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Abstract

In this paper, we discuss the determinantal inequalities over arbitrary complex
matrices, and give some sufficient conditions for

d[A+ B]' > d[A]" + d[B],

where t € Rand t > 2. If B is nonsingular and Re \(B~'4) > 0, the sufficient
; On the Determinantal

and necessary condltlon is given for the above equality at ¢t = =. The famous

Inequalities
Minkowski inequality and many recent results about determmantal inequalities
are extended. Sl
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We use conventional notions and notations, as’]n et A € M, (C), d[A]
stands for the modulus afet(A) (or |A|), wheredet(A) is the determinant of
A. o(A) is the spectrum ofd, namely the set of eigenvalues of matrix A
matrix X € M, (C) is called complex (semi-) positive definiteif(z*Az) > 0
(Re(z*Az) > 0) for all nonzerar € C™ or if (X + X*) is a complex (semi-
)positive definite matrix (see![ 7, &, 2]). Throughout this paper, we denote
C = B~ 'Afor A, B € M,(C) andB is invertible.

The famous Minkowski inequality states:

If A, B € M, (R) are real positive definite symmetric matrices, then

(1.1) |A+ B|* > |A|" + |B|" .

It is a very interesting work to generalize the Minkowski inequality. Obvi-
ously, (..1) holds if A, B € M, (C) are positive definite Hermitian matrices.
Recently, {.1) has been generalized fdr, B € M,,(C) positive definite matri-
ces (seed], [°], [11], [3D).

In this paper, we discuss determinantal inequalities over arbitrary complex
matrices, and give some sufficient conditions for

(1.2) d[A+ B]' > d[A]" + d[B]',

wheret € R.

If B is nonsingular ande A\(B~*A) > 0, a sufficient and necessary con-
dition has been given for equality as= % in (1.2). The famous Minkowski
inequality and many results about determinantal inequalities are extended.
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Forc € C, Re(c) denotes the real part ofand|c| denotes the modulus of
Lett > 0 be fixed, we have

Lemma 1.1.If A, B € M,(C) and B is invertible,o(C) = {A1, Ao, ..., A},
then inequality(1.2) is true if and only if

(1.3) [T+ =TLIn+1,
=1 =1

with equality holding in(1.2) if and only if it holds in(1.3).

Proof. Sinced[A + B]! = d[B)!d[C + It andd[A]' +d[B]! = d[B]*(1+d[C]}),
formula (1.2) is equivalent to

(1.4) d[C + 1" > 1+ d|C]".
Noticeo(C' + 1) ={ A\ +1:k=1,2,...,n},
dic+1"=]]INn+1" and d[C) =]]INI,
i=1 i=1
we obtain that formulal(4) is equivalent to 1.3). Similarly, it is easy to see
that the case of equality is true. Thus the lemma is proved. O

Lemma 1.2 (seeff]). If z,y, >0 (t=1,2,...

H(l’t + )

t=1

with equality if and only if there is linear dependence betwesnz,, . .., x,)
and(y1, vz, - - -, yn) OF z; + y, = 0 for a certain number.

,n), then

n

1

2 th + ytna
t=1 1

t=

3=
3=
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Lemma 1.3 (Jensen’s inequality).If a,, as,. .., a,, are positive numbers, then

1 1
(Zaf) < <Za:> for 0<r<s,n>2.
i=1

=1

Lemma 1.4.1f P, P,,..., P, are positive numbers aridl > -, then

(1.5) [[E+0" =[P +1.
k=1 k=1 On the Determinantal
Inequalities
with equality if and only ifP, (k = 1,2,...,n) is constantag’ = -- Shiin Zhan
Proof. By Lemmal.2, we have
m m mT m mT Title Page
1 T =
(P + 1 (Pe+1)m > H (Pk )’"T +1 Contents
k=1 k=1 k=1
44 44
On noting that) < # < 1, by Lemmal.3 we obtain < >
m mT m K
1 GoB
[ 41| =T[# +1 0 Bac
k=1 = Close
and inequality {.5) is demonstrated. By Lemniaz, it is easy to see that equal- Quit
ity holds if and only if P, (k = 1,2,...,n) is constant a§" = % O Page 5 of 15
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Theorem 2.1.Let A, B € M,(C). If B is nonsingular andRe A\, > 0 (k =
1,2,...,n), wheres(C) = {A1, Xy, ..., A}, then for¢ > 2
(2.1) d[A+ B]' > d[A]" + d[B]',

Proof. By Lemmal.l, we need to prove inequalityL (3). Note thatRe A\, > 0
(k=1,2,....,n)and| A\, + 1> > 1 + |\,

