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ABSTRACT. The idea of difference sequence spaces was introduced by Kizmaz [5] and the
concept was generalized by Et and Colak [3]. ket (p;) be a bounded sequence of positive
real numbers and = (v;) be any fixed sequence of non-zero complex numbers &f(xy,) is

any sequence of complex numbers we witgz for the sequence of the -th order differences

of z and AN(X) = {z = (zx) : Aa € X} for any setX of sequences. In this paper we
determine thex -, 5 - and~ - duals of the seta\”(X) which are defined by Et et all|[2] for

X =l (p), c(p) andey(p). This study generalizes results of Malkowsky [9] in special cases.
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1. INTRODUCTION, NOTATIONS AND KNOWN RESULTS

Throughout this paper denotes the space of all scalar sequences and any subspace of
called a sequence space. Kgt, c andc, be the linear space of bounded, convergent and null
sequences with complex terms, respectively, normed by

ol = sup o]

wherek € N = {1,2,3,... }, the set of positive integers. Furthermore jlet (p,) be bounded
sequences of positive real numbers and

loo(p) = {x Ew: sup | < oo},
k
c(p):{xew:klim |xk—l|p’“:0,forsomele<C},
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2 C.A. BEKTAS AND M. ET

co(p) = {ZL‘ Ew: klim |z [PF = 0}
(for details see [6],[7],[11]).
Let z andy be complex sequences, aAcand F' be subsets ab. We write
M(E,F)=(\a"'*F={acw:azecF foralzcE}  [12].
zelR
In particular, the sets
E“=M(E,l,), E°=M(E,cs) and E’ = M(E,bs)

are called thex—, 5— and~y— duals of £, wherel;, cs andbs are the sets of all convergent,
absolutely convergent and bounded series, respectivelyz df F, thenF" C E" for n =
a, 3,v. Itis clear thatt* C (E*)* = E**. If E = E*®, thenE is ana -space. In particular,
ana -space is called a Kéthe space or a perfect sequence space.
Throughout this papeX will be used to denote any one of the sequence spagasandc.
Kizmaz [5] introduced the notion of difference sequence spaces as follows:

X(A) ={z = (xg) : (Azg) € X}.
Later on the notion was generalized by Et and Colaklin [3], namely,
X(A™) ={x = (x) : (A™xy) € X }.

Subsequently difference sequence spaces have been studied by Malkowsky and Parashar [8],
Mursaleen([10], Colak ]1] and many others.
Letv = (v;) be any fixed sequence of non-zero complex numbers. Et and Esi [4] generalized
the above sequence spaces to the following ones
AT(X) ={z = (z) : (AJ'zx) € X,
whereA%z = (viay), A'w = (A7 'y — AT oy, q) suchthat\ Ty, = S (1) (7)) UpiTrers.
Recently Et et al.[[2] generalized the sequence spAEsY) to the sequence spaces

AN X () ={x = () :(Azr)€ X(p)}
and showed that these spaces are complete paranormed spaces paranormed by

x) = x;v;| +sup |Alx pi/M
o(5) = 3 low] +sup 87

whereH = sup, pr andM = max (1, H).

Let us define the operatdy : A" X (p) — A”X(p) by Dz = (0,0, ..., Zmi1, Tmias--- )y
wherez = (1, x9,x3,...). Itis trivial that D is a bounded linear operator @xj" X (p). Fur-
thermore the set

DIATX(p)] = DAY X (p)

={z=(2) 2 € AT X(p),x1 =29 =+ =2, = 0}
is a subspace ak* X (p). DA X (p) and X (p) are equivalent as topological spaces, since
(1.2) AT DAT'X (p) — X(p)

defined byA’z = y = (Al'zy) is a linear homeomorphism. L&X (p)]" and [DA' X (p)]’
denote the continuous duals &f(p) and DA X (p), respectively. It can be shown that

T:[DATX(p) = [X(p),  fa— fac(A]) =/,
is a linear isometry. S@DA X (p)|’ is equivalent td.X (p)]'.
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Lemma 1.1([5]). Let(¢,,) be a sequence of positive numbers increasing monotonically to in-
finity, then

i) If sup, [Y1, tia;| < oo, thensup,, [t, >0, . ax| < oo,
i) If Y°, tray is convergent, thelim, .o t, >, ax = 0.

