Journal of Inequalities in Pure and
Applied Mathematics

ON HADAMARD TYPE INEQUALITIES FOR GENERALIZED
WEIGHTED QUASI-ARITHMETIC MEANS

volume 7, issue 3, article 96,
2006.

ONDREJ HUTN[K Received 25 August, 2005;

accepted 14 July, 2006.
Department of Mathematical Analysis and Applied Mathematics P Y
Faculty of Science Communicated by: Z. Pales
Zilina University
Hurbanova 15, 010 26 Zilina, Slovakia

EMail: ondrej.hutnik@fpv.utc.sk
Abstract

Contents

44
4

Home Page
Go Back

Close

(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit
251-05


Please quote this number (251-05) in correspondence regarding this paper with the Editorial Office.

mailto:pales@math.klte.hu
http://jipam.vu.edu.au/
mailto:ondrej.hutnik@fpv.utc.sk
http://www.vu.edu.au/

Abstract

In the present paper we establish some integral inequalities analogous to the
well-known Hadamard inequality for a class of generalized weighted quasi-
arithmetic means in integral form.
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In papers §] and [/] we have investigated some basic properties of a class of
generalized weighted quasi-arithmetic means in integral form and we have pre-
sented some inequalities involving such a class of means.

In this paper we extend our considerations to inequalities of Hadamard type.
Recall that the inequality, cf5],

(1.1) f (;b) <L / Fla)de < f<a>;f<b>

which holds for all convex functiong : [a,b] — R, is known in the literature

as theHadamard inequalitfsometimes denoted as the Hermite-Hadamard in-
equality). This inequality has became an important cornerstone in mathematical
analysis and optimization and has found uses in a variety of settings. There is a
growing literature providing new proofs, extensions and considering its refine-
ments, generalizations, numerous interpolations and applications, for example,
in the theory of special means and information theory. For some results on gen-
eralization, extensions and applications of the Hadamard inequality, Js€4 |

[4], [€], [°] and [1C].

In general, the inequalityl(1) is a special case of a result of Fejéi, [

(1.2) f(“;b) /abp(x)dxg/abp(x)f(x)dxg M/:p(x)dx,

which holds whery is convex ang is a nonnegative function whose graph is
symmetric with respect to the center of the interkab|. It is interesting to
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investigate the role of symmetry in this result and whether such an inequality
holds also for other functions (instead of convex ones). In this paper we consider
the weight functiorp as a positive Lebesgue integrable function defined on the
closed intervala, b] C R, a < b with a finite norm, i.ep belongs to the vector
spacel{ ([a, b]) (see Sectioft). We also give an elementary proof of the Jensen
inequality and state a result which corresponds to some of its conversions. In
the last section of this article we give a result involving two convex (concave)
functions and (not necessarily symmetric) a weight functiam the interval
la, b] which is a generalization of a result given #j.[

The main aim of this paper is to establish some integral inequalities analo-
gous to that of the weighted Hadamard inequality)for a class of generalized
weighted quasi-arithmetic means in integral form.
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The notion of a convex function plays a fundamental role in modern mathemat-
ics. As usual, a functiort : I — R is calledconvexf

F(A =Nz + A y) < (1= XA)f(z) +Af(y)

forall z,y € I and all\ € [0,1]. Note that if(— f) is convex, thery is called
concave In this paper we will use the following simple characterization of

convex functions. For the proof, se&]. O”F'gf‘g‘gr‘gri |.szé’§v'3<§’.3‘ﬁ?e"ﬂes

Quasi-Arithmetic Means

Lemma 2.1. Let f : [a,b] — R. Then the following statements are equivalent:

Ondrej Hutnik
(i) fis convex ora, b);
(i) forall z,y € [a,b] the functiong : [0, 1] — R, defined by(¢) = f((1 — Title Page
t)z + ty) is convex oro, 1]. PES—
For the convenience of the reader we continue by recalling the definition of < >
a class of generalized weighted quasi-arithmetic means in integral forra].cf. < >

