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Abstract

The idea of difference sequence spaces was introduced by Kızmaz [5] and
the concept was generalized by Et and Çolak [3]. Let p = (pk) be a bounded
sequence of positive real numbers and v = (vk) be any fixed sequence of non-
zero complex numbers. If x = (xk) is any sequence of complex numbers we
write ∆m

v x for the sequence of the m -th order differences of x and ∆m
v (X) =

{x = (xk) : ∆m
v x ∈ X} for any set X of sequences. In this paper we determine

the α -, β - and γ - duals of the sets ∆m
v (X) which are defined by Et et al. [2]

for X = `∞(p), c(p) and c0(p). This study generalizes results of Malkowsky [9]
in special cases.

2000 Mathematics Subject Classification: 40C05, 46A45.
Key words: Difference sequences, α−, β− and γ−duals.
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1. Introduction, Notations and Known Results
Throughout this paperω denotes the space of all scalar sequences and any sub-
space ofω is called a sequence space. Let`∞, c and c0 be the linear space
of bounded, convergent and null sequences with complex terms, respectively,
normed by

‖x‖∞ = sup
k

|xk| ,

wherek ∈ N = {1, 2, 3, . . . }, the set of positive integers. Furthermore, let
p = (pk) be bounded sequences of positive real numbers and

`∞(p) =

{
x ∈ ω : sup

k
|xk|pk < ∞

}
,

c(p) =
{

x ∈ ω : lim
k→∞

|xk − l|pk = 0 , for some l ∈ C
}

,

c0(p) =
{

x ∈ ω : lim
k→∞

|xk|pk = 0
}

(for details see [6], [7], [11]).
Let x andy be complex sequences, andE andF be subsets ofω. We write

M(E, F ) =
⋂
x∈E

x−1 ∗ F = {a ∈ ω : ax ∈ F for all x ∈ E } [12].

In particular, the sets

Eα = M(E, l1), Eβ = M(E, cs) and Eγ = M(E, bs)

are called theα−, β− andγ− duals ofE, wherel1, cs andbs are the sets of all
convergent, absolutely convergent and bounded series, respectively. IfE ⊂ F ,
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thenF η ⊂ Eη for η = α, β, γ. It is clear thatEα ⊂ (Eα)α = Eαα. If E = Eαα,
thenE is anα -space. In particular, anα -space is called a Köthe space or a
perfect sequence space.

Throughout this paperX will be used to denote any one of the sequence
spaces̀∞, c andc0.

Kızmaz [5] introduced the notion of difference sequence spaces as follows:

X(∆) = {x = (xk) : (∆xk) ∈ X}.

Later on the notion was generalized by Et and Çolak in [3], namely,

X(∆m) = {x = (xk) : (∆mxk) ∈ X}.

Subsequently difference sequence spaces have been studied by Malkowsky and
Parashar [8], Mursaleen [10], Çolak [1] and many others.

Let v = (vk) be any fixed sequence of non-zero complex numbers. Et and
Esi [4] generalized the above sequence spaces to the following ones

∆m
v (X) = {x = (xk) : (∆m

v xk) ∈ X},

where∆0
vx = (vkxk), ∆m

v x = (∆m−1
v xk − ∆m−1

v xk+1) such that∆m
v xk =∑m

i=0(−1)i
(

m
i

)
vk+ixk+i. Recently Et et al. [2] generalized the sequence spaces

∆m
v (X) to the sequence spaces

∆m
v (X(p)) = {x = (xk) :(∆m

v xk)∈ X(p)}

and showed that these spaces are complete paranormed spaces paranormed by

g(x) =
m∑

i=1

|xivi|+ sup
k

|∆m
v xk|pk/M ,
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whereH = supk pk andM = max (1, H).
Let us define the operatorD : ∆m

v X(p) → ∆m
v X(p) by

Dx = (0, 0, . . . , xm+1, xm+2, . . . ),

wherex = (x1, x2, x3, . . . ). It is trivial thatD is a bounded linear operator on
∆m

v X(p). Furthermore the set

D[∆m
v X(p)] = D∆m

v X(p)

= {x = (xk) : x ∈ ∆m
v X(p), x1 = x2 = · · · = xm = 0}

is a subspace of∆m
v X(p). D∆m

v X(p) andX(p) are equivalent as topological
spaces, since

(1.1) ∆m
v : D∆m

v X(p) → X(p)

defined by∆m
v x = y = (∆m

v xk) is a linear homeomorphism. Let[X(p)]′ and
[D∆m

v X(p)]′ denote the continuous duals ofX(p) andD∆m
v X(p), respectively.

