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ABSTRACT. In this paper we study approximation properties for the class of general integral
operators of the form

(Twf)(s) =
∫

Hw

Kw(s, t, f(t))dµHw
(t) s ∈ G, w > 0

whereG is a locally compact Hausdorff topological space,(Hw)w>0 is a net of closed subsets
of G with suitable properties and, for everyw > 0, µHw

is a regular measure onHw. We give
pointwise, uniform and modular convergence theorems in abstract modular spaces and we apply
the results to some kinds of discrete operators including the sampling type series.
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1. I NTRODUCTION

The aim of this paper is to give a general and unifying treatment of convergence properties
in function spaces for families of integral or discrete operators, including the classical linear or
nonlinear integral operators of convolution type acting on function spaces defined on topological
groups, Urysohn type operators, discrete operators of sampling type, or the classical Bernstein
and Szász-Mirak’jan operators etc. Our objective is to find a common root for the convergence
properties of all the above operators.

In [4] we have studied approximation properties for families of nonlinear integral operators
of the form

(Twf)(s) =

∫
Hw

Kw(s, t, f(t))dµHw(t), s ∈ G, w > 0,
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2 CARLO BARDARO AND ILARIA MANTELLINI

whereG is a locally compact Hausdorff topological space,(Hw)w>0 is a net of closed subsets
of G such that

⋃
w>0Hw = G and, for everyw > 0, µHw is a regular andσ-finite measure

onHw. For these operators we have obtained some local convergence theorems in the general
setting of modular spaces. Locality represents a restriction of applicability of the theory and
so in this paper we furnish global approximation results by using a notion of uniform modular
integrability for families of functions introduced in [5] for Urysohn type operators and suitably
modified according to our general frame. We will work in the setting of Orlicz spaces, but using
some natural generalization of the uniform integrability, some technical tool and an approach
similar to [4], we can obtain corresponding results also in abstract modular spaces. As a conse-
quence we obtain results inLp spaces, when the generating function of the Orlicz space is given
by ϕ(u) = |u|p.

By specializingG andHw, we obtain several classes of operators. For example, ifG =
Hw, andµw = µG, for everyw > 0, µG being a fixedσ−finite and regular measure onG, we
obtain a class of Urysohn type operators and so, in turn, all the classical families of linear or
nonlinear integral operators of convolution type (whenG is a topological group andµG is its
Haar measure). Our main theorems (Theorems 3.4 and 3.6) imply the well-known approxima-
tion results in Orlicz spaces (or, in particular, inLp−spaces), see [13], [24]).

Here we consider, as examples, very interesting families of operators of the discrete type (see
Section 4), in order to explain the nature of the general conditions which we used. In particular,
we apply these results to linear discrete operators of the form ([26], [14], [15], [16], [7], [22]
and [6])

(Swf)(s) =
∑
n∈Z

K(ws− n)f
(n
w

)
, s ∈ R, w > 0

and

(S̃wf)(s) =
∑
n∈Z

Gn,w(s)f

(
tn
w

)
s ∈ R, w > 0,

where(tn)n∈N is a separate sequence of real numbers (i.e.|tn−tn−1| ≥ δ for a fixedδ > 0), (see
[21], [17], [3]) and to their nonlinear versions (see e.g. [8], [27], [23], [6], [3], [4] and [1]). In
these instances, our general convergence theorems imply modular convergence in Orlicz spaces
for the generalized sampling operators (in their linear or nonlinear forms), when the function
f satisfies some generalized concepts of bounded variation. As far we know, this is a new result
about generalized sampling operators (also inLp−case). Finally, we also discuss another well-
known discrete operator, namely the Szász-Mirak’jan operator and we obtain, as an application,
a convergence result in Orlicz space.

2. NOTATIONS AND DEFINITIONS

Let G be a locally compact Hausdorff topological space, provided with its family of Borel
setsB of G. Let µG be a regular andσ−finite measure defined onB. We will assume that the
topology ofG is uniformizable, i.e. there is a uniform structureU ⊂ G × G which generates
the topology ofG (see [28]). For everyU ∈ U , we putUs = {t ∈ G : (s, t) ∈ U}. By local
compactness, we will assume that for everys ∈ G, the base{Us : U ∈ U} contains compact
sets. We will denote byX(G) the space of all real-valued measurable functionsf : G →
R provided with equality a.e., byC(G) the subspace of all bounded and continuous functions
and byCc(G) the subspace of all continuous functions with compact support.

Let us recall that a functionf : G→ R is uniformly continuous onG if for everyε > 0 there
isU ∈ U such that|f(t)− f(s)| < ε for everys ∈ G, t ∈ Us.

