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ABSTRACT. In this paper, we shall be concerned with the existence result of Unilateral problem
associated to the equations of the form,

Au+g(m,u,Vu) = fa
where A is a Leray-Lions operator from its domain(A) C W Ly () into W1 E57(€).
On the nonlinear lower order terg(z, u, Vu), we assume that it is a Carathéodory function

having natural growth with respect t®'«|, and satisfies the sign condition. The right hand side
f belongs taL! (Q).

Key words and phrasesOrlicz Sobolev spaces, Boundary value problems, Truncations, Unilateral problems.

2000Mathematics Subject Classificat 085J60.

1. INTRODUCTION

Let Q2 be an open bounded subseffdf, N > 2, with segment property. Let us consider the
following nonlinear Dirichlet problem

(1.1) —div(a(z,u, Vu)) + g(x,u, Vu) = f,

wheref € L'(Q), Au = —diva(z,u, Vu) is a Leray-Lions operator defined on its domain
D(A) C WLy (Q), with M an N-function and wherg is a nonlinearity with the "natural”
growth condition:

l9(, 5, )] < b(]s]) (h(x) + M(|£]))

and which satisfies the classical sign condition
9(@,5,8) s = 0.

ISSN (electronic): 1443-5756

(© 2005 Victoria University. All rights reserved.

The authors would like to thank the referee for his comments.
250-04


http://jipam.vu.edu.au/
mailto:lprotect T1	extunderscore aharouch@yahoo.fr
mailto:rhoudafprotect T1	extunderscore mohamed@yahoo.fr
http://www.ams.org/msc/

2 L. AHAROUCH AND M. RHOUDAF

In the case wher¢ € W~1E(Q), an existence theorem has been proved_in [14] with the
nonlinearitiesy; depends only om andu, and in [4] wherey depends also th@'w.

For the case wherg € L*(2), the authors in[5] studied the problem (1.1), with the added
assumption of exact natural growth

l9e.5,6)| = BM(IE]) for [s| >

and in [6] no coercivity condition is assumed g@iut the result is restricted to thé-function,
M satisfying aA\,-condition, while in[11] the authors were concerned about the above problem
without assuming &@\,-condition onM/.

The purpose of this paper is to prove an existence result for unilateral problems associated to
(1.7) without assuming th&,-condition in the setting of the Orlicz-Sobolev space.

Further work for the equation (1.1) in tHe? case where there is no restriction can be found
in [17], and in [12[ 9, B] in the case of obstacle problems, seelalso [18].

2. PRELIMINARIES

Let M : Rt — R* be anN-function, i.e. M is continuous, convex, witl/(t) > 0 for

t>O,MT(t)e0ast—>Oand%(t)—>ooasteoo.

Equivalently, M admits the representationt/(t) = fga(s)ds wherea : Rt — RT is
nondecreasing, right continuous, witf0) = 0, a(¢) > 0 for ¢ > 0 anda(t) tends toco ast —
Q.
The N-function A7 conjugate taV/ is defined byM = [ a(s)ds, wherea : R* — R* is
given bya(t) = sup{s : a(s) < t}.

The N-function M is said to satisfy thé\,-condition if, for somek

(2.1) M(2t) < kM(t), V> 0.

When [2.1) holds only fot > somet, > 0 then M is said to satisfy the\,-condition near
infinity.

We will extend theseV-functions to even functions on al, i.e. M (t) = M(Jt|) if ¢t < 0.
Moreover, we have the following Young’s inequality

Vs, t >0, st<M(t)+ M(s).

Let P and(@ be two N-functions. P < () means thaP grows essentially less rapidly thgh
i.e., for each > 0, % — 0 ast — oo. This is the case if and only Ifm,_. g:—igg = 0.
Let Q be an open subset &". The Orlicz classs,,(2) (resp. the Orlicz spacg,,(Q?) is
defined as the set of (equivalence classes of) real valued measurable funaiofissuch that
u()
/QM(u(x))dx < 400 <resp. /Q M (T) dx < 400 for some\ > O> .

L) (Q2) is a Banach space under the norm

lullarq = int {A > O,/QM (@) dr < 1}

and K,(2) is a convex subset df ().

The closure inL,,(2) of the set of bounded measurable functions with compact support in
Q is denoted by, (9).

The dual ofEy;(£2) can be identified with.;;(2) by means of the pairing,, uv dz, and the
dual norm ofL7(2) is equivalent td| - |57 -
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We now turn to the Orlicz-Sobolev spad&;' L,,(Q2) (resp. W!E,(2)) is the space of alll
functionsu such that: and its distributional derivatives of order 1 liein,(2) (resp.Ex(£2)).
It is a Banach space under the norm

lullar = ) I1Dullas.

o<1

Thus, W' L, (Q) andW'! E,,(2) can be identified with subspaces of the producvef1 copies
of L/(€2). Denoting this product by [ L,,, we will use the weak topologies [ [ L., [ [ Eq7)
andO'(H Ly, H LM)

The spacéV} E /() is defined as the (norm) closure of the Schwartz spage) in W' E,,(2)
and the spac®/; L,(2) as thes ([ ] Las, [ Ea7) closure ofD(Q) in WLy (Q).