I+ 1 = <H|Ak+1|2> > [T (Al +1)°.
k=1 k=1 k=1

Applying Lemmal.4, we can show that

o

n . n 2
TP +02 =TIl +1 for £> =,

k=1 k=1

S

with equality if and only if|\,|> (k = 1,2,...,n) is constant a$ = 2. The
above two inequalities imply formuld. (3). O

Whent = 1, we have

Corollary 2.2. Let A, B € M,(C) (n > 2). If B is invertible andRe \; > 0
(k=1,2,...,n), wherea(C) = {1, Ao, ..., A\ }, then

(2.2) d[A+ B] > d[A] + d[B].
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Corollary 2.3. Let A be ann-by-n complex positive definite matrix, ari¢lbe
ann-by-n positive definite Hermitian matrig: > 2). Then fort > %

(2.3) d[A + B]' > d[A]" + [det(B)]".

Proof. Observing® = B~! A is similar toB~2 AB~2 andRe A(B 2 AB™z) >
0, Where/\(B—%AB—%) is an arbitrary eigenvalue 0B~z AB~=. Therefore,

Re )\ > 0ando(C) = {\1, Ae,..., A\, }. Hence, Theoreri.1yields Corollary
2.3 [

Whent = % inequality @.3) gives Theorem 4 ofj]. Whent = 1, inequality
(2.3) gives Theorem 1 of]. To merit attention, Theorem 2 ir&] proves that
if Ais real positive definite an@ is real positive definite symmetric, theh.§)
holds fort = % Itis untenable for exampled = ( 1_1 1 ) ,B = ( (1] (1J )
Corollary2.7and Corollary?.8in this paper have been given correction.

Theorem 2.4.Let A, B € M,(C). If B is nonsingular, andRe A\, > 0 (k =
1,2,...,n), wherea(C) = {1, Ao, ..., Ay}, thenn eigenvalues of ' are pure
imaginary complex numbers with the same modulus if and only if

S\M

(2.4) d[A+ B]» = d[A]" + d[B]=,
Proof. If n eigenvalues of" aretid (i = v/—1,d > o,d € R), then

H\)\ +1\n—H(1+d2 )r=14+d* = HM

=1

71/
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Hence equality4.4) holds by Lemmal. 1.
Conversely, suppose @) holds, then

f[ N+ 17 = ﬁ |7+ 1
=1 =1

So

n

[JICRE

=1

[T +2Rex + N7 =
=1

Obviously,Re \, =0 (k = 1,2,...,n), otherwise

n n n

[T+ 2Ren + AP > T+ )" =T 0N +1

=1 =1 =1
with illogicality. Therefore

1

H [1 (Im \;) 7 H Im i) i” +1.

=1 =1
By Lemmal.2we obtain(Im\;)? = d* and\; = +id (k = 1,2,...,n). This
completes the proof. O

Corollary 2.5. If A,B € M,(C) with B is nonsingular and” = B~ 'A is
skew—Hermitian, then formul@.4) holds if and only ifA = id BU EU*, where
i? = —1,d > 0, U is a unitary matrix,E = diag(ey, es, ..., e,) Withe; = +1,
1=1,2,...,n
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Proof. SinceC' is skew—Hermitian and its real parts ofigenvalues are zero,

then Theoren2.4implies that £.4) holds if and only if

C = B™'A = U diag(+id, +id, . . ., +id)U*,

whereo(C) = {+id, +id,...,+id}, d > 0 andU is unitary. HenceAd =
idBUEU*, wherei? = —1,d > 0, U is a unitary matrixE) = diag(ey, e, ..., e,)
ande;, = +1,i=1,2,...,n. ]

Theorem 2.6. Supposed, B € M,(C) with B nonsingular andRe); > 0
(k =1,2,...,n), wherea(C) = {A\1, Ay, ..., A\, }. If the number of the real
eigenvalues of’' is r, and the non-real eigenvalues@fare pair wise conjugate,
then inequality(1.2) holds fort > -2~

Proof. By Lemmal.1, we need to provel(3) for t > -2-. Without loss of
generality, supposg; > 0 (j = 1,2,...,r) are the real eigenvalues 6fand
My \de (B =7+ 1,7+ 2,...,r + s) ares pairs of non-real eigenvalues 6f,

wheren = r + 2s. Then the right-hand side of (3) becomes

r+s
(2.5) fo IT (x1%)
=1 J=r+1
and the left-hand side of.(3) is
r r+s
(2.6) [Tov+0 I (r+0)"
i=1 j=r+1
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GivenRe A\, > 0 (k=1,2,...,7 +5), 0|1 + \;|> > 1+ |\, then

r r+s r r+s
@7 JTa+2" I (r+xP) = TTa+x" TT a+ )"
i=1 j=r+1 i=1 j=r+1
By Lemmal.2and @.7), we obtain that
T 7+ r r+s
[T+ T (r+ x5 =TIA TT (NP P+ 1
i=1 j=r+1 i=1  j=r+1
1 2
for = .
r+s n+4r
This completes the proof. O

In the following, we present some generalizations of the Minkowski inequal-
ity. By Theorem?2.6, it is easy to show:

Corollary 2.7. Let A, B € M, (C). If Bis nonsingular and: eigenvalues of’
are positive numbers, then for> %

(2.8) d[A + B]» > d[A]* + d[B]n.

