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ABSTRACT. The aim of this note is to establish new Ostrowski like inequalities by using a fairly
elementary analysis.
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1. INTRODUCTION

In an elegant note [5], A.M. Ostrowski proved the following interesting and useful inequality
(see also[3, p. 468])):

1 b 1 (ZE a—2|—b) 2 )
el R FEa s (Y T
for all x € [a,b], wheref : [a,b] C R — R is continuous orja, b and differentiable oria, b),
whose derivativg” : (a,b) — R is bounded onia, b), i.e.,|| ||, = sup |f'(z)| < oc.

z€(a,b)

In the last few years, the study of such inequalities has bee;] the focus of great attention
to many researchers and a number of papers have appeared which deal with various general-
izations, extensions and variants, se€ [2,!3, 6] and the references given therein. Inspired and
motivated by the recent work going on related to the inequality (1.1), in the present note , we
establish new inequalities of the tyge (1.1) involving two functions and their derivatives. An
interesting feature of our results is that they are presented in an elementary way and provide
new estimates on these types of inequalities.

(1.1) ’f (z) =
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2. MAIN RESULTS
Our main result is given in the following theorem.

Theorem 2.1.Let f, g : [a,b] — R be continuous functions da, b| and differentiable oria, b),
whose derivativeg’, ¢’ : (a,b) — R are bounded offa,b) , i.e.,|| ||, = sup |f' (z)] < oo,

Il = s [ (2)] < . Ther o
e 1@ - 55t o [r0a i@ [awal
< S Ao @7 +1F @1 |5+ %} (b—a).
forall z € [a, b] .
Proof. For anyz, y € [a, b] we have the following identities:
(2.2) @ -1 = [ roa
and '
(2.3) g(r)—g(y) = /m g (t)dt.
Multiplying both sides of[(212) and (2.3) by(x) aid f() respectively and adding we get
24)  2f(2)g(x)—lg(2) f (4) + f (2) /f Vit ] (2 / () dt

Integrating both sides of (3.4) with respectjtover[a, b] and rewriting we have

2 {g(fﬂ)/ f(y)dy+f(x)/ g(y)dy}
(b—a/{ /f Jdi+f (x / (1) d }dy.

From (2.%) and using the properties of modulus we have

‘f(rc)g(x)—w—l_a) {g(w)/abf(y>dy+f(rv)/:g(y>dy}‘

< 5mar [ @I ke =s1+1 @ 1g'lelo — i dy

(x — a)2 + (b— x)2]
2

@5) f(@)g() - 57

= 2(();_@ {lg @)1 Nl + 17 @) 19Nl } [

= 2o @17 . +1f @1 |5+ (b—a).

The proof is complete. O

Remark 2.2. We note that, by taking(z) = 1 and hencey (z) = 0 in Theoren] 2.1, we
recapture the well known Ostrowski’s inequality in (1.1).
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Integrating both sides df (2.5) with respecttover|a, b], rewriting the resulting identity and
using the properties of modulus, we obtain the following Griss type inequality:

(2.6) ‘—/f ) do— (b_ /f d:c) (b%/b (m)dx>
<T/ [/ {lg @)1/ lloe + 1 @19l }|$—y|dy]dx

For other inequalities of the type (2.6), see the book [3], where many other references are given.
A slight variant of Theorerp 2|1 is embodied in the following theorem.

Theorem 2.3.Let f, g, f', ¢’ be as in Theorem 2.1. Then

en  |rwsw-i L v [

+f(x)/a dy}+—/f ‘

/ / (x_a)g—i_(b_x)g
< m 1/ oo 119l [ 3 ] ;

forall z € [a, b].

Proof. From the hypotheses, the identities {2.2) gnd|(2.3) hold. Multiplying the left and right
sides of [(2.R) and (2 3) we get

(28) f (1) g () — g (2) f ) + £ (@) g )]+ F (v {/f dt}{/ ()t}

Integrating both sides @.8) with respecttover|a, b] and rewriting we have

e [rwa
+f()/a dy%—/f
s [ }{/ 0t} a

From (2.9) and using the properties of modulus we obtain

oo [10

+f (z )/a dy] +—/ [y ‘
< [ - oy
= 1l [(5"’ _“)S;f(b_x)g] -

The proof is complete. O

(2.9) fx)g(x) -

fx) g (x) -
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Remark 2.4. Integrating both sides of (4.9) with respecttover [a, b], rewriting the resulting
identity, using the properties of modulus and by elementary calculations we get

e10) [ [ (71 [ @) (71 [ awa)

1 2 / !
< —(b— .
< 5 0= 17119
Here, it is to be noted that the inequali@.lO) is the well kn@ah)yéev inequality (sek![4, p.
297)).
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