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ABSTRACT. In this paper we study approximation properties for the class of general integral
operators of the form

(Twf)(s) = /H Ky(s,t, f(t)dum,(t) s€ G, w>0

whereG is a locally compact Hausdorff topological spatH,,).,~o is a net of closed subsets

of G with suitable properties and, for every > 0, nz,, iS a regular measure oH,,. We give
pointwise, uniform and modular convergence theorems in abstract modular spaces and we apply
the results to some kinds of discrete operators including the sampling type series.
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1. INTRODUCTION

The aim of this paper is to give a general and unifying treatment of convergence properties
in function spaces for families of integral or discrete operators, including the classical linear or
nonlinear integral operators of convolution type acting on function spaces defined on topological
groups, Urysohn type operators, discrete operators of sampling type, or the classical Bernstein
and Szasz-Mirak’jan operators etc. Our objective is to find a common root for the convergence
properties of all the above operators.

In [4] we have studied approximation properties for families of nonlinear integral operators
of the form

(Twf)(s) = Ky(s,t, f(t)dun,(t), s € G, w > 0,

Hy
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2 CARLO BARDARO AND ILARIA MANTELLINI

whereG is a locally compact Hausdorff topological spatH,,).o is @ net of closed subsets

of G such that J,., H,, = G and, for everyw > 0, gy, is a regular andr-finite measure

on H,,. For these operators we have obtained some local convergence theorems in the general
setting of modular spaces. Locality represents a restriction of applicability of the theory and
so in this paper we furnish global approximation results by using a notion of uniform modular
integrability for families of functions introduced in/[5] for Urysohn type operators and suitably
modified according to our general frame. We will work in the setting of Orlicz spaces, but using
some natural generalization of the uniform integrability, some technical tool and an approach
similar to [4], we can obtain corresponding results also in abstract modular spaces. As a conse-
guence we obtain results it¥ spaces, when the generating function of the Orlicz space is given
by p(u) = [ul?.

By specializingG and H,,, we obtain several classes of operators. For examplg, #

H,, andu, = pg, for everyw > 0, ug being a fixedr—finite and regular measure @n we

obtain a class of Urysohn type operators and so, in turn, all the classical families of linear or
nonlinear integral operators of convolution type (whgns a topological group andg is its

Haar measure). Our main theorems (Theorems 3.4 and 3.6) imply the well-known approxima-
tion results in Orlicz spaces (or, in particular,fih—spaces), seé [13], [24]).

Here we consider, as examples, very interesting families of operators of the discrete type (see
Sectiorj 4), in order to explain the nature of the general conditions which we used. In particular,
we apply these results to linear discrete operators of the form ([26], [14], [15], [16]/17], [22]
and [6])

(Suf)(s) = K(ws —n)f (g) seR, w>0
and -
(Swf)(5) =" Guuls)f (%) seR, w>0,

where(t, ).y iS @ separate sequence of real numbers|@i,e-t,_1| > ¢ for afixeds > 0), (see

[21], [17], [3]) and to their nonlinear versions (see eld. [8lJ)[271)[23], [6], [3], [4] and [1]). In
these instances, our general convergence theorems imply modular convergence in Orlicz spaces
for the generalized sampling operators (in their linear or nonlinear forms), when the function

f satisfies some generalized concepts of bounded variation. As far we know, this is a new result
about generalized sampling operators (alsé4in-case). Finally, we also discuss another well-
known discrete operator, namely the Szasz-Mirak’jan operator and we obtain, as an application,
a convergence result in Orlicz space.

2. NOTATIONS AND DEFINITIONS

Let G be a locally compact Hausdorff topological space, provided with its family of Borel
setsB of GG. Let ug be a regular and —finite measure defined df. We will assume that the
topology ofG is uniformizable, i.e. there is a uniform structé¥eC G x G which generates
the topology ofG (see[28]). For every/ € U, we putU, = {t € G : (s,t) € U}. By local
compactness, we will assume that for everg G, the bas€{U; : U € U} contains compact
sets. We will denote byX (G) the space of all real-valued measurable functigns G —

R provided with equality a.e., bg'(G) the subspace of all bounded and continuous functions
and byC.(G) the subspace of all continuous functions with compact support.