Let now(Hw)w>0 be a net of nonempty closed subsets ofG such thatG = ∪w>0Hw.
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ON GLOBAL APPROXIMATION PROPERTIES OF ABSTRACT INTEGRAL OPERATORS INORLICZ SPACES AND APPLICATIONS 3

For everyw > 0 we will denote byµw a regular andσ-finite measure onHw, defined on the
Borelσ-algebra generated by the family{A ∩Hw : A open subset ofG}.

Let L be the class of all the families of globally measurable functionsL = (Lw)w>0, Lw :
G×Hw → R+

0 such that for everyw > 0 the sectionsLw(·, t) andLw(s, ·) belong toL1(G) for
everyt ∈ Hw and toL1(Hw) for everys ∈ G respectively.

Let Ψ be the class of all functionsψ : R+
0 → R+

0 such thatψ is a continuous (nondecreasing)
function andψ(0) = 0, ψ(u) > 0 for u > 0. Let Ξ = (ψw)w>0 ⊂ Ψ be a family of functions
such that the following two assumptions hold

1. (ψw)w>0 is equicontinuous atu = 0,
2. for everyu ≥ 0 the net(ψw(u))w>0 is bounded.

We denote byKΞ the class of all families of functionsK = (Kw)w>0, whereKw : G×Hw ×
R → R, such that the following conditions hold
(K.1) for anyw > 0, Kw(·, ·, u) is measurable onG×Hw for everyu ∈ R andKw(s, t, 0) =

0, for every(s, t) ∈ G×Hw.
(K.2) K = (Kw)w>0 is (L,Ξ)−Lipschitz i.e. there areL = (Lw)w>0 ∈ L and a constant

D > 0 such that

0 < βw(s) :=

∫
Hw

Lw(s, t)dµw(t) ≤ D

for all s ∈ G,w > 0 and

|Kw(s, t, u)−Kw(s, t, v)| ≤ Lw(s, t)ψw(|u− v|)
for everys ∈ G, t ∈ Hw andu, v ∈ R.

For a givenK = (Kw)w>0 ∈ KΞ we will take into consideration the following family of
nonlinear integral operatorsT = (Tw)w>0 given by

(Twf)(s) =

∫
Hw

Kw(s, t, f(t))dµw(t) s ∈ G, w > 0

wheref ∈ DomT = ∩w>0 DomTw; hereDomTw is the subset ofX(G) on whichTwf is well
defined as aµG-measurable function ofs ∈ G.

We will say thatK = (Kw)w>0 ∈ KΞ is singular if the following assumptions hold
1) There is a net(ζw)w>0 of positive real numbers such that for everyw > 0 andt ∈ Hw we

have ∫
G

Lw(s, t)dµG(s) ≤ ζw ≤ D.

2) For everys ∈ G and for everyU ∈ U we have

lim
w→+∞

∫
Hw\Us

Lw(s, t)dµw(t) = 0.

3) For everys ∈ G and for everyu ∈ R we have

lim
w→+∞

∫
Hw

Kw(s, t, u)dµw(t) = u.

We will say thatK is uniformly singularif conditions 2) and 3) are replaced by the following
ones

2’) for everyU ∈ U we have

lim
w→+∞

∫
Hw\Us

Lw(s, t)dµw(t) = 0

uniformly with respect tos ∈ G,
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4 CARLO BARDARO AND ILARIA MANTELLINI

3’) we have

lim
w→+∞

∫
Hw

Kw(s, t, u)dµw(t) = u,

uniformly with respect tos ∈ G andu ∈ C, whereC is any compact subset ofR \ {0}.
For the above concepts see [4].
We have the following

Theorem 2.1. Let K = (Kw)w>0 ∈ KΞ. ThenL∞(G) ⊂ DomT and for everyw > 0 Twf ∈
L∞(G), wheneverf ∈ L∞(G).

Proof. We obtain easily the measurability ofKw(s, ·, f(·)) andTwf, with f ∈ L∞(G). More-
over

|(Twf)(s)| ≤
∫

Hw

Lw(s, t)ψw(|f(t)|)dµw(t) ≤ ψw(‖f‖∞)D ≤M ′D,

beingM ′ = supw>0(ψw(‖f‖∞)) and so the assertion follows. �

As to the pointwise convergence, in [4] we have proved the following result

Theorem 2.2.Letf ∈ L∞(G) andK = (Kw)w>0 ∈ KΞ be singular. ThenTwf → f pointwise
at every continuity point off. Moreover ifK is uniformly singular, then‖Twf − f‖∞ → 0 as
w → +∞, wheneverf ∈ C(G) is uniformly continuous.

3. CONVERGENCE IN ORLICZ SPACES

Let Φ be the class of all functionsϕ : R+
0 → R+

0 such that

i) ϕ is continuous and non decreasing,
ii) ϕ(0) = 0, ϕ(u) > 0 for u > 0 andlimu→+∞ ϕ(u) = +∞.