Let W—1L7(Q) (resp. W~1E(€)) denote the space of distributions Gnwhich can be
written as sums of derivatives of order 1 of functions in L3;(€2) (resp. E77(92)). ltis a
Banach space under the usual quotient norm (for more details|see [1]).

We recall some lemmas introduced|in [4] which will be used later.

Lemma2.1.LetF : R — R be uniformly Lipschitzian, wit'(0) = 0. LetM be anN-function
and letu € WLy (Q) (resp. WEy (). ThenF(u) € WLy () (resp. WEy(Q)).
Moreover, if the seD of discontinuity points of” is finite, then
) Flu) F'(u);:2u ae.in {ze€Q:u(zx)¢ D},

u) = ‘
Ox; 0 a.e.in {z € Q:u(z) e D}.

Lemma 2.2. Let F' : R — R be uniformly Lipschitzian, withF'(0) = 0. We assume that
the set of discontinuity points df’ is finite. LetM be an N-function, then the mapping
F: WLy (Q) — WLy (Q) is sequentially continuous with respect to the weak* topology

o(IT Lar, [T Eap)-

We give now the following lemma which concerns operators of Nemytskii type in Orlicz
spaces (seel[4]).

Lemma 2.3.LetQ) be an open subset BfY with finite measure. Let/, P andQ be N-functions
such that) < P, and letf : 2 x R — R be a Carathéodory function such that, for avec ()
and all s € R:

(@, 8)| < e(x) + ki P~ M (ks|s]),
wherek;, k, are real constants and(z) € E(2). Then the Nemytskii operatd¥; defined by
Ny(u)(x) = f(x,u(x)) is strongly continuous from
1 1
k?g k2
into Eg(Q).

We defineZ;"" () to be the set of measurable functioms © — R such thatT},(u) €
Wi L (), whereT),(s) = max(—k, min(k, s)) for s € R andk > 0. We give the following
lemma which is a generalization of Lemma 2.1[df [2] in Orlicz spaces.

Lemma 2.4. For everyu € 7, (Q), there exists a unique measurable functionQ) — RY
such that

VT (u) = vX{u<k}, almosteverywhere if2 for every k > 0.
We will define the gradient af as the functiony, and we will denote it by = Vu.
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Lemma 2.5. Let A\ € R and letu and v be two measurable functions defined @nwhich
are finite almost everywhere, and which are such thdt:), 7y (v) and T} (v + Av) belong to
WLy (Q) for everyk > 0 then

V(u+ ) =V(u)+AV(v) a.e.inQ
whereV(u), V(v) andV(u + A\v) are the gradients of,, v andu + Av introduced in Lemma
2.4.

The proof of this lemma is similar to the proof of Lemma 2.12in [10] for iiecase.
Below, we will use the following technical lemma.
Lemma 2.6. Let(f,), f € L*(2) such that
() f» >0a.e.inQ
(i) f. — fa.e.inQ
(i) [o fo(@)dz — [, f(z)da
thenf, — f strongly inL'(Q).

3. MAIN RESuULTS

Let Q2 be an open bounded subseffdf, N > 2, with the segment property.
Given an obstacle function : 2 — R, we consider
(31) Kw = {U S WolL]V[<Q), U > Z/J a.e.in Q},
this convex set is sequentially(I1L,,, [1F+7) closed inWj L, (Q) (see[15]). We now state
conditions on the differential operator
(3.2) Au = —div(a(z,u, Vu))

(A1) a(z,s,€): Q2 x R x RY — R is a Carathéodory function.
(As) There exist twaV-functionsM and P with P < M, functionc(z) in E47(€2), constants
k1, ko, k3, k4 such that, for a.ex in Q and for alls € R, ( € RY

a5, QI < el@) + WP M(kals]) + k5D M(kalC]).
(A3) la(z,s,¢) —alx,s,)](C—¢) >0 fora.e.xin, sinRand(, ¢ in RN, with ¢ # ¢'.
(Ay) There exist(x) in L'(Q), strictly positive constant such that, for some fixed element
Vo in Kw N WolEM(Q) N LOO(Q),
a(z, s, C)(C = Do) = aM(|¢]) = d(x)
fora.e.xinQ, andalls € R, ¢ € RV,

(As) Foreachy € KN L>(Q2) there exists a sequencg € K, NW Ey(Q) N L>(Q) such
thatv,, — u for the modular convergence.

Furthermore ley : Q x R x RY — R be a Carathéodory function such that for azes
and for alls € R, € RY

(Gl) g(fﬂ, 3>C)S 2 0
(Ga) lg(z.5,0)] < blls]) (h(z) + M(IC])), | - |
whereb : R, — R, is a continuous non decreasing function, ansla given nonegative
function in L1(Q).
Consider the following Dirichlet problem:
(3.3) A(u) + g(z,u, Vu) = f in Q.
Remark 3.1. The condition(A;) holds if one of the following conditions is verified.
(1) There exist) € K, such that) — v is continuous i, (see[15, Proposition 9]).
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(2) ¥ € WiE N (Q), (seel[1b, Proposition 10]).
We shall prove the following existence theorem.