Let us recall that a functiofi : G — R is uniformly continuous o if for every= > 0 there
isU € U suchthatf(t) — f(s)| < e foreverys € G,t € Us.

Let now (H,).~o be a net of nonempty closed subsets:aduch thatz = U~ H,,.
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For everyw > 0 we will denote byu,, a regular and-finite measure oit/,,, defined on the
Borel s-algebra generated by the familyA N H,, : A open subset of}.

Let £ be the class of all the families of globally measurable functions (L., )w>0, L :
G x H, — Ry such that for every > 0 the sectiond.,,(-,¢) andL,, (s, -) belong toL.!(G) for
everyt € H, and toL'(H,) for everys € G respectively.

Let ¥ be the class of all functionsg : R — R such that) is a continuous (nondecreasing)
function andy(0) = 0, ¢¥(u) > 0foru > 0. Let= = (¢,)w>0 C ¥ be a family of functions
such that the following two assumptions hold

1. (vw)w>o iS €quicontinuous at = 0,
2. for everyu > 0 the net(¢,(u)),~0 is bounded.

We denote byCz the class of all families of functiori§ = (K)o, WherekK,, : G x H,, x
R — R, such that the following conditions hold

(K.1) foranyw > 0, K,(-, -, u) is measurable ot x H,, for everyu € RandK,(s,t,0) =
0, for every(s,t) € G x H,,.

(K.2) K = (Ky)wso is (L, Z)—Lipschitz i.e. there ar& = (L, ).~ € £ and a constant
D > 0 such that

0 < Bu(s) ::/ Ly(s,t)dpu,(t) < D

w

forall s € G,w > 0 and
|Kw(3at7u) - Kw(S,t,U” S Lw(sat)¢w(|u - U|)

foreverys € G,t € H, andu,v € R.
For a givenK = (K,),>0 € K= we will take into consideration the following family of
nonlinear integral operatofB = (7,,).~0 given by

(T f)(s) = /H K(s. £, F())dpin(t) s € G, w > 0

wheref € Dom T = N,~o Dom T,,; hereDom T, is the subset oK (G) on whichT,, f is well
defined as a-measurable function of € G.
We will say thatk = (K,,).~0 € K= is singular if the following assumptions hold

1) Thereis a nef(, ).~ Of positive real numbers such that for every- 0 andt € H,, we
have

/GLw(s,t)d,uC;(s) <(w<D.

2) For everys € G and for everyU € U we have
lim Ly(s,t)du,(t) = 0.
w——+00 Hw\Us
3) For everys € G and for everyu € R we have

We will say thatK is uniformly singularif conditions 2) and 3) are replaced by the following
ones
2") for everyU € U we have
lim Ly(s,t)dp,(t) =0
w——+00 Hoy\Us
uniformly with respect ta € G,
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3’) we have

lim Ky(s,t,u)dp,(t) = u,
w—r+00 He

uniformly with respect ta € G andu € C, whereC' is any compact subset &\ {0}.
For the above concepts see [4].
We have the following

Theorem 2.1.LetK = (K )uws0 € K=. ThenL>*(G) C Dom T and for everyw > 07, f €
L>(G), wheneverf € L>(G).

Proof. We obtain easily the measurability &f, (s, -, f(-)) andT, f, with f € L*>(G). More-
over

[(Twf)(s)] < / Lu (s, ) (| f (D)) dptan(t) < (|| flloo) D < M'D,

w

beingM’ = sup,,-,(Yw (]| f]l~)) @nd so the assertion follows. O
As to the pointwise convergence, in [4] we have proved the following result

Theorem 2.2.Let f € L>°(G) andK = (K, ).~0 € Kz be singular. Thed,f — f pointwise
at every continuity point of. Moreover ifK is uniformly singular, then7,,f — f|l« — 0 as
w — 400, Wheneverf € C(G) is uniformly continuous.

3. CONVERGENCE IN ORLICZ SPACES

Let @ be the class of all functions : Ri — R{ such that

i) ¢ is continuous and non decreasing,
i) ©(0) =0, p(u) > 0foru > 0andlim,_, . p(u) = +oc.