Moreover we denote bỹΦ the subspace ofΦ whose elements are convex functions.
Forϕ ∈ Φ, we define the functional

%ϕ
G(f) =

∫
G

ϕ(|f(s)|)dµG(s)

for everyf ∈ X(G).
As it is well known,%ϕ

G is a modular onX(G) and the subspace

Lϕ(G) = {f ∈ X(G) : %ϕ
G(λf) < +∞ for someλ > 0}

is the Orlicz space generated byϕ. If ϕ ∈ Φ̃, then%ϕ
G is a convex modular. The subspace of

Lϕ(G), defined by

Eϕ(G) = {f ∈ X(G) : %ϕ
G(λf) < +∞ for everyλ > 0},

is called the space of finite elements ofLϕ(G). For example, every bounded function with
compact support belongs toEϕ(G). For these concepts see [24].

Moreover, given an arbitraryη ∈ Φ, we will denote by%η
Hw

the modular

%η
Hw

(f) =

∫
Hw

η(|f(t)|)dµw(t)

for anyf ∈ X(G).
Here byLη(Hw) we denote the space of all functionsf ∈ X(G) such that the restriction

f|Hw is an element of the Orlicz space generated by the modular%η
Hw
.
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In order to establish a convergence result in Orlicz spaces, we consider the following notion
of convergence (see [24]). We say that a sequence(fw)w>0 ⊂ Lϕ(G) is modularly convergent
to f ∈ Lϕ(G) if there isλ > 0 such that

lim
w→+∞

%ϕ
G[λ(fw − f)] = 0.

This notion of convergence induces a topology onLϕ(G), called modular topology.
In the following we will need a link between the modular%ϕ

Hw
and the family of functions

Ξ = (ψw)w>0 used in the Lipschitz condition of(Kw)w>0. Given a functionη ∈ Φ, considering
the modular%η

Hw
, we will say that the triple(%ϕ

Hw
, ψw, %

η
Hw

) is properly directed if the following
condition holds: there exists a net(cw)w>0, with cw → 0 asw → +∞, for which for every
λ ∈]0, 1[ there existsCλ ∈]0, 1[ with∫

Hw

ϕ(Cλψw(|f(t)|))dµw(t) ≤
∫

Hw

η(λ|f(t)|)dµw(t) + cw(3.1)

for every functionf ∈ X(G).
We will need the following definition: given

(Lw(·, t))t∈Hw,w>0,

we will say that this family satisfies property(∗), if for every compactC ⊂ G there exist a
compact subsetB ⊂ G, M > 0 andβ > 0 such that

(3.2)
∫

G\B
Lw(s, t)dµG(s) ≤ M

wβ

for everyt ∈ C ∩Hw and sufficiently largew > 0.

3.1. Examples.
1. As a first example, letG = Hw = R, for everyw > 0, provided with the Lebesgue

measure. Let us consider an approximate identity (see [13])(K̃w)w>0 onG = R, such
that for everyδ > 0

lim
w→+∞

wβ

∫
|t|>δ

|K̃w(s)|ds = M > 0,

for someβ > 0. Then we can prove that the family of kernels(Kw)w>0, with Kw :
R× R× R → R defined by

Kw(s, t, u) = K̃w(s− t)u,

satisfies the singularity assumptions and the familyLw(s, t) = |K̃w(s−t)| satisfies prop-
erty (∗). For example the above holds for every family(K̃w)w>0 of functionsK̃w with
supports contained in a fixed interval of the form[−a, a].

2. LetG = Hw = R for everyw > 0, provided with Lebesgue measure. Let us consider
the family of functions

Lw(s, t) =
2w

π
· ew(s+t)

e2ws + e2wt
,

for s, t ∈ R andw ≥ 1. Then for everyt ∈ R andr > 0 we have∫
R\[t−r,t+r]

Lw(s, t)ds = 1 +
2

π
(arctan e−wr − arctan ewr).

Now it is easy to show that (3.2) holds for everyβ > 0. This is an example in non-
convolution case (see [4]).
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6 CARLO BARDARO AND ILARIA MANTELLINI

3. More interesting cases, which involve discrete operators, will be given in Section 4.
These examples can be easily modified in order to get conditions for which the assump-
tion (∗) holds.

Let η ∈ Φ be fixed. For a given constantP > 0 and a net(γw)w>0 of positive numbers, we
denote byΥHw(P, (γw)w>0) the class

ΥHw(P, (γw)w>0) = {f ∈ Lη(G) : lim sup
w→+∞

γw%
η
Hw

(λf) ≤ P%η
G(λf) for everyλ > 0}.