Theorem 3.2. Assume thatA;) — (45), (G1) and(G>) hold and f € L'(Q). Then there exists
at least one solution of the following unilateral problem,
ue T (Q),u>Yae inQ,
g(z,u, Vu) € LY(Q)
(P) Joa(z,u, Vu)VT(u —v) do + [, g(z,u, Vu)Ti(u — v) dx
< Jo [Te(u —v) dz,
( V v e K,NL>®(Q), Vk > 0.

4. PROOF OF THEOREM [3.2

To prove the existence theorem, we proceed by steps.

STEP 1 Approximate unilateral problems.
Let us define

g9(x,s,)
1+ 2lg(z,5,€)]
and let us consider the approximate unilateral problems:

gn<x7 S, 5) =

Uy € Kd’ N D(A),
() (Auy, u, — v) + fQ G (5 Uy Vug) (U, — v)dz < fQ folu, —v)dz,
VU c Kw.

wheref,, is a regular function such thd, strongly converges té in L' (Q).
From Gossez and Mustonen ([15, Proposition 5]), the proljléjnifas at least one solution.

STEP 2 A priori estimates.
2
Letk > ||luo|so and letpy,(s) = se™*, where vy = <@> :
It is well known that

@) )~ Wipus)) > 5, vs ek (see ).

Takingu,, — nex(T;(u, — vo)) as test function ink,), wherel = k + ||vy |, we obtain,
/ a(z, up, Vg ) VT (w, — vo)@p(Ti(u, — vg))dx
Q
+/gn($,un,Vun)sok(7}(un — vg))dx
Q

S/an@k(Tl(un—Uo))d$~

Since
gn(x,um vun)(pk(ﬂ(un - UO)) Z 0
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on the subsefzr € Q2 : |u,(x)| > k}, then
/ a(z, wp, Vg, )V (ty — vo)@, (T (u, — vg))dx
{lun—vol<l}
S / |gn<x’un7 Vun)”#%(ﬂ(“n - ’Uo))|dl‘ + / fn‘pk(ﬂ(un - Uo))dl‘.
{lun|<k} Q
By using(A4) and(Gy), we have
of MVl T — ) da
{lun—vol<l}
< b(\k|)/ (h(z) + M(VTi(un))) [@r(Ti(un = v0))| d
Q

T /Q 5(@) (Tt — o)) da + /Q Fuor(Ti(un — v0)) da.

Since
{z € Q |uy ()| <k} C{reQ:|u, —wv| <1}
and the fact that, § € L'(Q), further f,, is bounded in.! (Q), then

| MO BTt — v o < X [ 29Tl TiCan = o))+

wherec;, is a positive constant depending bywhich implies that

[ MOTT ) [Tt = ) - " pou(Tiw, ~ )] o <
By using [4.1), we deduce,
4.2) /QM(]VT,C(un)D dz < 2.

SinceT},(u,) is bounded idVi Ly (), there exists some, € W L,(2) such that

Ty (u,) — vp weakly in Wy Ly (Q) for o([] L, [T Esp)s

(4.3) Ty (u,) — vy strongly in Ey(2) and a.e. in€.

STEP 3 Convergence in measure af,
Letky > ||vg||o @andk > ko, takingv = u,, — Ty, (u, — vo) as test function i) gives,

(4.4) / a(x, U, V) VT (u, — vo) dr + / n (2, Up, Vuy ) Ty (u, — vo) dz
Q Q

S/fnTk(un_UO)dxa
Q

sinceg, (z, u,, Vu, )Ty (u, — v9) > 0 on the subsefz € Q, |u,(z)| > ko}, hence[(4.4) implies
that,

/ a(x, uy, Vu, ) VTi(u, —vg) de < k;/ |90 (2, U, V)| do + || fl 210
Q {lun|<ko}

J. Inequal. Pure and Appl. Math6(2) Art. 54, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

STRONGLY NONLINEAR ELLIPTIC UNILATERAL PROBLEMS IN ORLICZ SPACE AND L! DATA 7

which gives, by usindG ),

(4.5) / a(z, up, V) VT (u, —vg) dz
Q

< kb(ko) {/ |h(x)| dx + / M(|VTyy(uy)|) dz | + ke.
Q Q
Combining [4.2) and (4]5), we have,
/ a(x, uy, Vg, )VTi(u, —vo) dx < klcg, + c].
Q
By (A,), we obtain,
/ M(|Vuy,|)dx < ke,
{lun—vo[<k}

wherec; is independent of, sincek is arbitrary, we have

/ M(|Vauy|) de < / M(|Vuy|)dz < kea,
{lun|<k}

{lun—vo|<k+lvolloo }
ie.,

(4.6) /QM(|VT;€(un)|) dr < kes.

Now, we prove that., converges to some functiomin measure (and therefore, we can
always assume that the convergence is a.e. after passing to a suitable subsequence). We shall
show thatu,, is a Cauchy sequence in measure.

