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Abstract

The idea of difference sequence spaces was introduced by Kizmaz [5] and
the concept was generalized by Et and Colak [3]. Let p = (px) be a bounded
sequence of positive real numbers and v = (vy) be any fixed sequence of non-
zero complex numbers. If z = (xy) is any sequence of complex numbers we
write A7tz for the sequence of the m -th order differences of z and A7'(X) =
{z = (1) : Al'z € X} for any set X of sequences. In this paper we determine

The Dual Spaces of the Sets of

the « -, 3 - and v - duals of the sets A7"(X) which are defined by Et et al. [2] Difference Sequences of Order
for X =l (p), ¢(p) and ¢y(p). This study generalizes results of Malkowsky [9] m
in special cases. C.A. Bektas and M. Et
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Throughout this paper denotes the space of all scalar sequences and any sub-
space ofw is called a sequence space. gt ¢ andc, be the linear space

of bounded, convergent and null sequences with complex terms, respectively,
normed by

2|l = sSup |z |,

wherek € N = {1,2,3,...}, the set of positive integers. Furthermore, let

_ iti The Dual Spaces of the Sets of
p = (px) be bounded sequences of positive real numbers and Difference Sequences of Order

m

foo(p) = {m cw: Sl;p ’xk’pk < OO} ) C.A. Bektas and M. Et
c(p) = {x Ew: lim |z —I"* =0, forsomel € (C},
k—00 Title Page
co(p) = {f cw: khj(r)lo |2k | = 0} Contents
(for details seed], [ 7], [11]). <44 44
Let z andy be complex sequences, aicand F' be subsets ab. We write < >
M(E,F)=(a"'*F={acw:areF forallze E} [17]. Go Back
_ er Close
In particular, the sets
Quit
a _ B — v —
E“=M(E,l,), FE°=M(E,cs) and EY= M(E,bs) E————

are called thev—, — and~y— duals of E/, wherel;, cs andbs are the sets of all
convergent, absolutely convergent and bounded series, respectively: IF’, 3. Ineq. Pure and Appl. Math. 7(3) Art. 101, 2006
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thenF" C E"forn = «, 3,7. Itis clear thatt* C (E*)* = E*°. If E = E*°,
thenE is ana -space. In particular, an -space is called a Kéthe space or a
perfect sequence space.

Throughout this papeX will be used to denote any one of the sequence
space¥.., ¢ andcy.

Kizmaz [5] introduced the notion of difference sequence spaces as follows:

X(A) ={z = (x}) : (Azy) € X},

Later on the notion was generalized by Et and Colaki]nrjamely, The Dual Spaces of the Sets of
Difference Sequences of Order
X(A™) ={x = (z1) : (A™xy) € X }. m

Subsequently difference sequence spaces have been studied by Malkowsky and &% 5@ M &

Parashard], Mursaleen (], Colak [1] and many others.
Letv = (v;) be any fixed sequence of non-zero complex numbers. Et and Title Page
Esi [4] generalized the above sequence spaces to the following ones

Contents
AV(X) ={x = (z) : (A7) € X}, <« >
where A’z = (vap), A"z = (A" 1tz — A™ lz,) such thatA™z, = < >
ZZO(—l)i(’?) vpriTres. Recently Et et al.”f] generalized the sequence spaces
A™(X) to the sequence spaces SOl
m m Close
AT(X(p) = {z = () :(Al'zr)e X(p)}
uit
and showed that these spaces are complete paranormed spaces paranormed by °
Page 4 of 21

m

g(@) =D |wsvi] +sup |ATz M,
i=1 k
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whereH = sup,, pr andM = max (1, H).
Let us define the operatd? : A" X (p) — A'X (p) by

Dz = (0,0,...,Zm1, Tma2, - - - ),

wherex = (x1, 2, x3,...). Itis trivial that D is a bounded linear operator on
A" X (p). Furthermore the set

D[AT X (p)] = DAT X (p)
={z=(z) 2 € A'X(p),r1 =29 =+-- = 2, = 0}

is a subspace ah* X (p). DA X (p) and X (p) are equivalent as topological
spaces, since

(1.2) AT : DAT'X (p) — X(p)

defined byAz = y = (A"z;) is a linear homeomorphism. L&K (p)]’ and
[DA X (p)]’ denote the continuous duals®fp) andDAI" X (p), respectively.
It can be shown that

T:[DATX () — [X(®)',  fa— fao(A]) =/,
is a linear isometry. SEDA™ X (p)]’ is equivalent td X (p)]'.