Let K = (Kw)w>0 ∈ KΞ be singular and let(ζw)w>0 be the net in assumption 1) of singularity.
In the following we will work with the classΥHw(P, (ζw)w>0) and we will assume that

ΥHw(P, (ζw)w>0) contains a nonempty subspaceF ⊂ Cc(G). For a fixed modular functional
%η

G onX(G), we will denote byFη the modular closure inLη(G) of F . Thusf ∈ Fη iff there
exists a sequence(fn)n∈N ⊂ F such that(fn)n∈N converges modularly tof with respect to the
modular%η

G. We have the following

Theorem 3.1. Letϕ ∈ Φ̃, η ∈ Φ, Ξ = (ψw)w>0 ⊂ Ψ and letK = (Kw)w>0 ∈ KΞ be singular.
Let f ∈ F and letC be the support off. Let us assume thatwβζw → +∞ asw → +∞ and
(3.1) holds. If the family(Lw(·, t))t∈Hw,w>0 satisfies property(∗), then there exists a constant
α > 0, independent off, such that following properties hold

i) for everyε > 0 there is a compact setB ⊂ G such that

%ϕ
G[α(Twf)χG\B] < ε

for sufficiently largew > 0,
ii) for every sequence(Bk)k∈N ⊂ B, withBk+1 ⊂ Bk andµG(Bk) → 0, we have

lim
k→+∞

%ϕ
G[α(Twf)χBk

] = 0,

uniformly with respect tow > 0.

Proof. Let λ > 0 be fixed and letCλ be the constant in (3.1). Letα > 0 be a constant such
thatαD ≤ Cλ. Using the Jensen inequality and the Fubini-Tonelli Theorem, we have for every
measurable subsetB ⊂ G

%ϕ
G[α(Twf)χG\B] =

∫
G\B

ϕ(α|(Twf)(s)|)dµG(s)

≤ 1

D

∫
G\B

[∫
Hw∩C

ϕ(αDψw(|f(t)|))Lw(s, t)dµw(t)

]
dµG(s)

=
1

D

∫
Hw∩C

ϕ(αDψw(|f(t)|))
[∫

G\B
Lw(s, t)dµG(s)

]
dµw(t).

By property(∗) we can consider a compact subsetB ⊂ G such that∫
G\B

Lw(s, t)dµG(s) ≤ M

wβ
,

for everyt ∈ Hw ∩ C, with β > 0. So we obtain

%ϕ
G[α(Twf)χG\B] ≤ M

Dwβ

∫
Hw

ϕ(αDψw(|f(t)|))dµw(t).
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Using condition (3.1), we obtain

%ϕ
G[α(Twf)χG\B] ≤ M

Dwβ

[∫
Hw

η(λ|f(t)|)dµw(t) + cw

]
=

M

Dwβ

∫
Hw

η(λ|f(t)|)dµw(t) +
Mcw
Dwβ

=
M

Dwβζw
ζw

∫
Hw

η(λ|f(t)|)dµw(t) +
Mcw
Dwβ

.

Lettingw → +∞, we have

lim sup
w→+∞

%ϕ
G[α(Twf)χG\B] ≤ lim sup

w→+∞

M

Dwβζw
ζw

∫
Hw

η(λ|f(t)|)dµw(t)

and, taking into account thatf ∈ ΥHw(P, (ζw)w>0) and that every functionf ∈ F belongs to
Eη(G), we have that

lim sup
w→+∞

%ϕ
G[α(Twf)χG\B] = 0

and so i) follows. Now we can prove ii). Let(Bk)k∈N ⊂ B be a sequence of measurable sets
with Bk+1 ⊂ Bk andlimk→+∞ µG(Bk) = 0. Then, considering a constantα such thatαD ≤ 1,
we obtain

%ϕ
G[α(Twf)χBk

] =

∫
G

ϕ(α|(Twf)(s)|χBk
(s))dµG(s)

≤ ϕ(ψw(‖f‖∞))µG(Bk).

Since(ψw(‖f‖∞))w>0 is bounded we have easily the assertion. �

Using Theorems 2.2 and 3.1, we obtain the following

Theorem 3.2.Letϕ ∈ Φ̃, η ∈ Φ, Ξ = (ψw)w>0 ⊂ Ψ andK = (Kw)w>0 ∈ KΞ be singular. Let
us assume thatwβζw → +∞ asw → +∞ and (3.1) holds. If the family(Lw(·, t))t∈Hw,w>0 sat-
isfies property(∗), then there exists a constantα > 0 such that

lim
w→+∞

%ϕ
G[α(Twf − f)] = 0,

for everyf ∈ F .