Let £ > 0 large enough, by Lemma 5.7 of |13], there exist two positive constgraadc,
such that

@.7) / M(esTi(un)) dz < / M|V T(w)]) dz < kes,
Q Q
then, we deduce, by using (#.7) that

M (csk) meas{|u,| > k} = M (csTy(uy)) de < csk,
{lun|>k}
hence
(4.8) meas(|u,| > k) < ol Vn,VEk
' " = M(csk) T

Letting £ to infinity, we deduce thatneas{|u,| > k} tends to 0 a# tends to infinity.
For every\ > 0, we have
(4.9) meas({|up — um| > A}) < meas({|u,| > k}) + meas({|u,,| > k})
+ meas({| Ty (un) — Te(um)| > A}).

Consequently, by (4.3) we can assume thdt.,) is a Cauchy sequence in measuréin

Lete > 0 then, by [[4.D) there exists somée) > 0 such thatmeas({|u, — u,| > A}) <€
for all n,m > ho(k(e), A). This proves thatu,,) is a Cauchy sequence in measuréinthus
converges almost everywhere to some measurable functibhen

Tk(un) AT]@(U) Weaklyin WOILM<Q) for O'(HLM,HEM),

(4.10) _ _
Ty(u,) — Ti(u) stronglyin E/(€2) and a.e. inQ.

Step 4: Boundedness dfu(z, Ty.(u,), VT (un))n in (Lz(2))V.
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Letw € (Ey(Q))Y be arbitrary, by A3) we have
(a(x, up, Vuy,) — a(x, u,, w))(Vu, —w) >0,
which implies that
a(z, up, Vu,)(w — Vg) < a(z, up, Vu,)(Vu, — Vug) — a(x, u,, w)(Vu, — w)
and integrating on the subsgt € Q, |u,, — vo| < k}, we obtain,

(4.11) / a(x, uy, Vu,)(w — V) dx
{lun—vol<k}
< / a(x, up, Vu,)(Vu, — Vig) dx
{lun—vol<k}

+ / a(z, up, w)(w — Vu,) dz.
{lun—vo|<k}
We claim that,
(4.12) / a(x, uy, Vu,)(Vu, — vg) dx < ¢,
{lun—vo|<k}

wherecy is a positive constant depending bn
Indeed, if we take) = u,, — T (u, — vy) as test function infk,), we get,

/ a(x, uy, Vu,)(Vu, — V) de + / n (2, U, V) T (u, — vg) do
{lun—vo|<k} Q

S/anTk(un—vo) dx.

Sinceg, (x, u,, Vu,) Tk (u, — v9) > 0 on the subsefz € Q, |u,| > ||vo]|}, Which implies

(4.13) a(x, uy, Vuy,)(Vu, — Vg) dz

{lun—vo|<k}
< b([[vollos) (/Q h(x) dz + /Q M(VT”vO”oc(un)) dz + |l

Combining [4.2) and (4.13), we deduge (4.12).
On the other hand, fox large enough, we have by usifg,)

- " _ k
(4.14) / M (M) de < M (i;)) + M (kafwl) + ¢ < ey,
{‘Un_UO|Sk}

hence,|a(z, u,, w)| bounded inL;;(£2), which implies that the second term of the right hand
side of [4.11) is bounded
Consequently, we obtain,

(4.15) / a(x, uy, Vu,)(w — Vug) de < ¢19,
{lun—vo|<k}

with ¢y is positive constant depending fof

Hence, by the Theorem of Banach-Steinhaus, the sequeieeu,, Vi,)) X {ju,—vo|<k} )n
remains bounded if57(2))". Sincek is arbitrary, we deduce thét(z, Ty (u,), VI (ty)))n
is also bounded ifiL7(€2))", which implies that, for alk: > 0 there exists a functioh;, €
(L+7(£2))Y, such that,

(4.16)  a(x, Ti(upn), VTi(u,)) — hi, weakly in (L7(Q)Y for o(IILz(Q), TEy(Q)).
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STEP 5 Almost everywhere convergence of the gradient.

We fixk > ||vg|oo- LS, = {2 € Q,|VT)(u())| < r} and denote by, the characteristic
function of2,.. Clearly,(2, C €2,,; andmeas(Q\(2,) — 0 asr — oc.

Fix » and lets > r, we have,

4.17)0< / la(x, Tk (un), VTg(uy)) — a(z, Tp(uy), VI(u)][VTk(u,) — VIg(u)]de

T

< /Q [a(z, Ty (upn), VTi(u,)) — a(z, Tr(up), VT ()] [VTk(uy) — VT (u)]dx
= /Q.[a(x,Tk(un),VTk(un)) — a(@, Ti(un), VT (w)x)| [V T (un) — VTi(u)xslde

< /Q[a(:r, Ti(un), VIi(uy)) — alz, Tr(un), VI (w)xs) ]| [VTk(un) — VT (u)xs)de.

By (As) there exists a sequencee K, N W, Ey(Q) N L>(2) which converges t@}(u) for
the modular converge i, L,/ (2).
Here, we define

wpy ;= Tor(tn — v = T(tp — v0) + Ti(un) — Ti(v;)),
w} = Tox(u —vg — T(u — vo) + Ti(u) — T(v;))
and

w" = Top(u — vy — Thh(u — 1)),
whereh > 2k > 0.
Forn = exp(—4vk?), we defined the following function as

h h
(4.18) Uy j = Un = 1k (W ;) -
We takev,: ; as test function ink,)), we obtain,

(Alun) mx (wh ) + / 9y i, Vg (wl ) d < / fungr (wh ) d.