It can be shown that

T : [D∆m
v X(p)]′ → [X(p)]′, f∆ → f∆ ◦ (∆m

v )−1 = f,

is a linear isometry. So[D∆m
v X(p)]′ is equivalent to[X(p)]′.

Lemma 1.1 ([5]). Let (tn) be a sequence of positive numbers increasing mono-
tonically to infinity, then

i) If supn |
∑n

i=1 tiai| < ∞, thensupn

∣∣tn∑∞
k=n+1 ak

∣∣ < ∞,

ii) If
∑

k tkak is convergent, thenlimn→∞ tn
∑∞

k=n+1 ak = 0.
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2. Main Results
In this section we determine theα−, β− andγ− duals of∆m

v X(p).

Theorem 2.1.For every strictly positive sequencep = (pk), we have

(i) [∆m
v l∞(p)]α = Dα

1 (p),

(ii) [∆m
v l∞(p)]αα = Dαα

1 (p)

where

Dα
1 (p) =

∞⋂
N=2

{
a = (ak) :

∞∑
k=1

|ak| |vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj < ∞

}

and

Dαα
1 (p) =

∞⋃
N=2

a = (ak) : sup
k≥m+1

|ak| |vk|

[
k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj

]−1

< ∞

 .

Proof.

(i) Leta ∈ Dα
1 (p) andx ∈ ∆m

v l∞(p). We chooseN > max(1, supn |∆m
v an|pn).

Since

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj >

m∑
j=1

(
k − j − 1

m− j

)
N1/pj ≥ 1
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for arbitraryN > 1 (k = 2m, 2m + 1, . . . ) and|∆m−j
v xj| ≤ M (1 ≤ j ≤

m) for some constantM , a ∈ Dα
1 (p) implies

∞∑
k=1

|ak| |vk|−1

m∑
j=1

(
k − j − 1

m− j

) ∣∣∆m−j
v xj

∣∣ < ∞.

Then

∞∑
k=1

|akxk| =
∞∑

k=1

|ak| |vk|−1

(∣∣∣∣∣
k−m∑
j=1

(−1)m

(
k − j − 1

m− 1

)
∆m

v xj

+
m∑

j=1

(−1)m−j

(
k − j − 1

m− j

)
∆m−j

v xj

∣∣∣∣∣
)

≤
∞∑

k=1

|ak| |vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj

+
∞∑

k=1

|ak| |vk|−1

m∑
j=1

(
k − j − 1

m− j

) ∣∣∆m−j
v xj

∣∣
< ∞.

Conversely leta /∈ Dα
1 (p). Then we have

∞∑
k=1

|ak||vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj = ∞
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for some integerN > 1. We define the sequencex by

xk = vk
−1

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj (k = m + 1, m + 2, . . . ).

Then it is easy to see thatx ∈ ∆m
v l∞(p) and

∑
k

|akxk| = ∞. Hence

a /∈ [∆m
v l∞(p)]α. This completes the proof of (i).

(ii) Let a ∈ Dαα
1 (p) andx ∈ [∆m

v l∞(p)]α = Dα
1 (p), by part (i). Then for

someN > 1, we have

∞∑
k=m+1

|akxk| =
∞∑

k=m+1

|ak| |vk|

[
k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj

]−1

× |xk| |vk|−1

[
k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj

]

≤ sup
k≥m+1

|ak| |vk|

[
k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj

]−1


×
∞∑

k=m+1

|xk| |vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj

< ∞.
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Conversely leta /∈ Dαα
1 (p). Then for all integersN > 1, we have

sup
k≥m+1

|ak| |vk|

[
k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj

]−1

= ∞.