Let L, ([a, b]) be the vector space of all real Lebesgue integrable functions
defined on the intervdh, b] C R, a < b, with respect to the classical Lebesgue Go Back
measure. Let us denote iy ([a,b]) the positive cone of([a, b)), i.e. the

vector space of all real positive Lebesgue integrable functiong:dn. In Clos_e

what follows ||p||;,;; denotes the finitd,-norm of a functiorp € L{ ([a, b]). Quit

For the purpose of integrability of the product of two functions we also con- Page 5 of 24

sider the spacé.([a, b]) as the dual td_; ([a, b]) (@andLZ ([a, b]) as the dual to

Lii_ ([CL, b] ), respectively). J. Ineq. Pure and Appl. Math. 7(3) Art. 96, 2006
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Definition 2.1. Let (p, f) € L ([a,b]) x LE ([a,b]) andg : [0,00] — R be a

real continuous monotone function. The generalized weighted quasi-arithmetic
mean of functiorf with respect to weight functignis a real numbe\/, ) ,(p, f)
given by

_ a1 ’ )
(2.1) Mian o0, f) =9 (HpH[a,b]/ap(gj)g(f(z))dx :

whereg~—! denotes the inverse function to the function on Hadamard Type Inequalities

. . . i For Generalized Weighted
Many known means in the integral form of two variabjeg are a special Quasi-Arithmetic Means

case ofM[,4(p, f) when taking the suitable functions f, g. For instance,

puttingp = 1 on [a, b] we obtain classical quasi-arithmetic integral means of a oo
function f. MeansM, 4 4(p, f) generalize also other types of means, ¢f, [

e.g. generalized weighted arithmetic, geometric and harmonic means, loga- Title Page
rithmic means, intrinsic means, power means, one-parameter means, extended Contents
logarithmic means, extended mean values, generalized weighted mean values, « "

and others. Hence, from/,  ,(p, f) we can deduce most of the two variable
means. < 3
Some basic properties of means, ;) ,(p, f) related to properties of in-

put functionsf, g were studied inf] and [/] in connection with the weighted Go Back
integral Jensen inequality for convex functions. The following lemma states Close
Jensen’s inequality in the case of meadg ; ,(p, f) and we give its elemen- Quit
tary proof.

Page 6 of 24

Lemma 2.2 (Jensen’s Inequality).Let (p, f) € L{([a,b]) x Lt ([a,b]) such

thate < f(z) < dforall z € [a,b], where—co < ¢ < d < 0. 3.1neq, Pure and Appl. Math. 7(3) Art. 96, 2006
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http://jipam.vu.edu.au/
mailto:ondrej.hutnik@fpv.utc.sk
http://jipam.vu.edu.au/

(i) If g is a convex function ofx, d), then
(2.2) 9(Aun (. f)) < Auy(p.go f).
(i) If g is a concave function oft, d), then

g(A[a,b](pa f)) > A[a,b](pag © f>7

whereAy 4 (p, f) denotes the weighted arithmetic mean of the funcfion

ona, bl.
Proof. Let g be a convex function. Put
(23) 5 = A[a,b} (p7 f)

From the mean value theorem, it follows tlat ¢ < d. Put

= sup :
1 T€(e,d) 5 =T
i.e., the supremum of slopes of secant lines. From the convexiiytdbllows
that p
, < 90) =9
0—¢

Therefore, we have that

forany 6 e (&, d).

9(1) > g(§) +n(r = ¢), forany 7€ (cd),
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which is equivalent to

(2.4) 9(§) —g(m) <n(€ —7),

for anyr € (¢,d). Choosing, in particular; = f(x), multiplying both sides
of (2.4) by p(x)/||pllle,;) @nd integrating over the interval, b] with respect to
z, we get

(25) g(g) _A[a,b}(pugof) SnA[a,b}(p7£_f)
The integral at the right side of the inequali}/%) is equal ta). Indeed,
n- A[a,b](p7€ - f) =n (5 - A[a,b](pa f)) = 0.