Proof. Let λ > 0 be fixed and letα > 0 be such that2αD ≤ Cλ. From Theorem 2.2,Twf con-
verges pointwise tof so by continuity ofϕ we have thatϕ(α|Twf − f |) tends to zero pointwise
too. Moreover by Theorem 3.1 the integrals∫

(·)
ϕ(α|(Twf)(s)− f(s)|)dµG(s)

are equiabsolutely continuous. Thus the assertion follows from the Vitali convergence theorem.
�

In order to give a modular convergence theorem for functionsf ∈ Fϕ+η(G) ∩ DomT, we
prove the following continuity result for the family(Tw)w>0.

Theorem 3.3.Letϕ ∈ Φ̃, η ∈ Φ andΞ = (ψw)w>0 ⊂ Ψ be such that the triple(%ϕ
Hw
, ψw, %

η
Hw

) is
properly directed. LetK = (Kw)w>0 ∈ KΞ be singular. Iff, g ∈ X(G) ∩ DomT, such that
f − g ∈ ΥHw(P, (ζw)w>0) then, givenλ > 0, there existsα > 0 such that

lim sup
w→+∞

%ϕ
G[α(Twf − Twg)] ≤

P

D
%η

G[λ(f − g)].
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Proof. Letλ > 0 be fixed and letα be a positive constant such thatαD ≤ Cλ,withCλ being the
constant in (3.1). By using the Jensen inequality and the Fubini-Tonelli theorem, we have

%ϕ
G[α(Twf − Twg)] =

∫
G

ϕ(α|(Twf)(s)− (Twg)(s)|)dµG(s)

≤
∫

G

ϕ

(
α

∫
Hw

Lw(s, t)ψw(|f(t)− g(t)|)dµw(t)

)
dµG(s)

≤ 1

D

∫
Hw

ϕ(Cλψw(|f(t)− g(t)|))
(∫

G

Lw(s, t)dµG(s)

)
dµw(t)

≤ ζw
D

∫
Hw

ϕ(Cλψw(|f(t)− g(t)|))dµw(t)

≤ ζw
D

∫
Hw

η(λ|f(t)− g(t)|)dµw(t) +
cwζw
D

=
ζw
D
%η

Hw
[λ(f − g)] +

cwζw
D

.

Passing to the limsup, taking into account thatf − g ∈ ΥHw(P, (ζw)w>0), we obtain

lim sup
w→+∞

%ϕ
G[α(Twf − Twg)] ≤

P

D
%η

G(λ(f − g))

and so the assertion follows. �

Now we are ready to prove the main theorem of this section.

Theorem 3.4.Letϕ ∈ Φ̃, η ∈ Φ andΞ = (ψw)w>0 ⊂ Ψ be such that the triple(%ϕ
Hw
, ψw, %

η
Hw

) is
properly directed. LetK = (Kw)w>0 ∈ KΞ be singular. Let us assume thatwβζw →
+∞ asw → +∞, and the family(Lw(·, t))t∈Hw,w>0 satisfies property(∗). Then, for every
f ∈ DomT ∩ Fη+ϕ, such thatf − F ⊂ ΥHw(P, (ζw)w>0), for someP > 0, there exists a
constantα > 0 such that

lim
w→+∞

%ϕ
G[α(Twf − f)] = 0.

Proof. Let f ∈ Fη+ϕ ∩DomT, such thatf −F ⊂ ΥHw(P, (ζw)w>0). Then there is a constant
λ′ ∈]0, 1[ and a sequence(fn)n∈N ⊂ F such that for everyε > 0 there existsn ∈ N with

%ϕ+η
G [λ′(fn − f)] < ε

for everyn ≥ n. Let us fix nown and a constantα > 0 such that3α ≤ λ′, for which Theorems
3.2 and 3.3 are satisfied with3α. Then we have

%ϕ
G[α(Twf − f)] ≤ %ϕ

G[3α(Twf − Twfn)] + %ϕ
G[3α(Twfn − fn)] + %ϕ

G[3α(fn − f)].

By Theorem 3.2 we have
lim

w→+∞
%ϕ

G[3α(Twfn − fn)] = 0

and by Theorem 3.3 we have

lim sup
w→+∞

%ϕ
G[3α(Twf − Twfn) ≤ P

D
%η

G(λ′(f − fn)).

Without loss of generality we can assume thatP/D > 1 and so we can write

lim sup
w→+∞

%ϕ
G[α(Twf − f)] ≤ P

D
%η

G[λ′(f − fn)] +
P

D
%ϕ

G[λ′(f − fn)] < ε
P

D
.