We recall that
k−m∑
j=1

(
k − j − 1

m− 1

)
yj = 0 (k < m + 1)

for arbitraryyj.

Hence there is a strictly increasing sequence(k(s)) of integersk(s) ≥
m + 1 such that

|ak(s)| |vk(s)|

k(s)−m∑
j=1

(
k(s)− j − 1

m− 1

)
s1/pj

−1

> sm+1

(s = m + 1, m + 2, . . . ).

We define the sequencex by

xk =


|ak(s)|−1, (k = k(s))

0, (k 6= k(s)) (k = m + 1, m + 2, . . . )

Then for all integersN > m + 1, we have

∞∑
k=1

|xk| |vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj <

∞∑
s=m+1

s−(m+1) < ∞.
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Hencex ∈ [∆m
v l∞(p)]α and

∑∞
k=1 |akxk| =

∑∞
N=1 1 = ∞. Hencea /∈

[∆m
v l∞(p)]αα. The proof is completed.

Theorem 2.2.For every strictly positive sequencep = (pk), we have

(i) [∆m
v c0(p)]α = Mα

0 (p),

(ii) [∆m
v c0(p)]αα = Mαα

0 (p)

where

Mα
0 (p) =

∞⋃
N=2

{
a ∈ ω :

∞∑
k=1

|ak| |vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
N−1/pj < ∞

}

and

Mαα
0 (p) =

∞⋂
N=2

a ∈ ω : sup
k≥m+1

|ak| |vk|

[
k−m∑
j=1

(
k − j − 1

m− 1

)
N−1/pj

]−1

< ∞

 .

Proof.

(i) Let a ∈ Mα
0 (p) andx ∈ ∆m

v c0(p). Then there is an integerk0 such that
sup
k>k0

|∆m
v xk|pk ≤ N−1, whereN is the number inMα

0 (p). We put

M = max
1≤k≤k0

|∆m
v xk|pk , n = min

1≤k≤k0

pk, L = (M + 1)N
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and define the sequencey by yk = xk · L−1/n (k = 1, 2, . . . ). Then it is
easy to see thatsupk |∆m

v yk|pk ≤ N−1.

Since

k−m∑
j=1

(
k − j − 1

m− 1

)
N−1/pj >

m∑
j=1

(
k − j − 1

m− j

)
N−1/pj

for arbitraryN > 1 (k = 2m, 2m + 1, . . . ), a ∈ Mα
0 (p) implies

∞∑
k=1

|ak| |vk|
m∑

j=1

(
k − j − 1

m− j

)
|∆m−j

v yj| < ∞.

Then

∞∑
k=1

|akxk| = L1/n

∞∑
k=1

|akyk|

≤ L1/n

∞∑
k=1

|ak| |vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
N−1/pj

+ L1/n

∞∑
k=1

|ak| |vk|−1

m∑
j=1

(
k − j − 1

m− j

)
|∆m−j

v yj|

< ∞.

So we havea ∈ [∆m
v c0(p)]α. ThereforeMα

0 (p) ⊂ [∆m
v c0(p)]α.
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Conversely, leta /∈ Mα
0 (p). Then we can determine a strictly increasing

sequence(k(s)) of integers such thatk(1) = 1 and

M(s) =

k(s+1)−1∑
k=k(s)

|ak| |vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
(s+1)−1/pj > 1 (s = 1, 2, . . . ).

We define the sequencex by

xk = vk
−1

 s−1∑
l=1

k(l+1)−1∑
j=k(l)

(
k − j − 1

m− 1

)
(l + 1)−1/pj

+
k−m∑

j=k(s)

(
k − j − 1

m− 1

)
(s + 1)−1/pj


(k(s) ≤ k ≤ k(s + 1)− 1; s = 1, 2, . . . ).