Lemma 1.1 ([]). Let(t,) be a sequence of positive numbers increasing mono-

tonically to infinity, then
i) If sup, [>°, tia;| < oo, thensup,, [t, 00, . ax| < oo,

i) If >, tray is convergent, thetim,, .o, >, ., ar = 0.
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In this section we determine the-, 5— and~— duals of A7 X (p).

Theorem 2.1. For every strictly positive sequenpe= (py), we have

() [Als(p)]™ =

(i) [A oo ()™

where

N=
and
D% (p) =
N=2
Proof.

Since

k—

a=(a):

m

J=1

D (p),

i

= Dy*(p)

) o> ] oY

k=1 j=1

k> 1
>m+ =

S e

k—m
sup |ag| |vg [
i—1

k—j
m

(i) Leta € D{(p) andz € Al (p). We chooseV > max(1, sup,, |Aa,|P").

)Nl/% >1
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for arbitraryN > 1 (k =2m,2m +1,...) and|A7 Jz;| < M (1 < j <

m) for some constant/, a € D{(p) implies

00 - m k?-j _1 »
aa ou] ™ ( . ) AT | < oo,
; ; i) Jl

Then

j=1 meJ
0 k—m
k — 1
St 5 (4 )
m—1
k=1 j=1
1xm (k- 1 m—j
+Z|akr|vkr > | A a5
Jj=1 —J
< 0.

Conversely lett ¢ D¢ (p). Then we have

00 k—m k j 1

—1 - - 1/ _
Z|ak||vk| Z( 1 )N Pi =00
k=1 7=1
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for some integeV > 1. We define the sequenceby

k—m .
_ 1 k—j—1 1/p;
T = Vg Z m—1 N

=1

(k=m+1m+2...).

Then it is easy to see that € A"l (p) and_ |axzix| = oco. Hence
k
a ¢ [AMl(p)]*. This completes the proof of (i).

(i) Leta € D (p) andz € [AT(p)]" = D$(p), by part (i). Then for
someN > 1, we have
—1
>N1/P]]

00 0o k—m k—
> o= 3 ol |35 (5
k—m .
x |xk| |Uk|_1 [ )Nl/pj]
1

k=m+1 k=m+1 j=1
‘7:
k—m E—
< sup | fax| |vgl [ < >N1/pJ]
—J-1 N1/pi
—1

k>m+1 =

S ol il IZ(

k=m-+1
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Conversely lett ¢ D¢(p). Then for all integersV > 1, we have

k—m . -1
sup |ag| vyl [ < )Nl/’“] = o0.
k>m—+1

7j=1
We recall that

& (k-1
=0 k<m-+1
— ( m—1 )yj ( )
7= The Dual Spaces of the Sets of
for al’bitraryyj_ Difference Sequences of Order

m

Hence there is a strictly increasing sequefiegs)) of integersk(s) >

m -+ 1 such that C.A. Bektas and M. Et

-1

& k(s)—j—1 Title Page
(| [0 Z < L )Sl/p]- > gmtl
j=1 Contents
(s=m+1,m+2,...). <« >
We define the sequenaeby < >
lar| ™t (k= k(s)) Go Back
= cl
0, (k#k(s) (k=m+1,m+2,...) ose
Quit

Then for all integersV > m + 1, we have
Page 9 of 21

s=m+1

o) k—m .
k —
E BRI g < a )Nl/pﬂ < g —mH) < 0,
m_
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Hencexr € [AT(p)]" andd ;" | |agxs| = > v, 1 = co. Hencea ¢
[A™] . (p)]**. The proof is completed.

O
Theorem 2.2. For every strictly positive sequenpe= (py), we have
(i) [Aco(p)]™ = Mg (p),
(i) [Aco(p)]* = Mg (p)

where
[e%s) [e'e) k—m .
e | N (R0 = e
O(p)—U aEw.ZMkHvkl Z 1 < 00
N=2 k=1 j=1
and

0 k—m . -1
k—j—1
Mg (p) = a€w: sup |ag| |vg ( J )N—l/pj < o0

N—2 k>m+1 — m — 1

J
Proof.