Moreover we denote b§> the subspace @b whose elements are convex functions.
Fory € @, we define the functional

o(f) = /G o(1F(5))dpc(s)

foreveryf € X(G).
As it is well known, of, is a modular onX (G) and the subspace

L?(G) ={f € X(G) : 05 (\f) < +oo for someX > 0}
is the Orlicz space generated by If ¢ € cf), then of, is a convex modular. The subspace of
L¥(G), defined by

E?(G) ={f € X(G) : 05 (\f) < +oc for everyA > 0},
is called the space of finite elements bf(G). For example, every bounded function with

compact support belongs 0¥ (G). For these concepts see [24].
Moreover, given an arbitrary € ®, we will denote byp}; the modular

o (f) = / 0L F(0))dprat)

w

forany f € X(G).
Here by L"(H, ) we denote the space of all functiorisc X (G) such that the restriction
fim,, is an element of the Orlicz space generated by the modlar
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In order to establish a convergence result in Orlicz spaces, we consider the following notion
of convergence (see [24]). We say that a sequérice,~o C L?(G) is modularly convergent
to f € L¥(G) if there isA > 0 such that

lim oZ[A(fw — f)] = 0.

w——+00

This notion of convergence induces a topology/¢tiG), called modular topology.

In the following we will need a link between the modulg; and the family of functions
= = (¢w)w>0 USed in the Lipschitz condition ¢f<,).,~¢. Given a function; € ®, considering
the modularj, , we will say that the triplo; .., 0}, ) is properly directed |f the following
condition holds: there exists a ngt,),~o, With ¢, — 0 asw — +oo, for which for every
A €]0, 1] there existg” €]0, 1] with

(3.1) / @(wa(lf(t)l))duw(t)é/ NALF () (t) + co

for every functionf € X(G).
We will need the following definition: given

(Lw('7 t))tEHw,w>07

we will say that this family satisfies property), if for every compactC’ C G there exist a
compact subse® ¢ GG, M > 0 andg > 0 such that

M
(3.2) / Lo (s.)dpe(s) < 2L
. (s,t)duc(s) e

for everyt € C' N H,, and sufficiently largev > 0.

3.1. Examples.

1. As a first example, let = H,, = R, for everyw > 0, provided with the Lebesgue

measure. Let us consider an approximate identity (see [13]).~0 On G = R, such
that for everyd > 0

w——400

lim wﬂ/ | Ky(s)|ds = M > 0,
[t|>d

for someg > 0. Then we can prove that the family of kerng¢ls’,,),,~o, with K,
R x R x R — R defined by

Ky(s,t,u) = [?w(s —t)u,

satisfies the singularity assumptions and the famijlys, t) = |K,,(s—t)| satisfies prop-
erty (x). For example the above holds for every family,,).,~o of functions K, with
supports contained in a fixed interval of the fofru, al.
2. LetG = H, = R for everyw > 0, provided with Lebesgue measure. Let us consider
the family of functions
2w 6w(ert)

Ly(s,t) = —

T ) e2ws + €2wt’
for s,t € Randw > 1. Then for everyt € R andr > 0 we have
2
/ L,(s,t)ds =1+ —(arctane " — arctan e"").
R\ [t—7,t+7] ™

Now it is easy to show thaf (3.2) holds for evesy> 0. This is an example in non-
convolution case (sektl[4]).
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3. More interesting cases, which involve discrete operators, will be given in S¢¢tion 4.
These examples can be easily modified in order to get conditions for which the assump-
tion (x) holds.

Letn € @ be fixed. For a given constait > 0 and a net,,).,,~o Of positive numbers, we
denote byl 5, (P, (7w)ws0) the class

Y11, (P, (Yu)uso) = {f € L(G) : limsup 0y, (\f) < Pol(\f) for every > 0}.
w——+00

LetK = (K,)ws0 € Kz be singular and lef(,,).,~o be the net in assumption 1) of singularity.