2. MAIN RESULTS

In this section we determine the-, 3— and~y— duals of A" X (p).

Theorem 2.1. For every strictly positive sequenpe= (py), we have

() [Als(p)]” = DY (p),
(i) [ATlee(p)]* = DY (p)

where
0 o0 k—m .
D p) = () {a = (ar) = ) lax] [oe] ") <k e 1>N1/pj < oo}
' - m—1
N=2 k=1 j=1
and

Dy (p) = U a=(ak): sup |ag| |vgl [Z ( . )Nl/pJ] < oo

N=2 k>m—+1 —

Proof. (i) Leta € D{(p) andz € ATl (p). We chooseV > max(1,sup,, |ATa,["").
Since

k—m

Z(kﬂ;j_l )Nl/PJ>Z( )Nl/pﬂ>1

j=1

for arbitraryN > 1 (k = 2m,2m +1,...) and|A"Jz;| < M (1 < j < m) for some
constantV/, a € D{(p) implies

) - m k’—j—l »
] ol ( . ) AT | < oo,
; ; i) Sl

Then

o

> lawa]

k=1

—Z|ak||vk| ( ("o Dare e Yo (T ar,
7j=1 j=1

k—m . .
k— k—j—1 .
S IITED Y GRS RECES SITITIRD of (i) IRt
k=1 1

Jj= k=1 7=1

)

< 0.

Conversely let: ¢ D{(p). Then we have

o) k—m .
k—j—1 |
Sl 3 (17— o

k=1 j=1
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for some integeV > 1. We define the sequenagby

k—m .
k—j—1
Tp = v E ( J )Nl/l’j (k=m+1,m+2,...).

A m—1
Jj=1

Then it is easy to see thate A"l (p) and)_ |arzy| = co. Hencea ¢ [A'l(p)]*.
k

This completes the proof of ().

(i) Let a € D*(p) andz € [A™(p)]" = D{(p), by part (i). Then for som&/ > 1, we
have

00
> ol
k=m+1

[e'e) k—m . k—m .
k— k—7—1
= D m[ ( )NW] 2 |vk|‘1[ ( ! )N”pﬂ']
m — , m—1
k=m+1 1

Jj= J:]_

k—m .
k—ij—1
< sup | |ax| |vgl ( J )Nl/pj
E>m+1 — m—1

1=

> Z |$k||vk| 12( 4 11)N1/Pj

k=m+1

< 00.

Conversely lett ¢ D9(p). Then for all integersV > 1, we have

= (k—j—1
sup || [ve] [Z( m—1 )Nm] -

k>m+1 =1
We recall that

k—m _ i
1

J:
for arbitraryy;.

Hence there is a strictly increasing sequefigg)) of integersk(s) > m + 1 such
that

-1

(s)—m .
k(s)—j7—1 _
|5y ] [Vg(s)] E ( ( T)I’L ]1 >81/p3 > st (s=m+1,m+2,...).

j=1 B
We define the sequenaeby
@l (k= Ek(s))

0, (k#k(s) (k=m+1m+2,...)
Then for all integersV > m + 1, we have

00 k—m .
St 5 (4 o < £ o

k=1 J=1 s=m+1

|ax
T =
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Hencer € [AT'(p)]* and) ;- |arzi| = Y x_; 1 = co. Hencea ¢ [AMl(p)]™".
The proof is completed.

O

Theorem 2.2. For every strictly positive sequenpe= (py), we have
(i) [Ayco(p)]™ = Mg (p),
(i) [Afco(p)]* = Mg“(p)

where

e}

[e's) k—m .