Then it is easy to see that

|∆m
v xk|pk =

1

s + 1
(k(s) ≤ k ≤ k(s + 1)− 1; s = 1, 2, . . . )

hencex ∈ ∆m
v c0(p), and

∑∞
k=1 |akxk| ≥

∑∞
s=1 = ∞, i.e. a /∈ [∆m

v c0(p)]α.

(ii) Omitted.
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Theorem 2.3.For every strictly positive sequencep = (pk), we have

[∆m
v c(p)]α = Mα(p)

= Mα
0 (p) ∩

{
a ∈ ω :

∞∑
k=1

|ak| |vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
< ∞

}
.

Proof. Let a ∈ Mα(p) andx ∈ ∆m
v c(p). Then there is a complex numberl

such that|∆m
v xk − l|pk → 0 (k →∞). We definey = (yk) by

yk = xk + v−1
k l(−1)m+1

k−m∑
j=1

(
k − j − 1

m− 1

)
(k = 1, 2, . . . ).

Theny ∈ ∆m
v c0(p) and

∞∑
k=1

|akxk| ≤
∞∑

k=1

|ak| |vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
|∆m

v yj|

+
∞∑

k=1

|ak| |vk|−1

m∑
j=1

(
k − j − 1

m− j

)
|∆m−j

v yj|

+ |l|
∞∑

k=1

|ak| |vk|−1

k−m∑
j=1

(
k − j − 1

m− 1

)
< ∞

by Theorem2.2(i) and sincea ∈ Mα(p).
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Now let a ∈ [∆m
v c(p)]α ⊂ [∆m

v c0(p)]α = Mα
0 (p) by Theorem2.2(i). Since

the sequencex defined by

xk = (−1)mv−1
k

k−m∑
j=1

(
k − j − 1

m− 1

)
(k = 1, 2, . . . )

is in ∆m
v c(p), we have

∞∑
k=1

|ak|
k−m∑
j=1

(
k − j − 1

m− 1

)
< ∞.

Theorem 2.4.For every strictly positive sequencep = (pk), we have

(i) [D∆m
v `∞(p)]β = Mβ

∞(p),

(ii) [D∆m
v `∞(p)]γ = Mγ

∞(p)

where

Mβ
∞(p) =

⋂
N>1

{
a ∈ ω :

∞∑
k=1

akv
−1
k

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj converges and

∞∑
k=1

|bk|
k−m+1∑

j=1

(
k − j − 1

m− 2

)
N1/pj < ∞

}
,
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Mγ
∞(p) =

⋂
N>1

{
a ∈ ω : sup

n
|

n∑
k=1

akv
−1
k

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj | < ∞,

∞∑
k=1

|bk|
k−m+1∑

j=1

(
k − j − 1

m− 2

)
N1/pj < ∞

}

andbk =
∑∞

j=k+1 v−1
j aj (k = 1, 2, . . . ).

Proof.

(i) If x ∈ D∆m
v `∞(p) then there exists a uniquey = (yk) ∈ `∞(p) such that

xk = v−1
k

k−m∑
j=1

(−1)m

(
k − j − 1

m− 1

)
yj

for sufficiently largek, for instancek > m by (1.1). Then there is an
integer N > max{1, supk |∆m

v xk|pk}. Let a ∈ Mβ
∞(p), and suppose that(−1

−1

)
= 1. Then we may write

n∑
k=1

akxk =
n∑

k=1

ak

(
v−1

k

k−m∑
j=1

(−1)m

(
k − j − 1

m− 1

)
yj

)

= (−1)m

n−m∑
k=1

bk+m−1

k∑
j=1

(
k + m− j − 2

m− 2

)
yj

− bn

n−m∑
j=1

(−1)m

(
n− j − 1

m− 1

)
yj.
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Since
∞∑

k=1

|bk+m−1|
k∑

j=1

(
k + m− j − 2

m− 2

)
N1/pj < ∞,

the series
∞∑

k=1

bk+m−1

k∑
j=1

(
k + m− j − 2

m− 2

)
yj

is absolutely convergent. Moreover by Lemma1.1(ii), the convergence of

∞∑
k=1

akv
−1
k

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj

implies

lim
n→∞

bn

n−m∑
j=1

(
n− j − 1

m− 1

)
N1/pj = 0.