If A is ann-by-n complex positive definite matrix anfl is ann-by-n posi-
tive definite Hermitian matrix, with eigenvalues of being real numbers, then
o(C) = o(B:CB~2),andB:CB~2 = B~2 AB"z is positive definite, so any
eigenvalue of”' has a positive real part. Thuseigenvalues ot are positive
numbers. By Corollarg.7we have
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Corollary 2.8. Supposed, B € M, (C'), whereA is a complex positive definite
matrix andB is a positive definite Hermitian matrix. #f eigenvalues of’ are
real numbers, then inequalit2.8) holds fort > 1.

Corollary 2.9 (Minkowski inequality). Supposed, B € M, (C) are positive
definite Hermitian matrices, then inequality.1) holds.

Proof. Note thatC' = B~!A is similar to a real diagonal matrix, and its eigen-
values are real numbers, using Coroll& and lettingt = 1, the proof is
completed. O

Corollary 2.10. Supposel, B € M, (C), whereA is a complex positive definite
matrix andB is a positive definite Hermitian matrix. If the non-real eigenvalues
of C' are m pairs conjugate complex numbers, then inequdlity) holds for
t> 2

— n—m’

Proof. ObviouslyRe A\, > 0 (k = 1,2,...,n),wheres(C) = {\, Ag, ..., A\ }.
Applying Theorent.6 completes the proof. O]

LetA = H + K € M,(C), whereH = (A + A*), andK = (A — A),
then we have

Theorem 2.11.Let A = H + K be ann-by-n complex positive definite matrix,
then for¢ > 2

(2.9) d[A]' > d[H]' + d[K]",

with equality if and only it = idHQ*EQ ast = % wherei? = —1,d > 0, Q
is a unitary matrixfy = diag(ey, es, ..., e,) Withe; = £1,i =1,2,... n.
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Proof. Since H > K H~= is a skew-Hermitian matrix and is similar fo 'K,
Re \(H'K) = ReA(H 2 KH"z) = 0. By Theorem2.1 and Corollary2.5,
we get the desired result. O

Lett = 1, we have the following interesting result.

Corollary 2.12. If A = H + K is ann-by-n complex positive definite matrix
(n > 2), then

(2.10) d[A] > d[H] + d[K].

Corollary 2.13 (Ostrowski-Taussky Inequality). If A = H + K is ann-by-n
positive definite matrixn > 2), thendet H < d[A] with equality if and only if
A is Hermitian.

Theorem 2.14.Let A, B be twon-by-n complex positive definite matrices, and
n eigenvalues oB be real numbers. Supposk B are simultaneously upper
triangularizable, namely, there exists a nonsingular mattjpsuch that”?—' AP
and P! BP are upper triangular matrices, then inequality.2) holds for any
t> 2,

Proof. If P~' AP and P~!BP are upper triangular matrices, then
P'BT'AP = (P'BP)" (P T'AP)

is an upper triangular matrix, with the product of the eigenvalueBof and
A on its diagonal. We denote the eigenvalueXoby \(X). Notice that pos-
itive definiteness ofA and B!, ReA\(A) and\(B~!) are positive numbers by
hypothesis, it is easy to see that \(B~'A) > 0. By Theoren?.1, we get the
desired result. O
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Corollary 2.15. Let A, B be twon-by-n complex positive definite matrices, and
all the eigenvalues aB be real numbers. If([A, B]) < 1, then inequality(1.2)
holds fort > 2, where[A4, B] = AB — BA, r([A, B]) is the rank of A, B].

Proof. It is easy to see thaB~! is a complex positive definite matrix and
eigenvalues ofB~! are real numbers. By the hypothesis an#—!, A] =
r[A, B], we haver([B~!, A]) < 1. By the Laffey-Choi Theorem (seé][ [1]),
there exists a non-singular matr% such thatP~* AP and P~ BP are upper
triangular matrices. The result holds by Theorem4 O

Corollary 2.16. Let A, B be twon-by-n complex positive definite matrices
(n > 2). SupposedB = BA andn eigenvalues o3 are real numbers, then
inequality(1.2) holds fort > 2.

Proof. Follows from Corollary2.15and the fact that([A, B]) = 0. O
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