Replacingé by (2.3), we have

g<A[a,b](pv f)) - A[a,b](pvg o f) S 0.

Hence the resuli( 2). O
As a direct consequence of Jensen’s inequality we obtain the following

Corollary 2.3. Let(p, f) € L{ ([a,b]) x LE ([a,b]) such thate < f(z) < d for
all x € [a,b], where—oo < ¢ < d < 0.

(i) If g is a convex increasing or concave decreasing functiofcod), then

(26) A[a,b} (p> f) S M[a,b]yg(pa f)
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(i) If g is a convex decreasing or concave increasing functiofcod), then
A[a,b} (p7 f) > M[a,b]ag(p7 f)

Proof. Let g be a convex increasing function. Applying the inverse & both
sides of Jensen’s inequalit®.¢) we obtain the desired resuli.©).
Proofs of remaining parts are similar. O

In what follows the following two simple lemmas will be useful.

Lemma 2.4. Leth : [a,b] — [c,d] and leth~! be the inverse function to the On Hadamard Type Inequalities
. For Generalized Weighted
functionh. Quasi-Arithmetic Means
(i) If his strictly increasing and convex, or a strictly decreasing and concave Ondrej Hutnik
function on[a, b], thenh~! is a concave function ofe, d].
(ii) If his strictly decreasing and convex, or a strictly increasing and concave Title Page
: R .
function onla, b, thenh~" is a convex function ofz, d. PES—
Proof. We will prove only the item (i), the item (ii) may be proved analogously. <« N
Suppose that is a strictly decreasing and convex function fanb]. Then
clearly h=! is strictly decreasing ofx, d|. Takex, x5 € [a,b] anda, 3 € [0, 1] < >
such thate + 3 = 1. Sinceh™! is the inverse tdi, there existy;, y» € [c,d| Go Back
such thaty; = h(z;) andz; = h='(y;), fori € {1,2}. Then
Close
h™Hays + Byz) = h™* (ah(xy) + Bh(z2)). Quit
Sinceh is convex, i.e.ah(zy) + Bh(xs) > h(az; + Bzs), andh™! is strictly Page 9 of 24

decreasing, we have
h_l(ayl + ﬁy2) < h_l(h(agjl + ﬁ;@)) = Ozh_l(yl) + ﬁh_l(yz). J. Ineq. Pure and Appl. Math. 7(3) Art. 96, 2006
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From this it follows that: ! is a convex function offr, d. O
Lemma 2.5. Lety : [a,b] — [¢,d] andh : [¢,d] — R.

(i) If ¢ is convex ona, b] andh is convex increasing ofe, d], or ¢ is concave
on [a,b] and h is convex decreasing dn, d], thenh(e(x)) is convex on
[, d].

(i) If ¢ is convex orja, b] andh is concave decreasing dn d|, or ¢ is con-
cave onja, b] andh is concave increasing dn, d, thenh((x)) is concave
on|c,d].

Proof. Let us suppose thatis concave ora, b] andh is convex decreasing on
e, d]. Takingzy, x5 € [a,b] @anda, B € [0,1] : « + 5 = 1, we get

h(p(awy + Baz)) < hlap(zr) + Bp(r2)) < ahp(z1)) + Bh(p(z2)),

i.e. h(e(x)) is a convex function oric, d]. Proofs of the remaining parts are
similar. O]
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By the use of Jensen’s inequality we obtain the following result involving
Miap.4(p, f). In what followsg is always a real continuous monotone func-
tion on the range of (in accordance with Definitio.1).

Theorem 3.1.Let(p, f) € L; ([a,b]) x LT ([a,b]) andIm(f) = [c,d], —c0 <
c<d<oo.