N _ k—j7—1 e

Mo(p)—U{aEw:E \ak|\vk|1§ <m—1 )N 1/p;<oo}
N=2 k=1 j=1

and

9] k—m . -1
k—j7—1 _

M) = () dacw: sw fallal |3 (77 ] <o

N k>m+1 S\ m-1

Proof.

(i) Leta € M§(p) andx € Al'c¢y(p). Then there is anintegég such that:u,f) |AT gy PR <
>Ko
N~!, whereN is the number inV/'(p). We put

= m Pk _ . _
M 12%??]20‘Ay$k|7 n 1§mk1§r}€0pk, L=(M+1)N

and define the sequengeby y, = x1,- L~/ (k =1,2,...). Thenitis easy to see that
supy, A7y < N7L

Since
E—7—1\ 1 ~=(k—F—1\ . 1/
N=VPi > N~1/Pi
] R L ¥l (P

for arbitraryN > 1 (k =2m,2m+1,...),a € M§(p) implies

ST ol Ay RS

=1

k—m
=1

Then

D lagw] = L™ Jakul
k=1 k=1
00 k—m ]{7 j 1
1/n ~1 —J—- —1/p;
<2S ] Jugl Z(m_l >N "

k=1 j=1
l/nC>O -1 - k_j_l m—j
+ LS " ag| oY o ATyl
k=1 j=1 J
< 0.
So we haver € [A'cy(p)]*. ThereforeM{(p) C [A'co(p)]™.

Conversely, letw ¢ M§(p). Then we can determine a strictly increasing sequence
(k(s)) of integers such thdt(1) = 1 and

k(s+1)—1 k—m

M(s)= > la x| ™) (kn_l]__l 1) (s+1)""7>1 (s=1,2,...).

k=k(s) J=1
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We define the sequenaeby

S S [T o Ly S

=1 j=k(l) j=k(s)

(k(s) <k<k(s+1)—1;s=1,2,...).

Then it is easy to see thah”x; [P» = % (k(s) <k <k(s+1)—1;s=1,2,...)
hencer € Al'cy(p), andd "7, laxzy| > D oo, = 0o, i.e.a ¢ [Al'co(p)]*.
(i) Omitted.

Theorem 2.3. For every strictly positive sequenpe= (py), we have

AT ()] = MO (p) = ME(p {aEw Z\akuvkr Z( ._11><oo}.

Proof. Leta € M“(p) andx € Al'c(p). Then there is a complex numblesuch that A7z, —
[|Pr — 0 (k — c0). We definey = (yx) by

k—m .
k—j—1
yp = ) + vy, (=1)" E ( m]—1 ) (k=1,2,...).

J=1

Theny € A¢(p) and

[e%S) [e's) k—m .
_ E—7—=1\,m
YOI SITIITTRD DY Gy IR

k=1 k=1 j=1

+Z|ak||vk| 12( » )|Am i
_1k:—m k’—]—l
+|Z|Z|ak||vk| S 7)<
k=1 j=1

by Theoren 2]2(i) and sineee M (p).
Now leta € [AT'c(p)]* C [AT'co(p)]”
defined by

M¢(p) by Theorenj 212(i). Since the sequence

isin Ac(p), we have

Theorem 2.4. For every strictly positive sequenpe= (py), we have

(i) [DATso(p))” = ML (p),
(i) [DATso(p)]" = M, (p)
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where
MZ(p) = m {aEw:Zakvk_l A ( 1 )Nl/pf converges and
N>1 k=1 =1
0o k—m+1 .
k—7—=1\ 1y
Z|bk;| Z < 9 )N Pi < 00
k=1 j=1

k—m

Mgo(p)ZQ{aew:suMZakvklZ( )Nl/pJ|<oo
N>1 n k=1 ]:1
00 k—m+1 .
k=7 =1\ \/m,
s () <)

j=1
andb, = > 272, v Ya; (k=1,2,...).
Proof.
(i) If z € DA™ (p) then there exists a unique= (yx) € ¢ (p) such that