() Leta € M§(p) andx € Alc¢y(p). Then there is an integéy such that

sup |AMz|Pe < N=!, whereN is the number inV/§(p). We put
k>ko

M = max |A]x|P*, n = min py,
1<k<ko 1<k<ko

L=(M+1)N
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and define the sequengeby i, = x1, - L~Y/" (k. =1,2,...). Thenitis
easy to see thatip, |A™y,[Pr < N1

Since

k—m . m .
k—7—=1\ 4., E—j—1\ .1/
E N /pg>§ N—1/pj

J=1

for arbitraryN > 1 (k =2m,2m+1,...),a € M§(p) implies
The Dual Spaces of the Sets of
Difference Sequences of Order

Z\au o Z( )Am iyl < oo, =

C.A. Bektas and M. Et

Thenoo . Title Page
> lagzi] = L™ Jagysl Contents
- . e “ >
S LYY | oY (k;i_l 1)N—1/pj p >
= 0o g m ) Go Back
2O MIITIRD oY (it [V Close
= = Quit

< Q.
Page 11 of 21

So we haver € [A”¢y(p)]*. ThereforeM§(p) C [Alco(p)]*.
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Conversely, letw ¢ Mg (p). Then we can determine a strictly increasing
sequencék(s)) of integers such that(1) = 1 and

k(s+1)-1 k—m k _] _1
Mo = 3 lallal 3 (5T e -1,
k=k(s) j=1

We define the sequenaeby

The Dual Spaces of the Sets of
Difference Sequences of Order

T = Uy Z Z ( _]_1)(l+1)‘1/pf .

=1 j=k( C.A. Bektas and M. Et
k—m .
k—j7—1 _
1 —1/p;
+'Z ( m— 1 >(8+ ) Title Page
J=k(s)
(k(s) <k <k(s+1)—1;5=1,2,...). GRS
- 44 44
Then it is easy to see that
< | 2
1
| A, [P =371 (k(s) <k<k(s+1)—1;s=1,2,...) Go Back
S
- o . Close
hencer € Al'co(p), andd ", |agxy| > D ooy = 00, i.e.a & [AT'co(p)]°.
Quit

(i) Omitted.
Page 12 of 21
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Theorem 2.3. For every strictly positive sequenpe= (py), we have

[ATe(p)]* = M (p)
= Mg (p) {aew Z|ak|\vk|lz< _._11><oo}.

Proof. Leta € M*(p) andz € Alc¢(p). Then there is a complex numbér
such thatA"zy, — I|Pr — 0 (k — o0). We definey = (yx) by

M

k—m
—7—-1
Y = zp, + v 1(=1)"F ( J ) (k=1,2,...).

Jj=1

Theny € A¢y(p) and

S Jagrl < 3 Jaud furl ( )m y
k=1 k=1 1 m =

J:
m

> B k—j—1 _
£ o o IZ( | )mv iy
k=1 j=1 m=j
[e%s) k—m k’ j 1
—1 - -
F3 bl Z( ) <

by Theoren?.2(i) and sincen € M°(p).
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Now leta € [ATc(p)]* C [ATco(p)]* = Mg (p) by Theoren?.2(i). Since
the sequence defined by

k—m .
—j—1
= (1)) (k J ) (k=1,2,...)
1

isin A'c(p), we have

The Dual Spaces of the Sets of

00 k—m k . 1

§ |ak:| E J < 00. Difference Sequences of Order
, m—1 m

k=1 j=1

C.A. Bektas and M. Et

0
Theorem 2.4. For every strictly positive sequenge= (py), we have Title Page
(i) [DA™(p)]? = ME (p), Contents
(i) (DA (p)]" = M2(p) Wb
< >
where
Go Back
M (p) = n aEw:Zakvgl . ( m— 1 )Nl/pj converges and Cos.e
N>1 k=1 j=1 Quit
N e | Page 14 of 21
b Nl/pj <
> > (")) <}
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n k—m .
k—j—1
M (p) = ﬂ {aEw:sup] g axvy, ' g ( mj—l )Nl/pj\ < 00,

N>1 k=1 j=1
9] k—m+1 .
Sl 3 (M ) <o
k=1 j=1

andb, =20, vita; (K=1,2,...).