() If g : [e,d] — R is convex increasing or concave decreasing, ghid
concave, then

f@)(L—a®) + f(b)a" < My 4(p, f),
where

T —a
b—a

(3.1) af = Ay (p, ), for a(z)

(i) If g : [e,d] — R is concave increasing or convex decreasing, ghid
convex, then

Miapo(p, f) < fla)(1 —a*) + f(b)a™.

Proof. The presented inequalities are intuitively obvious from the geometric
meaning of convexity. Lej be a concave increasing afithe a convex function.
From Corollary2.3(ii) we have

M[a,b},g(pa f) < A[a,b] (pv f)
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Putting

r—a

b—a’

we getz = (1 — a(x))a + a(x)b, for all z € [a,b]. From the convexity of
function f we have

f((1=a@)a+a(@)b) < (1 - (@) f(a) + a(@) /0,

alz) =

and therefore
1 b On Hadamard '_rype Inegualities
Miasap,f) < o e ((1 — a@))f(a) + ofz) f(b)) d For eneralized Weighte
p 1 _ a p Ondrej Hutnik
-~ ke 4 ke
HPH 0.8 HPH 0.8 _
Using (3.1) the above inequality may be rewritten into Title Page
Miayo(p. f) < f(@)(1 = a*) + f(b)a’ el
Remaining parts may be proved analogously. O S D
Remark 1. If p is symmetric with respect to the center of the intefuab], i.e. ¢ >
b—a Go Back
platt)=plb—t), 0<t<-——, p——
thena* = 1/2. It then follows that items (i) and (ii) reduce to Quit
b b
fa) +7(6) < My o, ), and My,(p, f) < fa) + 1) ; i ), Page12of2d

respectively. 3. Ineq. Pure and Appl. Math. 7(3) Art. 96, 2006
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The Fejér inequality (.2) immediately yields the following version of the

generalized weighted Hadamard inequality for meshs; ,(p, f).

Theorem 3.2.Let(p, f) € L] ([a,b]) x L ([a,b]) such thap is symmetric with
respect to the center of the interval b]. LetIm(f) = [¢,d], —c0o < ¢ < d <
oo, andg : [¢,d] — R.

(i) If g is convex increasing or concave decreasing gns convex, then

o) + S0

a+b _
) S M[a,b],g(pa f) S g ! ( 9

G2 f (

(i) If g is concave increasing or convex decreasing @nd concave, then

o (OO <y < (250,

Proof. We will prove the item (i). The item (ii) may be proved analogously.

Sincey is increasing (decreasing), then assumption (i) of Thedae&hand
Lemma2.5yield thath = g o f is convex (concave). Applyingl(2) for h,
then applying the inverse af to (1.2), the inequalities in.2) immediately
follow. O]

Corollary 3.3. Let us suppose the functiopéz) = 1 andg(z) = z. If fisa
convex function o, b], then we get the celebrated Hadamard inequalityl).

Using our approach from the proof of Theoréiril we are able to prove
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the following theorem which corresponds to some conversions of the Jensen
inequality for convex functions in the casefof, ;) ,(p, f).
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Theorem 3.4.Let(p, f) € LT ([a,b]) x L ([a, b]), such thatf : [a,b] — [k, K],
andg : [k, K] — R, where—oo < k < K < 0.

(i) If g is convex onk, K], then

9) (K = Aws(p, 1) 90 (Ausi(p, 1) — k)
K& * K& ‘

(i) If g is concave onk, K|, then

g(k) (K — At (p, f)) ) g9(K) <A[a,b}(p> f)—= k;)
K~k K=k |

A[a,b} (p7 go f) <

A[a,b} (p7 go f) >

Proof. Let us prove the item (i). Suppose thais a convex function on the

interval [k, K]. Let us consider the following integral

/ p(2)g(f () da.