In the following we will work with the classly,, (P, (C)w>0) @and we will assume that
T, (P, (Cw)w>0) CcONtains a nonempty subspageC C.(G). For a fixed modular functional
ot on X (G), we will denote byF, the modular closure i (G) of F. Thusf € F,, iff there
exists a sequendd,,).en C F such that £, ),y converges modularly t@ with respect to the
modularp/,. We have the following

Theorem 3.1.Letp € &, n € ¢, = = (Y )w>o C ¥ and letK = (K,).~0 € K= be singular.
Let f € F and letC be the support of. Let us assume that”’¢,, — +occ asw — +oo and
) holds. If the familyL,, (-, t)):en,, »>0 Satisfies propertyx), then there exists a constant
a > 0, independent of , such that following properties hold

i) for everye > 0 there is a compact s€t C G such that

oclo(Twf)xa\8] < €

for sufficiently largew > 0,
i) for every sequenc@By)reny C B, with B, 1 C B, andug(Bi) — 0, we have

Jimofla(Tuf)xs,] =0,
——+400
uniformly with respect ta > 0.

Proof. Let A > 0 be fixed and leC, be the constant irj (3.1). Let > 0 be a constant such
thata D < C'\. Using the Jensen inequality and the Fubini-Tonelli Theorem, we have for every
measurable subsét C G

ecla(Twf)xe\s] =/ p(a|(Twf)(s))dpa(s)

a\B
1
<5/ [ /mw(awauf(t)me(s,t)duwu)} dhels)
~ L[ epunsmD) { /

Hy,NC

’ (o )dc()] a0,

By property(x) we can consider a compact subsetC G such that

M
Lw(sat)d,uG(S) S —
/G\B w”’
for everyt € H, N C, with § > 0. So we obtain

10Tl i) < s [ olaDbulIF(0D ) (1)
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Using condition[(3.]L), we obtain

dElo T v < s | [ a0 0+ .

M e
_ D—wﬁ/Hw n(ALF () D g () + D;)ﬁ

M Me,,
e | IO Ddalt) + 3o

Lettingw — +o0, we have
. . M
limsup o0& [(Tow f) X\ 5] < limsup —5@,/ nALf()])dpw (t)
w—~400 w——400 Dw Cw Hy

and, taking into account thgt € Yy, (P, (Cw)w>0) and that every functiorf € F belongs to
E"(G), we have that

lim sup o&[o(Tw f)xa\8] = 0

w——+00
and so i) follows. Now we can prove ii). LeéB;)rcn C B be a sequence of measurable sets
with By, C By andlimy_. ., ug(Bx) = 0. Then, considering a constamtsuch thatnD < 1,
we obtain

ecla(Twf)xa, =/Gs@(oz|(wa)(8)|ka(8))duc(8)
< P(Yu ([l flloc)) 1 (Br)-
Since(., (|| f]ls))w>o IS bounded we have easily the assertion. O
Using Theorem§ 2|2 and 3.1, we obtain the following

Theorem 3.2.Letp € 5{3, neE D =Z=(Yy)wso C VandK = (K, ),>0 € K= be singular. Let
us assume that’¢,, — +oo asw — +oc and (3.1) holds. If the familyL,, (-, ) )icr,, w>0 Sat-
isfies property(x), then there exists a constamt> 0 such that

L ogla(Tuf = )] =0,
for everyf € F.

Proof. Let A > 0 be fixed and letx > 0 be such tha2aD < C'\. From Theorem 2]27,, f con-
verges pointwise tg so by continuity ofp we have thap(a|T,, f — f|) tends to zero pointwise
too. Moreover by Theorein 3.1 the integrals

[ AT )~ S5l

are equiabsolutely continuous. Thus the assertion follows from the Vitali convergence theorem.
O

In order to give a modular convergence theorem for functiprs F ., (G) N Dom T, we
prove the following continuity result for the famil{Z’, ) ,~o.