The assertion follows sinceε is arbitrary. �
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Now we describe a different approach to the convergence problem by using a more gen-
eral assumption than property(∗). This assumption has been used in [5] in connection with
Urysohn type operators. However we have to introduce a “local” boundedness condition on
the family of measures(µw)w>0. Using the previous notations, we will say that the family
(Lw(·, t))t∈Hw,w>0 satisfies property(∗∗) if for every compactC ⊂ G and for everyε > 0 there
exists a compact subsetB ⊂ G such that∫

G\B
Lw(s, t)dµG(s) < ε,

for everyt ∈ Hw ∩ C and sufficiently largew > 0.
We will say that the family of measures(µw)w>0 is locally boundedif for every compact

C ⊂ G, (µw(C ∩Hw))w>0 is a bounded net, i.e. there exists a constantR = RC > 0 such that
µw(C ∩Hw) ≤ R, for sufficiently largew > 0.

As before, letF be a subspace ofCc(G) such thatF ⊂ ΥHw(P, (ζw)w>0) for some constant
P > 0. We have the following

Theorem 3.5.Letϕ ∈ Φ̃, Ξ = (ψw)w>0 ⊂ Ψ and letK = (Kw)w>0 ∈ KΞ be singular. Letf ∈
F and letC be the support off. If the family(Lw(·, t))t∈Hw,w>0 satisfies property(∗∗) and the
family of measures(µw)w>0 is locally bounded, then there exists a constantα > 0, independent
of f, such that following properties hold

i) for everyε > 0 there is a compact setB ⊂ G such that

%ϕ
G[α(Twf)χG\B] < ε

for sufficiently largew > 0,
ii) for every sequence(Bk)k∈N ⊂ B, withBk+1 ⊂ Bk andµG(Bk) → 0, we have

lim
k→+∞

%ϕ
G[α(Twf)χBk

] = 0,

uniformly with respect tow > 0.

Proof. Let α > 0 be such thatαD ≤ 1. Let ε > 0 be fixed and letB be the compact set
corresponding to the supportC of f in the definition of property(∗∗).Using the same arguments
as in Theorem 3.1, we have, for sufficiently largew,

%ϕ
G[α(Twf)χG\B] ≤ 1

D

∫
Hw∩C

ϕ(αDψw(|f(t)|))
[∫

G\B
Lw(s, t)dµG(s)

]
dµw(t)

≤ ε

D

∫
Hw∩C

ϕ(ψw(|f(t)|))dµw(t) ≤ εR

D
ϕ(M ′),

whereM ′ = supw>0 ψw(‖f‖∞) and so i) follows. The proof of ii) is exactly the same as
before. �

We remark that Theorem 3.5 still holds for every bounded function with compact support.
As a consequence we obtain a modular convergence result as in Theorem 3.2. Finally, using

Theorem 3.3, Theorem 3.5 and the Vitali convergence Theorem, we obtain the restatement of
Theorem 3.4

Theorem 3.6.Letϕ ∈ Φ̃, η ∈ Φ andΞ = (ψw)w>0 ⊂ Ψ be such that the triple(%ϕ
Hw
, ψw, %

η
Hw

) is
properly directed. LetK = (Kw)w>0 ∈ KΞ be singular. Let us assume that the family
(Lw(·, t))t∈Hw,w>0 satisfies property(∗∗) and the family of measures(µw)w>0 is locally bounded.
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10 CARLO BARDARO AND ILARIA MANTELLINI

Then, for everyf ∈ DomT∩Fη+ϕ, such thatf−F ⊂ ΥHw(P, (ζw)w>0), for someP > 0, there
exists a constantα > 0 such that

lim
w→+∞

%ϕ
G[α(Twf − f)] = 0.

4. APPLICATIONS TO DISCRETE OPERATORS

Let us consider now the particular case in whichG = R andHw = 1
w

Z for everyw >

0. We provideG with the Lebesgue measure and for everyw > 0 we putµw = 1
w
µc, where

µc is the counting measure. Note that the family(µw)w>0 is locally bounded. Indeed letC =
[−M,M ] be a closed interval inR andM ∈ N. Then the setC ∩Hw contains at most2[Mw]+
1 elements. Soµw(C ∩Hw) ≤ 2M + 1, for w ≥ 1 and hence the assertion follows.

Let nowΓ : R → R be a summable function and such that the following assumptions hold

(L.1)
∑+∞

k=−∞ Γ(u− k) = 1 for everyu ∈ R.
(L.2) m0(Γ) := supu∈R

∑+∞
k=−∞ |Γ(u− k)| < +∞.

Note that from the summability ofΓ we deduce the following property
(L.3) For everyε > 0 there existsM > 0 such that∫

|s|>M

|Γ(s)|ds < ε.

Now, for everyw > 0, we define

Γw

(
s,
k

w

)
= wΓ

(
w

(
s− k

w

))
= wΓ(ws− k), s ∈ R, k ∈ Z.

We prove that the family of kernelsKw : G×Hw × R → R, defined by

Kw

(
s,
k

w
, u

)
= wΓ(ws− k)u,

is singular withLw(s, k
w
) = w|Γ(ws− k)|.