Sincek < f(x) < Kforallz € [a,b] and f(x) = (1 — ay(z))k + af(x)K,
where

(3.3) as(z) =

then

/abp(x)g(f(x)) de < /abp(l‘> ((1 — ap(z))g(k) + Oéf(I)Q(K)) da
b b
— g(k)/a p(x) (1 — af(a:)> dx + g(K)/a p(x)as(x) dz.
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By (3.3 we get

/abp(:v)af(x) dr = K;—k (/abp(z)f(x) dr ok “pH[a’b])

and therefore

/abp(:t)g(f(x))dx < (K||p||[a7b] _ /abp(x)f(x) dx)

+ % </abp(l’)f(l’> de —k ”pH[a,bl) :

Since||p||(.,5 is positive and finite, we may write

g(k) (K = s S ple) f() do)
K-k
9(K) (s S ple) () do — k)
+ Kk

g(k) (K — Ay (p, ) N 9(K) (A (p, f) — k)
K-k K-k ’

A[a,b} (p7 go f) <

Hence the result. Item (ii) may be proved analogously.
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The main result of this section consists in generalization of a result for two
convex functions given inc]. Observe that symmetry of a weight functipn

on the intervala, b] is now not necessarily required. Our approach is based on
using of a fairly elementary analysis.

Theorem 4.1.Letp € L{ ([a,b]) andh, k be two real-valued nonnegative and N
On Hadamard Type Inequalities

integrable functions ora, b]. Let g be a real continuous monotone function For Generalized Weighted
defined on the range afk. Quasi-Arithmetic Means
(i) If h, k are convex and is either convex increasing, or concave decreasing, oneel L
then
Title Page
(42)  Miwsg(p.hk) < g™ [(1 20"+ #)g(h(@)k(a)) + (" — 5) Contents
44 44
x (g(h(a)k(b)) + g(h(b)k(a))) + ﬁ*g(h(b)k(b))] . < >
Go Back
and
Close
b b i
(42) Mool ) = 7 20 (1 (S50 6 (S5 ) ) 4 (= ) ul
2 2 Page 16 of 24
* * 1
X (g(h(a)k:(a)) + g(h(b)k‘(b))) +la — - 5 J. Ineq. Pure and Appl. Math. 7(3) Art. 96, 2006
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< (9(h(@k(®)) +g(h(b)k())) ] ,

where

r—a
b—a’

(43) o' =Auylp,a), B =Auyp.co®) and a(z)

(ii) If h, k are convex and is either concave increasing, or convex decreasing,
then the above inequalitied.(l) and @.2) are in the reversed order.

Proof. We will prove only the item (i). The proof of the item (ii) is very similar.
Suppose thaj is a convex increasing function ahndk are convex functions on
[a, b]. Therefore fort € [0, 1], we have

(4.4) h((l —ta+ tb) < (1= t)h(a) + th(b)
and
(4.5) k((l —t)a+ tb) < (1 - t)k(a) + th(b).

From (4.4) and @.5) we obtain

h((1 —t)a+ tb)k((l —t)a+ tb)
< (1 — t)%h(a)k(a) + t(1 — t)h(a)k(D)
4 (1 — RO k(a) + 2h(b)k(b).
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By the Lemma2.1the functionsh((1 —t)a+tb) andk((1—t)a-+tb) are convex
on the interval0, 1] and therefore they are integrable n1]. Consequently
the functionh((1—t)a+tb)k((1—t)a+tb) is also integrable oft), 1]. Similarly
sinceh andk are convex on the intervéd, b|, they are integrable ofa, b)) and
hencehk is also integrable function o, b].

Sincey is increasing and convex on the rangehaéf by applying Jensen’s
inequality we get

(4.6) g(h<(1 —t)a+ tb)k((l —#)a+ tb)) <(1- t)2g<h(a)k(a)>
(1) (g (h(a)k:(b)) + g(h(b)k(a))) + 2 <h(b)k(b)>.