Which, implies that

(4.19) (Aun), o (Wl)) + /an(x,un, Vug)pr, (wh ) de < /ans% (wh ;) dz.

It follows that

(4.20) /Q a(@, Uy, V)Vl of (wh ) do + /Q 9n (@, U, Vg )y, (Wl ) da

< / Sk (wﬁ,j) dx.
0

Note that,Vw], ; = 0 on the set wher¢u,| > h + 5k, therefore, settingn = 5k + h, and
denoting bye(n, 5, h) any quantity such that

lim lim lim €(n,j,h) =0.
h—+o00 j—+00 n—-+o0

If the quantity we consider does not depend on one parameter amgrandh, we will omit
the dependence on the corresponding parameter: as an exafmple), is any quantity such
that

lim lim €(n,h)=0.

h—-+00 n—+00
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Finally, we will denote (for example) by, (n, j) a quantity that depends on j, h and is such
that

li li 1) =10
j—1>£—n00 nir—{loo “h <n’ j)

for any fixed value of..

We get, by[(4.20),
[l o). VT )Vl ) o+ [ g V)i () da
< /ans% (wp ;) du,
In view of ), we havey, (w]! ;) — ¢r(w]) weakly asn — +oc in L>(£2), and then

/ faspr (W] ;) dw — / for(w!)dz  asn — +oo.
Q Q
Again tendsj to infinity, we get
[ retuhy o [ fowhyis asj— -+,
Q Q

finally letting h the infinity, we deduce by using the Lebesgue Theofgrﬁcpk(wh)dx — 0.
So that

/ansﬂk (wZ,j) dx = €(n,j,h).

Since inthe sefz € Q, |u,(z)| > k}, we havey(z, un,, Vu,)er (wl ;) > 0, we deduce from

(4.20) that

(4.21) /Q a(z, T (), VI () Voy, 03, (wy ;) d

+ / G (&, e, V) (] ,) die < e(n, 4, ).
{Jun|<k}

Splitting the first integral on the left hand side pf (4.21) wherg < & and|u,| > &, we can
write,

(4.22) /Q a(, Ty (), V(1)) VWl o (wh ) da

= a(@, T (wn), VI (un)) [V Tk (un) — VTk(v))] ), (wl ) da

n,J
{lun|<k}
+ /{| - a(x, Tpn(uy), VTm(un))sz’jgpﬁC (wzvj) dx.
Up | >

The first term of the right hand side of the last inequality can write as
(4.23) / (2, Ton(ttn), VT (1)) [V T (1) — V(7)1 () dt
{lun|<k}
> [ e Tu(un), VT [VTu(ua) — VI(03)leh () d
Q

G (2k) / a(e, Te(wn), 0)|[V T (v;)|de
{lun|>k}
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Recalling that|a(z, Tj (), 0) | X {ju, >k} CONVerges toa(x, Ty (u), 0)| X {ju>k} Strongly inL;7(€2),
moreover, sincéV Ty (v;)| modular converges 1677 (u)|, then

L (2h) /{ o Te(). O[T = ).

For the second term of the right hand sidel4fi4) we can write, usingAs;)
(4.24) / a(x, T (uy), VTm(un))VwZ’jgogg (wz’j) dx
{lun|>k}
> G20 [ (e To(un), 9T (0) VT

{lun|>k}
— J(2k) / 5(x)da.
{|un—vo|>h

Since|a(z, T),(uy,), VT, (uy,))| is bounded inL;;(£2), we have, for a subsequence
la(x, Ty (un), VI (un))| — by
weakly in L7(Q2) in o(Lyz, Ey) asn tends to infinity, and since

VT (0)) X un| >k = IV TR (0)[X (uj>k)

strongly inE,(Q2) asn tends to infinity, we have

AR [ o ), VI VT de = ~(20) [ 1V Ti(oy)lds
{lun|>k} {Ju|>k}

asn tends to infinity.
Using now, the modular convergence(of), we get

AR [ LIVT)lds (20 [ 1Vl =0
{lul>k} {|u|>k}
asj tends to infinity.
Finally
(4.25) —<p;€(2k)/ la(z, T (un), VI (u,)) | VT (v;)|dx = €en(n, j).
{Jun|>k}
On the other hand, sindec L'(Q) itis easy to see that
(4.26) —@;(Qk)/ d(x)dz = €(n, h).
{Jun—vo|>h
Combining [4.2B) -{(4.26), we deduce

(4.27) /Qa(;zc,Tm(un),VTm(un))VwZ,jgp;C (wZJ) dx

> /Q al, Ti(un), VT () [V Tk (wn) — VTi(07)]ig (wh ) da
+€e(n, h) +€(n, j) + en(n, j),
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which implies that
@.28) [ e Tulu). Vo (02)) Tl (0], d
Q
> /Q [a(e, To(un), VTi(un)) — a (2, Ti(un), VTi(0;)x)]
X [VTk(un) — VTk(“j)Xﬂ Ok (wZ,j) dx
4 /ﬂ a (2, T(un), VTi(v)x2) [VTk(un) — VTi(v)x]] &} (wh ) d