Firstly, note that the family(Kw)w>0 satisfies a strong Lipschitz condition withψw(u) =
u, for everyu ≥ 0 andw > 0. Thus assumption (3.1) is satisfied withη = ϕ andcw = 0, for
everyw > 0. Moreover∫

R
w|Γ(ws− k)|ds =

∫
R
|Γ(u)|du = ‖Γ‖1 < +∞.

For a fixeds ∈ R andδ > 0, let us putUs = [s− δ, s+ δ]. Then∫
Hw\Us

Lw

(
s,
k

w

)
dµw =

∑
|ws−k|>δw

|Γ(ws− k)|.

By Lemma 1 in [26], assumption (L.2) implies

lim
R→+∞

∑
|u−k|>R

|Γ(u− k)| = 0,

uniformly with respect tou ∈ R and so for a fixedε > 0 there isRε > 0 such that∑
|u−k|>Rε

|Γ(u− k)| < ε,

uniformly with respectu ∈ R. Letw > 0 such thatwδ > Rε for everyw ≥ w. Then forw ≥ w,∑
|ws−k|>δw

|Γ(ws− k)| ≤
∑

|ws−k|>Rε

|Γ(ws− k)| < ε,
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and so the second condition of singularity in satisfied. The third condition immediately follows
from (L.1). Finally we show that property(∗∗) is satisfied for the family(Lw(·, k

w
)). Let C =

[−δ, δ] be a fixed interval inR and letε > 0 be fixed. LetM be the constant in(L.3) and let us
chooseM̃ > 0 such that̃M − δ > M. Since k

w
∈ [−δ, δ], we only considerk ∈ [−δw, δw]. So

we have, withw > 1,∫
|s|>M̃

w|Γ(ws− k)|ds =

∫ −M̃w−k

−∞
|Γ(u)|du+

∫ +∞

M̃w−k

|Γ(u)|du

≤
∫
|u|>(M̃−δ)w

|Γ(u)|du

<

∫
|u|>M

|Γ(u)|du < ε.

So the assertion follows takingB = [−M̃, M̃ ].
Hence for the family of discrete operators defined by

(Swf)(s) =
+∞∑

k=−∞

Γ(ws− k)f

(
k

w

)
we can apply all the previous theory.

Takingζw = ‖Γ‖1 for everyw > 0 and assuming for the sake of simplicity that‖Γ‖1 = 1, the
classΥHw(P, (ζw)w>0) now takes the form

ΥHw(P, (ζw)w>0)

=

{
f ∈ Lϕ(R) : lim sup

w→+∞

1

w

∞∑
k=−∞

ϕ

(
λ

∣∣∣∣f (
k

w

)∣∣∣∣) ≤ P

∫
R
ϕ(λ|f(s)|)ds

}
.

In particular if f ∈ BV (R) ∩ Eϕ(R), thenϕ ◦ λ|f | is also of bounded variation, sinceϕ is
locally Lipschitz. Thus, using the results in [19], we have

lim
w→+∞

1

w

∞∑
k=−∞

ϕ

(
λ

∣∣∣∣f (
k

w

)∣∣∣∣) =

∫
R
ϕ(λ|f(s)|)ds,

see also [9] and [10]. Now, iff ∈ BV (R) ∩ Eϕ(R), takingF = C∞
c (R), we havef − F ⊂

BV (R) ∩ Eϕ(R) and sinceFϕ = Lϕ(R), (see [18], [2]), we obtain the following

Corollary 4.1. Letf ∈ BV (R) ∩ Eϕ(R). Then there existsα > 0 such that

lim
w→+∞

ρϕ
R[α(Swf − f)] = 0.

If we takeϕ(u) = |u|p, we obtain a convergence result inLp−spaces.
Thus we obtain a non local modular approximation theorem in Orlicz spaces for the gener-

alized sampling series of a functionf and this improves corresponding results given in [7] and
[27] for kernels with compact support.

The above results can be extended also to the nonlinear discrete operators of the form

(Twf)(s) =
+∞∑

k=−∞

K

(
ws− k, f

(
k

w

))
,

where the corresponding functionsLw satisfy the previous conditions (see [27], [23], [6] and
[1]).
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12 CARLO BARDARO AND ILARIA MANTELLINI

As a second example, let us considerG = [0,+∞[ with Lebesgue measure and for every
n ∈ N we takeHn = 1

n
N0 = { k

n
, k = 0, 1, . . . } endowed with the measure1

n
µc. Let us

consider the class of the Szász-Mirak’jan operators given by

(Snf)(s) =
+∞∑
k=0

f

(
k

n

)
σk,n(s), s ≥ 0,

where

σk,n(s) = e−ns (ns)k

k!
, s ≥ 0.