Multiplying both sides of the equatiod (6) byp<(1 —t)a + tb)/HpH[a’b] and
integrating over the interva, 1], we have

/1p<(1 ~t)a —i—tb)g[h((l ~t)a +tb>k<(1 - t)a+tb>] dt

12/l a,0)
1

<
”pH [a,b]

g(h(a)k(a)) /01p<(1 —t)a+ tb) (1—1)2dt
1
||p||[a,b]

+ (g(h(a)k(b)) + g(h(b)k(a))) /01p<(1—t)a+tb>t(1—t) dt

+ m g(hO)k®)) /Olp(u —t)a+tb) £ dt.
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Substituting(1 — t)a + tb = x and puttingx(z) = == we obtain

[ (nrte >) dr <

1Pl a.0) - ||p||[a b
1

+ oy ((H@k®) + g >/ ple

g
HpH [a,b]

Using notation 4.3) we obtain

m /abp(:v)g(h(x)k(x)> de < (1—2a" + ﬁ*)g<h(a)k(a)>
+ ﬁ*g(h(b)k’(b)> +(a* — §Y) <g <h(a)k(b)> - g(h(b)k(a)>> ,

Sinceg~! is increasing, we get the desired inequality4mj.

Now let us show the inequality int(2). Sinceh andk are convex ofa, b],

then fort € [a, b] we observe that

b a+b i a-+b
(7))
<(1—t;a+tb+ta+(;—t)b)k((l—t;a+tb+ta+(;—t)b>

Il
=

<

[h((l - t)a+tb) + h(m . t)b)}
x [k((l - t)a+tb) + k(m (1 t)b)}

IO,

g(h(a ) / p(z)(1—a(zx))? dz
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+ % [215(1 — 1) (h(a)k(a) + h(b)k:(b))
+ <t2 F(1- t)2> (h(a)k:(b) + h(b)k(a))] .

Sincey is increasing and convex, by the use of Jensen’s inequality we obtain

a-+b a+b
(1 (57)+ (7))
< ig(h((l—t)a+tb>k;((1—t)a+tb )
+ig(h<m+(1—t)b>k ta+ (1—t)b )

(
n % (1-1) [g (h(a)k(a)) + g(h(b)k(@ﬂ

+ % (t2 it %) [g(h(a)k(b)) + g(h(b)k(a))].

Multiplying both sides of the last inequality m((l —t)a + tb>/||p||[a,b] and
integrating over the interva, 1], we have

i, oo )o(n (51 (557))

Hp||1[a,b] /Olp(“ —t)a+tb)g (n((1=tha+)k((1-tha+)) at

<
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+

T /Olp((l —tla+tb)g (h(ta+ (1= 00)k(ta+ (1-1)b)) dt
g(h(a)k(a)> + g(h(b)k(b)>

”pH [a,b]

A0) a0k Y

1Pla.)

v /1p<(1—t)a+tb>t(1—t)dt

On Hadamard Type Inequalities

Substituting(1 — t)a + tb = = and using notatior¥(3), we obtain For Generalized Weighted
Quasi-Arithmetic Means

o (1 (S0 (40)) < o [ s(rion)

+(a* = 3 (g (h(@)k(@)) + g (AB)K())) Title Page
. L1 Contents
+ (5 —at+ 5) (9(n@)k®)) + 9 (rO)k())) <! »
Sinceg~! is increasing, we complete the proof. O < 4
Remark 2. If p is a symmetric function with respect to the center of the interval ColEaee
[a,b], thena* = 1/2and3* = 1/3. Close
As a consequence of Theoreini we obtain the following main result stated Quit
in [9]. Page 21 of 24
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real-valued nonnegative convex functions/@rbl, then

2h (a ; b) k (a ; b) _ éM(a, b) — %N(a,b) < / h(x)k(z) dz,
and 1 .
= | M@ ds < 30 (a.b)+ 5N (@)

whereM (a,b) = h(a)k(a) + h(b)k(b) and N (a, b) = h(a)k(b) + h(b)k(a).

Proof. Sincep is symmetric orja, b], then the result follows immediately from
Theorem4.1 (i) and Remark. O]
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