[ o Telun), VT ) VT, () o
o\

+€(n, h) +€(n, j) + en(n, j),

wherex’ denotes the characteristic function of the subget {z € Q : |VTi.(v;)| < s}.
By ) and the fact tha T, (v;) X i ¢ (wr ;) tends toVT(v;) x g s ¥k (w]) strongly
in (E,,(Q))", the third term on the right hand side @f28) tends to the quantity

/ VT () @), (w;l) dx
o\l

asn tends to infinity.
Letting now; tend to infinity, by using the modular convergence gfwe have

/ he VT3 (v) Xop i P (wh) do — hi VT (u) @) (w")dx
Q Qs
asj tends to infinity.
Finally
o\QJ

—— [ WYL e + e, d).
O\Qs
Concerning the second term on the right hand sidg of(4.28) we can write
(4.30) / a (x,Tk(un), VTk(vj)Xf;) [VTk(un) — VTk(vj)Xﬂ ©h (wﬁd) dx
Q
= / a (1‘, Ti(uy), VTk(vj)Xg) VT (un)pr(Th(un) — T (vy))dx
Q
- / a(x,Tk:(Un),VTk(Uj)Xg)VTk(Uj)XgSD; (wﬁ,j) dx.
Q
The first term on the right hand side pf (4.30) tends to the quantity
/ a (2, T(w), VI (vi)xl) VTi(w)@p(Ti(w) — Ti(v;))dz asn — oo
Q

since

a (ZE, Ty (uy), VTk(Uj)Xg) O (T (un) — T (v))
— a (2, Ti(u), VTe(v;)x2) @3(Te(u) — Ti(vy))
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strongly in (E57(Q2))Y by Lemma[ 2.8 andvTj(u,) — VT (u) weakly in (Ly(2))" for

For the second term on the right hand sid¢ of (#.30) it is easy to see that

(4.31) /Qa (2, To(un), VTi(vj)x2) VT (v)Xl0r (wh ;) da
— /Qa (=, Te(w), VT (v;)x2) VTi(v))xlgy (w]) de.

as n — oQ.
Consequently, we have

(4.32) /Q 0 (&, Te(wa), VTR(0))) [VT(un) = V(7)) 0} (wl,) da
= [ (@ T, VTio2) [VTit0) = VIu(w)] ok () do + €50
since
VT (v () — VT (u) Xk (")

strongly in(E,,(92))Y asj — +oo, it is easy to see that

/Qa (#, T(u), VTi(v))x3) [VTi(u) = VTi(v;)x2)] ¢h (w;l) dx

— a(x, Ti(w), 0) VT (u)g), (w™)da
0\Q,

asj — +oo, thus
(4.33) / a (2, Ti(un), Ve (v;)XL) [VTe(un) — VTi(v;)x]] ¢4 (wZ,j) dx
Q
— [ (o T, OV Tu{a) 0)de + eln. ),
O\Qs
Combining [4.2B),[(4.29) and (432), we get

(4.34) /Qa(;lr,Tm(un),VTm(un))sz,jgp;g (w%) dx

> [ faler Tiu,), 9Ti0)) = a (2. i), VTi(0)0)]
X [VTi(un) — VTi(vi)xL] @ (wZ,j) dx
O\,

Q\Qs
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We now, turn to the second term on the left hand sidé of {4.21), we have

{lun|<k}
SM@LW)+Mﬁmwn}% )| da

gb(k;)/gh(a:)\gpk( |d:c+ /5 ) |ox (w)r ;)] da

+ b(@_@/Q a (2, Tio(tn), VT(un)) VT (un) |01 (wp ;)| dw

_ b(k)

< e(n,j,h) + @/ﬂ a(x, Tp(un), Vi (un))V Tk (un) o (w) ;)| da.

(0%

/Qa(x, Ti(un), V() Vo [ox (wzj)| dx

The last term on the last side of this inequality reads as

(4.36) @/Q [a(z, T(un), VTi(uy)) — a (z, T (u,), VTi(v5)x7) ]

x [VTi(un) — VTi(v)X.] | (wZJ) | dx

+ @/ﬂ a (2, T(un), VTi(0;)x%) [VTk(un) = VTi(0)xD)] [ox (whh ;)] d
+ @/ a(z, Ti(un), VTk(un)) VT (0;)X] |90’c (wﬁj)| du
0

and reasoning as above, it is easy to see that

@/ﬂ (x Ti(un), VT (v)x ) [VTk(un) VTk(Uj)Xﬂ ‘Sok (w,’i,j)}dw = ¢(n, )
and
_@ /Q a2, Tu(tn), V() )V T (0)2 01 ()| daz = e(n, . h).
So that

(4.37) ’ / Gn (2, tn, Vg )i, (W) ;) dae
{Jun|<k)

< M/Q la(w, Ti(un), VTi(un)) — a (2, Ti(un), VIi(v;)x3)]

«

Combining [4.2]1),[(4.34) anl (437), we obtain

(4.38) /Q la(z, T(un), VT (uy)) — a (z, T (un), VTi(v;)x2) ]
X [VTi(un) — VTi(v;)x] k Z]) - @ o (w): )|) dx

