-1-—a)2—a)
Now Ay (a, ) < Ai(a,d) (n > 2and0 < ¢ < 2) if and only if
1 1
WD —a)l—a)  Pn-—1Pn-1-a)2—a)
The above inequality3.22) is true, becausén — 1 — a) < (n — ), (1 —a) < (2—«a) and
the maximum value o(g)(S (n—1)1"%isequaltol (n >2, 0 < <2).Also by Lemm,
there exist positive real numbers andd,, such thatd;(«,0) < Ax(a,0) (0 < a <¢g,, 0 <
d <dp, 1 <j<k<n-—2). Therefore it foIIows from(3.21|) that the maximunC,(:{) occurs
atj = n — 2. Substituting the value of 2 , from (]@b in ._2]|) we get

g _ 20-a) o _ 2 (-3 (1-0 o
282 —qa) M 20-Di\p—2 ) \2 -«

0<a<e, 0<8<6,, n=23,...).

ot 2 m—3\ /1—a\"!
|bn| = < ;
n n2m=16\ n —2 2 —«

0<a<en, 0<0<0,, n=2,3,...).

(j=01,2,....(n—2)).

Ao(Oé,é) = and Al(Oé,é) =

(3.22)

Therefore
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The above is precisely the first assertion[®fi6]). In order to prove the other case (16),
we first observe that in the degenerate case 1 we haveS;(«a) = {z}.ThereforeC](._”) — 0

asa — 1~ foreveryj = 1,2,3,.... Hence there exists a positive real numbef0 < t, < 1)
such that
N )
n’(n—a) = (n—=j)°n—j-a)

ol G=1,2...1—t, <a<l).

Thus the maximum o§3.21)) occurs atj = 0 and we getiff_ﬁ) = Tjg<(;°2) or equivalently

b < Gt _ (1=0)
T nd(n —a)

This last estimate is precisely the assertiof3o1i6)) with (1 — ¢, < a <1, § > 0).
We observe that the: — 1) coefficient of the functior(hL(z)) , wheref,(z) is defined by

(3.11), is equal to
2 (2n—3\ [1—a\""
20=13 \ n — 2 2 —« '

Similarly, the(n — 1)** coefficient of the functior(%)n, wheref, (z) is defined by

z—gl_—o‘)z”, (zeU,0<a<1,0<6<1)
n®(n — a)
is equal to
n(l— «)
nd(n—a)
Therefore the estimatg (3]16) is sharp. The proof of Theprem 3.2 is complete. O

Theorem 3.3. Let the functionf given by(1.1), be inSs(a) (0 < o < 1,6 > 0) and f~(w)
be given by(3.2)). For fixedawandd (0 < o < 1, 0 > 0) let By, (v, §) = maxseg;(a) |bn|- Then

1 279(2 — )"
n [25(2 —a)—(1—a)]"

(3.23) Bo(a,8) < —

Proof. Sincef € Ss(a), by Definition we havg > » (- Dla,| < 1.

(1—a)

Therefore— >, lan| < 1 or equivalently
(1-a)
>l < g
s 292 — «)
This gives

(3.24) [F(2)l =

o0
z+ Z an2"”
n=2
x
> [2| — |27 (Zlan|>
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Now using the above estimafg.24)) we have

1 1
QWWT/CFT(f(ZD”dZ
1
< 3o J o T

= r2(1—a) )
AT = 25(2—a)

We observe that the functiafi(r) where

1 n
F(r)= (ﬂ)
= 3532 a)

is an increasing function of (0 < o < 1, 6 > 0) in the intervald < r < 1. Therefore

1 1 "
|bn‘ S E ( (1_a) ) .
L- 25(2—a)

Consequently,
1 2M9(2 — )"
< - :
Bl = 5 )~ ()
The proof of Theorer 3|3 is complete. O
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