These operators are generated by the family of functions defined by

Ln

(
s,
k

n

)
= nL

(
ns, n

k

n

)
= nL(ns, k),

where

L(s, k) = e−s s
k

k!
.

As shown in [4], the family of kernelsKn : G×Hn × R → R defined by

Kn

(
s,
k

n
, u

)
= Ln

(
s,
k

n

)
u

satisfies all the singularity assumptions andζn = 1 for everyn ∈ N. Now we show that the
family (Ln)n∈N satisfies(∗, ∗). Firstly note that without loss of generality we can takeC =
[0, δ], with δ > 1 a positive integer. LetB = [0,M ] with M > 1 and M

log M+1
> δ. We have∫

G\B
Ln

(
s,
k

n

)
ds =

∫ +∞

M

ne−ns (sn)k

k!
ds := I[n, k],

wherek ∈ [0, nδ]. By using elementary calculus and a recursion method, we have

I[n, k] = e−nM

k∑
j=0

(nM)j

j!

and so

I[n, k] ≤ e−nM

nδ∑
j=0

(nM)j

j!

≤ Mnδe−nM

δ

+∞∑
j=0

(nδ)j

j!

=
Mnδ

δ
e−n(M−δ) =

1

δ

(
M δ

eM−δ

)n

.

SinceM δ < eM−δ, (∗, ∗) follows.
Note that the family of functions(Ln)n∈N also satisfies property(∗) for everyβ > 0.
Finally we obtain the following convergence theorem for the Szász-Mirak’jan operators in

Orlicz spaces generated by a convexϕ-functionϕ.

Corollary 4.2. Letf ∈ BV (R+
0 ) ∩ Eϕ(R+

0 ). Then there existsα > 0 such that

lim
n→+∞

ρϕ

R+
0

[α(Snf − f)] = 0.
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Remark 4.3. Note that, using the characterization in [19], Corollaries 4.1 and 4.2 are still
true under the weaker assumption that the functionf, (or the functionϕ ◦ λ|f | ), is locally
Riemann integrable and of bounded “coarse” variation onR+

0 . This notion was introduced in
[19] in connection with “simply integrable functions” and it is meaningful if the domain off is
unbounded, since for bounded domains it is equivalent just to boundedness of the functionf.

More generally, let us consider a (increasing) sequence(tn)n∈Z of real numbers such that
|tn− tn−1| ≥ r, for everyn ∈ Z and an absolute positive constantr. Let T = {tn : n ∈ Z}. Let
us putG = R andHw = 1

w
T . We provide againG with the Lebesgue measure and we put

µw = 1
w
µc. Let now Γ : R × T → R be a function such thatΓ ∈ L1(R) with respect to

u ∈ R and

(Γ.1)
∑+∞

n=−∞ Γ(u, tn) = 1 for everyu ∈ R.
(Γ.2) m1(Γ) := supu∈R

∑+∞
n=−∞ |Γ(u, tn)|{1 + |u− tn|} < +∞.

(Γ.3) For everyε > 0 there existsM > 0 such that∫
|s|>M

|Γ(s, tn)|ds < ε,

for everytn ∈ T .
Now, for everyw > 0 we define the family of functionsΓw : R×Hw → R on putting

Γw

(
s,
tn
w

)
= wΓ(ws, tn).

As before, we can see that the family of kernelsKw : R×Hw × R → R defined by

Kw

(
s,
tn
w
, u

)
= wΓ(ws, tn)u

satisfies a Lipschitz condition withψw(u) = u andLw

(
s, tn

w

)
= w|Γ(ws, tn)| for everyu ≥

0, and it is singular.
Note that the property(∗, ∗) is a consequence of(Γ.3) by using the same arguments as the

first example.
Thus the previous theory can be applied to Kramer type operators of the form

(Twf)(s) =
∑
n∈ZZ

Γw

(
s,
tn
w

)
f

(
tn
w

)
and their nonlinear versions of the form

(Twf)(s) =
∑
n∈Z

Γw

(
s,
tn
w
, f

(
tn
w

))
.

Finally, some multidimensional versions of discrete operators are included in our general ap-
proach. For example let us consider the multivariate generalized sampling operator defined by
(see [12])

(Swf)(s) =
∑
k∈Zn

f

(
k

w

)
Γ(ws− k),

wheres = (s1, . . . , sn) ∈ Rn, w = (w1, . . . , wn) ∈ Rn
+, k = (k1, . . . , kn) ∈ Zn, k

w
=

(k1/w1, . . . , kn/wn), ws = (w1s1, . . . , wnsn) andf : Rn → R. Here the kernelΓ is given,
for example, by a “box” kernel

Γ(s) =
n∏

j=1

Γj(sj),
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whereΓj is a one-dimensional kernel satisfying the above assumptions.
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