Hence
∑∞

k=1 akxk is convergent for allx ∈ D∆m
v `∞(p), soa ∈ [D∆m

v `∞(p)]β.

Conversely leta ∈ [D∆m
v `∞(p)]β. Then

∑∞
k=1 akxk is convergent for

eachx ∈ D∆m
v `∞(p). If we take the sequencex = (xk) defined by

xk =


0, k ≤ m

v−1
k

∑k−m
j=1

(
k−j−1
m−1

)
N1/pj , k > m
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then we have
∞∑

k=1

akv
−1
k

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj =

∞∑
k=1

akxk < ∞.

Thus the series
∑∞

k=1 akv
−1
k

∑k−m
j=1

(
k−j−1
m−1

)
N1/pj is convergent. This im-

plies that

lim
n→∞

bn

n−m∑
j=1

(
n− j − 1

m− 1

)
N1/pj = 0

by Lemma1.1(ii).

Now leta ∈ [D∆m
v `∞(p)]β−Mβ

∞(p). Then
∑∞

k=1 |bk|
∑k−m+1

j=1

(
k−j−1
m−2

)
N1/pj

is divergent, that is,

∞∑
k=1

|bk|
k−m+1∑

j=1

(
k − j − 1

m− 2

)
N1/pj = ∞.

We define the sequencex = (xk) by

xk =


0, k ≤ m

v−1
k

∑k−1
i=1 sgn bi

∑i−m+1
j=1

(
i−j−1
m−2

)
N1/pj , k > m

whereak > 0 for all k or ak < 0 for all k. It is trivial that x = (xk) ∈
D∆m

v `∞(p). Then we may write forn > m

n∑
k=1

akxk = −
m∑

k=1

bk−1∆vxk−1 −
n−m∑
k=1

bk+m−1∆vxk+m−1 − bnxnvn.
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Since(bnxnvn) ∈ c0, now lettingn →∞we get

∞∑
k=1

akxk = −
∞∑

k=1

bk+m−1∆vxk+m−1

=
∞∑

k=1

|bk+m−1|
k∑

j=1

(
k + m− j − 2

m− 2

)
N1/pj = ∞.

This is a contradiction toa ∈ [D∆m
v `∞(p)]β. Hencea ∈ Mβ

∞(p).

(ii) Can be proved by the same way as above, using Lemma1.1(i).

Lemma 2.5. [D∆m
v `∞(p)]η = [D∆m

v c(p)]η for η = β or γ.

The proof is obvious and is thus omitted.

Theorem 2.6.Let c+
0 denote the set of all positive null sequences.

(a) We put

Mβ
3 (p) =

{
a ∈ ω :

∞∑
k=1

akv
−1
k

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj uj converges and

∞∑
k=1

|bk|
k−m+1∑

j=1

(
k − j − 1

m− 2

)
N1/pj uj < ∞,∀u ∈ c+

0

}
.

Then[D∆m
v c0(p)]β =Mβ

3 (p).
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(b) We put

Mγ
4 (p) =

{
a ∈ ω : sup

n
|

n∑
k=1

akv
−1
k

k−m∑
j=1

(
k − j − 1

m− 1

)
N1/pj uj| < ∞,

∞∑
k=1

|bk|
k−m+1∑

j=1

(
k − j − 1

m− 2

)
N1/pj uj < ∞,∀u ∈ c+

0

}
.

Then[D∆m
v c0(p)]γ =Mγ

4 (p).

Proof. (a) and (b) can be proved in the same manner as Theorem2.4, using
Lemma1.1(i) and (ii).

Lemma 2.7.

i) [∆m
v `∞(p)]η = [D∆m

v `∞(p)]η,

ii) [∆m
v c(p)]η = [D∆m

v c(p)]η,

iii) [∆m
v c0(p)]η = [D∆m

v c0(p)]η

for η = β or γ.

The proof is omitted.
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