J=k+1 7]
Proof.

(i) If z € DA (p) then there exists a unique= (yx) € ¢ (p) such that

b k—j—1
=t Lo (F T
7j=1
for sufficiently largek, for instancek > m by (1.1). Then there is an
integer N > max{1,sup,, |A™z,|P*}. Leta € MP? (p), and suppose that
(Z}) = 1. Then we may write

k=1 k=1 j=1
n—m k
k+m—j5—2
S D ST o LN
k=1 j=1
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Since

00 k .
k+m—17—2 v
Z’bk+m—1|z< m—; )Nl/p] < o0,

k=1 j=1

the series
Zbk+m 12 (k+m:‘;_2>yj
is absolutely convergent. Moreover by Lemfna(ii), the convergence of
ia Ullin <k_j_ 1)]\71/1'1
k=1 o =\ T 1
implies

. n—m n—j—l "
lim b, E ( )N /i = .
n— oo s m—1

Henced "~ | axzy. is convergent foralt € DA™((p), Soa € [DA™((p)]°.

Conversely leta € [DA™((p)]°. Then} ;”, ayxy is convergent for
eachr € DA (p). If we take the sequence= (x;) defined by

0, kE<m
Ty =
T (BN k> m

m—
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then we have
0o k—m . 0o
akUEIZ < )Nl/pJ:Zakxk<oo.
k=1

Thus the seried ;° | avy ' Y51 (%77 ) NV/#s is convergent. This im-
plies that

lim b, Z (n J )Nl/pj =0
n—oo =1 m —1 The Dual Spaces of the Sets of
B Difference Sequences of Order
by Lemmal.1(ii). m
Now leta € [DAT (o (p)]°—MZ (p). Theny i, b S5 (5 7, ) NV C.A. Bektas and M. Et
is divergent, that is,
00 k—m+1 . .
L—ij—1 _ Title Page
ST S NI AR
k=1 j=1 m = Contents
We define the sequenae= () by A 44
Ty = B My Go Back
v sgnb; S (IO NP B> om
k Zz 1 58 Z (m—2) Close
wherea, > 0 for all & ora, < 0 for all . It is trivial thatz = (z) € Quit

DA™ (p). Then we may write fon > m

n m n—m
E ARl = — E bk—lAvxk—l - E bk-i—m—lAvxk—i-m—l — by Uy
k=1 k=1

k=1

Page 17 of 21
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Since(b,x,v,) € ¢y, NOW lettingn — ocowe get

[e.9]

o0
E arTy = — E brtm—1DThtm—1
=1

k=1

This is a contradiction ta € [DA™/(p)]°. Hencea € MZ (p). The Dual Spases of the Sets of

. . . iff f Ord
(i) Can be proved by the same way as above, using Lefnfgi. pifierence Seql:znceso order

] C.A. Bektas and M. Et

Lemma 2.5. [DAT (. (p)|" = [DA™c(p)]" forn = or~.

. . . . Title Page
The proof is obvious and is thus omitted.
Contents
Theorem 2.6.Letcs denote the set of all positive null sequences.
44 44
(a) We put p R
00 k—m .
k—j5—1 Go Back
Mf(p) =qacw: arvy ' ( J )Nl/pf u; converges and
—1 = m—1 Close
e ) k—m+1 . .
k—j—1 Quit
b NYPi g < 0o, Vu € ¢t .
;M ; ( m — 2 ) s e = Page 18 of 21
Then[DATCO (p)]fg :MBB (p) J. Ineq. Pure and Appl. Math. 7(3) Art. 101, 2006
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(b) We put

Then[DATco(p)]” =M] (p). L S i
Proof. (a) and (b) can be proved in the same manner as The@rénusing "
Lemmayl.1(j) and (ii). O ol
Lemma 2.7. _

Title Page
) [AY oo (p)]" = [DAT s (p)]", Contents
i) [AYc(p)]" = [DATc(p)]", « >
iil) [Alco(p)]" = [DATco(p)]" < >
forn = g or~. Go Back
The proof is omitted. Close
Quit
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