) (v
s/’hwnw%@M+/ a(, T(w), 0)V T (w) gy (0)dz + e(n, 5, ).
Q\Q AN\Q
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which implies that, by using (4.1)

(4.39) /Q la(z, Ti(u), VTi(un)) — a (2, Ti(un), Ve (vi)X1) ] [VTk(un) — VTi(v5)X]] do
< 2/ he VT (u)e,.(0)dx + 2/ a(z, Ti(u),0)VTi(u)pl(0)dx + €(n, j, h).
O\ Qs Q\Qs

Now, remark that

(4.40) /Q[a(x,Tk(un), VT (uyn)) — al(x, Te(un), VIe(w)x )| [VTk(un) — VTi(u)xs|de
- /Q la(z, Tu(un), VTi(un)) — a (2, Te(un), VTi(v)x2)] [VTe(un) — VTi(v;)x2] da
+ / a (2, Te(wn), VI (v)xL) [VTk(un) — VT3 (v;)x]] do
Q
- [ ol Butwn). VIV (w) = Vi w) o
+ / a(@, Ti(un), VIi(un)) [V (vj)xl — VT (u)xs] da.
Q

We shall pass to the limit in andj in the last three terms of the right hand side of the last
inequality, we get

/Qa (z, Ti(un), Ve (vj)xL) [VTke(un) — VI (v;)x] dz

_ /Q\Q a(z, Ti(u), 0)VTi (u)dz + e(n, ),

| e Titan) I T () = VTl
= /Q\QS a(x, Ti(u),0) VT (u)dx + €(n),
and
[ e Tatwn). VI () [9Tiop] = VTa(w)e] do = e(n, ),
which implies that
(4.42) /Q[a(a:,Tk(un), VT (un)) — alx, T (un), VTe(w)xs)] [VTk(un) — VT (u)xs]dx

- / [, T(un), V() — a (2, Tu(t), VTi(0,)xd)]
X [VTi(u,) — VT (vi)xl] dz + €(n, j).
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Combining [4.17),[(4.39) anfl (4.41), we have
(4.42) la(z, Ty (uy), VT (uy)) — a(x, T (uy,), VI(w)|[VTk(u,) — VT (u)]dx

Qp

< /Q [a(z, T (un), VTi(un)) = a(z, Te(un), VIR(w)x) [V Tk (un) = VTi(u)xslde

< 2/ he VT (u)e,(0)dx + 2/ a(z, Ti(u),0) VT (u)p)(0)dx + €(n, j, h).
O\Qs Q\Qs

By passing to thém sup overn, and lettingj, &, s tend to infinity, we obtain

lim la(z, T (uy), VIi(uy)) — a(z, T (uy), VI(u)][VTk(u,) — VT (u)]dz =0,

n—-+00 Q.
thus implies by the same method used_in [5] that
(4.43) Vu — Vu, a.e.in.

Step 6: Modular convergence of the truncation

By (@.16) and[(4-43), we have, = a(x, Ty (u), VT}(u)), which implies by using (4.42)
(4.44) /Q (0, Ti(un), VT (1)) (VT () — Vo) + 6(2)]de
< /Q la(, To(un), V() (VT (w)Xs — Vo) + 6(2))d
+ /Q al, Ti(un), V() Xs) (VT (un) — VT() xo)de
12 /Q T, VT 0) VT 0}

2l ), 0) VI O)de + (.. b
O\,
which implies, by using Fatou’s Lemma,

(4.45) /Q[a(x, Ti(u), VI(uw) (VT (u) — Vug) + §(z)]dx

< lim inf /Q (@, T(tn), VT () (VT (1) — Vo) + 6(2)]dz

n—-+4oo

< lim sup /Q la(, Th(un), V(1)) (VT (1) — Vo) + 6()]d

n—-4oo

< lim SUP/Q[G(%TIC(%), VT (un))(VTi(u)xs — Vo) + 6(x)]dx

n—-+00

+Mmm/waﬂwmvnwnmvnwm—VEwmwm
n—-4o00 Q

42 / BV T (w)l (0)dz
Q2

+ 2/ a(x, Typ(u),0)VTi(u)p,(0)dz + €(n, j, h).
0\Q,
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Reasoning as above, we have

(4.46) lim sup/Q[a(a:, Ti(un), VI (un))(VTk(u)xs — Vug) + 6(x)]dx

- /Q la(, To(u), VTk(w))(VTh(u)xs — Vo) + 6(2)]dz,

and

lim sup / a2, Ty (1), V() ) (VT (1) — Vi (1) o)