T = Uk Z ( _‘7_11>yj

for sufficiently largek, for mstancek > m by (L.1). Then there is an integeN >
max{1,sup, |ATz;[P*}. Leta € M2 (p), and suppose thdt ;) = 1. Then we may

write
n n k—m
k—7—1
S =3 (s S (1))
k=1 k=1 < j=1 m—1
n—m k . n—m
k+m—j5—2 n—j—1
S D ST B (i RS e G 17
k=1 j=1 j=1
Since
0o k
k+m 2
Z|bk+m 1|Z( m—; >N1/‘”J < o0
k=1 j=1
the series
(o) k .
k+m—j5—2
St (N
k=1 j=1

is absolutely convergent. Moreover by Lemimd 1.1(ii), the convergence of
00 k—m .
_ k—7—1 .
Zakvkl ‘ ( o )Nl/pj
1
implies

lim b, Z( >N1/p3—0

Hence) ,” | ayxy is convergent for alk € DA™/((p), S0a € [DA™((p)]°.
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Conversely leta € [DAT/(p)]°. Then " a,zy is convergent for each €
DA (p). If we take the sequence= (x;) defined by

0, k<m
T =
vt S (N YR > m

7=1 m—1
then we have

00 k—m . 00
_ k—7—1 ,
2wt DTy )Nl/pj - Zk_l e

Thus the serie3_ ;| axv;,* Zf;{" ("~ ") NVPi is convergent. This implies that

lim b, (" J > NP _ g
n—00 - m—1

Jj=

by Lemmdg T.[L(ii).
Now leta € [DAT(o(p)]® — ME(p). Then 5%, [be] 527+ (57 NYe s
divergent, that is,

0o k—m+1 k ] 1
- J 1/pj __
Z|bk| Z (m—2 )N Pi = 00

We define the sequenae= () by
07 k<m

T = '
ot S sen b S ()N, k> m

wherea, > 0 for all £ ora, < 0 for all k. Itis trivial thatx = (x;) € DAl (p).
Then we may write fon. > m

n

m n—m
E ATy = — E bk—lAvxk’—l - E bk—&-m—lAvxk—‘rm—l - bnxnv’m

k=1 k=1 k=1

Since(b,x,v,,) € ¢, NOW lettingn — cowe get

Z QT = — Z bitm—100Thgm—1
k=1 k=1
- i‘bkﬁ-m 1|Z <k+m I 2)N1/pj = 00
k=1

This is a contradiction ta € [DA;”EOO(p)]ﬁ. Hencea € M2 (p).
(if) Can be proved by the same way as above, using Lemna 1.1(i).

Lemma 2.5. [DAT (. (p)|" = [DATc(p)]" forn = or~.
The proof is obvious and is thus omitted.

Theorem 2.6. Letc; denote the set of all positive null sequences.
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(a) We put
00 k—m .
M3 (p) {CLGW Zakvklz< )Nl/pj u; converges and
k= 7j=1
o) k—m+1 k j 1
B 1D 4, +
;|bk| ]Zl < 2 )N P uj<oo,Vu€co}.
Then[DA™cy(p)]? =M (p).
(b) We put
n k—m E_i_1
M (p) = {aew:sup|2akvk_12( J 1 )Nl/pf u;| < oo,
T k=1 j=1 m =
oo k—m+1 k j 1
I 1/pj 4. +
’;w g_; ( - )N : uj<oo,vueco}.

Then[DAT'co(p)]” =M/ (p).
Proof. (a) and (b) can be proved in the same manner as Thegorem 2.4, using [Lemma 1.1(i) and

(ii). -
Lemma 2.7.

) [AT ()] = [DAT L (p)]",

i) [A7e(p)]? = [DAT(p))",

iii) [AT'co(p)]” = [DATco(p )]
forn =g or~.

The proof is omitted.
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