n—-+0o0o
= / a(x, Te(u),0)VTi(u)dz.
O\Q,
Which implies that

(4.47) /Q la(w, Te(w), VTo(w)(VTk(u) — Vuo) + 6(x)]da

n—-+00

< lim inf /Q[a(x, Ty (upn), VTi(un)) (VT (un) — V) + 6(x)]dx

< lim sup /Q[a(x, Ty (un), VTi(un)) (VT (u,) — Vo) + 6(x)]dx

n—-+o0o

< /Q[(z(x,Tk(u), VT (u)(VTi(u)xs — Vug) + 6(x)]dx

+ 2/ heV'T(u) ;. (0)dx +/ a(z, T (u), 0) VT (u)dzx
2N\Qs N\

42 / a(, To(u), 0)V Th(w) g, (0)dz.
0\Q,
Using the fact that
la(z, T (w), VT (w) (VT (u)xs — Vug) + 0(2)], he VT (u) ¢} (0)  and
a(x, Ti(u),0) VT, (u)g,(0) in L'(Q)

and lettings — +oo, we get, sinceneas(Q\2;) — 0,

(4.48) /Q[a(m, Tr(u), VT (u)) (VT (u) — V) + 6(x)]dx

< lim inf /Q (e, T(un), V(1) (VT () — V) + 6()]da

n—-+0o

< lim sup/g[a(:v,Tk(un), VT (un)) (VT (un) — Vo) + 0(z)|dx

< / la(, To(u), VTk(w)(VTi(w) — Vo) + 6(x)dz.
Q

Finally, we have
(4.49) lim | [a(z, Tk(un), VIk(un))(VTk(u,) — Vug) + 6(x)|dx

n—-+0o Q

_ /Q (az, T (), VTi(w)) (VT (1) — Vo) + 8(2)]d
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and by using A3), one obtains, by Lemnja 2.6
(4.50) M(VTi(up)) — M(VTy(u)) in LY(Q).

Step 7: Equi-integrability of the nonlinearities.
We need to prove that

(4.51) Gn (T, Up, Vu,) — g(x,u, Vu) strongly in L' (),

in particular it is enough to prove the equi-integrabilitygfz, u,,, Vu,). To this purpose. We
takew, — T (u, — vo — Th(u, — vo)) @s test function ifk,)), we obtain

/ (. Vo < (1ful + 8(2))da.
{|un—vo|>h+1} {lun—vo|>h}
Lete > 0, then there exists(¢) > 1 such that
(4.52) / lg(z, upn, Vuy,)|de < =
{Jun—vol>h(e)} 2

For any measurable subggtc (2, we have
[ lonl s Vun)lde < [ biae) + ) (o)
E E

+ M(vTh(5)+||U0”Oo(un)))dx + / |g(ZL‘, U, Vun)|dx

{lun—vo[>h(e)}

In view of (4.50) there existg(e) > 0 such that

(453) [ )+ Toall)(blz) + MV Tt () < 5

forall E such that meas(E) < n(e).
Finally, combining[(4.5R) and (4.53), one easily has
/ |gn (2, un, Vu,)| de < e forall E such that meas(E) < n(e),
E

which implies [4.511).
Step 8: Passing to the limit.

Letv € Ky NWiEy(Q)NL>®(Q), we takeu, — Tj,(u, — v) as test function i), we can
write

(4.54) / a(x, up, Vu,)VTi(u, —v)dx + / g(x, Uy, Vuy) Ty (u, —v)de
Q Q

S/{;fnTk(un_v)dxa

which implies that
(4.55) / a(z, up, V)V (u, —vo)dx
{lun—v|<k}
+ / (@, Tt joloo tny VTt o) o () )V (00 — v)dx
{lun—v|<k}

+ / 9(x, Uy, Vun) Ty (u, — v)dr < / fouTr(uy, — v)de.
Q Q
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By Fatou’s lemma and the fact that

(2, Tetfo)oe (tn), Vo) oo (Un)) = (2, Totfofoe (1), Vg oo ()
weakly in(L7(Q2))" for o(I1L47, [TE,,) one can easily see that
(4.56) a(z,u, Vu)V(u — vo)dx

{lu—v|<k}

_'_ /{ l k} a/(-ra Tk+||v||oo(u), VTk+HvHoo<u))v(,U0 _ /U)d$
u—v|<

+ / g(x,u, Vu)Ti(u — v)dz < / fTe(u —v)dz.
Q Q
Hence

(4.57) /Qa(x, u, Vu)VTi(u — v)dr + /

Q
Now, letv € K,NL>(£2), by the condition(45) there exists; € K, NW, Ey(2)NL>(Q)
such thaw; converges t@ modular, leth > ||vg||«, takingv = T} (v;) in (4.57), we have

g(z,u, Vu)Ti(u — v)dx < /Qka(u —v)dzx.

(4.58) /Qa(:n, u, Vu)VT(u — Th(v;))dx + /Qg(x, u, Vu) Ty (u — Tj(vj))dx

< /ﬂ fTe(u — Th(v)))dz.

We can easily pass to the limit gs— +o0o to get
(4.59) / a(z,u, Vu)VTi(u — Tp(v))dx + / g(x,u, Vu)Ti(u — Ty (v))dz
Q Q

§/ka(u—Th(v))dx Vove Ky,NL*(Q),
Q

the same, we pass to the limitas— +oo, we deduce
(4.60) / a(z,u, Vu)VT(u —v)dx + / g(x,u, Vu)Ti(u — v)dx
Q Q

< / [Ty (uw—v)de Yve Ky,NL*(Q),Vk > 0.
Q
Thus, the proof of the theorem is now complete. O
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