Theorem 3.3.Lety € ®, n € ®and= = (Yw)w>0 C ¥ be such that the tripleoy; 1w, 0f; ) 1S
properly directed. LeK = (K, ),~0 € Kz be singular. Iff,g € X(G) N Dom T, such that
f—9¢€ Yy, (P, (Cw)w=o) then, givem\ > 0, there existsy > 0 such that

lim sup oF[a(Twf — Twg)] < g@g[)\(f —9)

w——+00
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Proof. Let A > 0 be fixed and letv be a positive constant such thab < C,, with C, being the
constant in[(3]1). By using the Jensen inequality and the Fubini-Tonelli theorem, we have

ecla(Twf — Twg)] Z/w(al(wa)(S)—(ng)(S)l)duc(S)

G

<[e(af L tl110) - o(0)die(0)) dics)

<5 [ et - g0 ( [ Lulostidicts)) dunto
<5 [ eCanllr® - o)t

<55 [ 00 gl + 5

=S (- )] + S

Passing to the limsup, taking into account tiiat g € Ty, (P, (Cw)w>0), We obtain

limsup o& (T f — Twg)] < %Qg()‘(f —9))

w—+00

and so the assertion follows. O

Now we are ready to prove the main theorem of this section.

Theorem 3.4.Lety € &, n € ® and= = (Yw)w>0 C ¥ be such that the tripleoy; 1w, 0f; )i
properly directed. LetK = (K,).-0 € K= be singular. Let us assume that’¢, —
+o00 asw — +oo, and the family(L., (-, ))ten, w>0 Satisfies propertyx). Then, for every
f € DomT N F,,,, such thatf — F C Ty, (P, (Cw)ws0), fOr someP > 0, there exists a
constanty > 0 such that

lim of[a(Tuf — f)]=0.

w——+00

Proof. Let f € F,,, N Dom T, such thatf — F C Ty, (P, ((w)wso)- Then there is a constant

N €]0, 1] and a sequendg,).en C F such that for every > 0 there exist$ € N with
&N (fa— )] <

for everyn > m. Let us fix nown and a constant > 0 such thaBa < X, for which Theorems

3.2 and 3.8 are satisfied wifla. Then we have

Qé[&(wa - f)] é Qé[3a(wa - waﬁ)] + Qé[g&(waﬁ - fﬁ)] + Qé[3@< n f)]
By Theorenj 3.2 we have
im_oZ[3a(T s — f)] = 0
and by Theorern 3|3 we have
limsup 02[30(Tof — Tufe) < 1ok — i)

wW—~+00

Without loss of generality we can assume tRdtD > 1 and so we can write

P P P
liuniigf ogla(Tuf = )] < Ze6WN(f = Il + ee N (f = fa)l < 25

The assertion follows sinceis arbitrary. O

J. Inequal. Pure and Appl. Math6(4) Art. 123, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

ON GLOBAL APPROXIMATION PROPERTIES OF ABSTRACT INTEGRAL OPERATORS I@RLICZ SPACES AND APPLICATIONS 9

Now we describe a different approach to the convergence problem by using a more gen-
eral assumption than property). This assumption has been used[in [5] in connection with
Urysohn type operators. However we have to introduce a “local” boundedness condition on
the family of measuresu,, ),~o0. Using the previous notations, we will say that the family
(L (-, t))ten, w0 Satisfies propertysx) if for every compactC’ C G and for every: > 0 there
exists a compact subsBt C G such that

/ Ly(s,t)duc(s) < e,
G\B

for everyt € H,, N C and sufficiently largev > 0.

We will say that the family of measurég.,, ).~ is locally boundedf for every compact
C C G, (1(C N Hy))wso is @ bounded net, i.e. there exists a constart R > 0 such that
1e(C' N Hy) < R, for sufficiently largew > 0.

As before, letF be a subspace df.(G) such thatF C Yy, (P, (¢w)w>0) for some constant
P > 0. We have the following

Theorem 3.5.Letp € &, = = (Y, )uw>0 C ¥ and letK = (K, ),>0 € K= be singular. Letf €
JF and letC be the support of. If the family (L., (-, t))icn,, w>0 Satisfies propertyxx) and the
family of measure§u,, ).~ is locally bounded, then there exists a constant 0, independent
of f, such that following properties hold

I) for everye > 0 there is a compact sé¢ C G such that
oela(Twf)xe\s] < e

for sufficiently largew > 0,
ii) for every sequence3y)ren C B, with By,1 C By andug(By) — 0, we have

lim og[a(Tyf)xns,] =0,
k—+o0
uniformly with respect ta > 0.

Proof. Let « > 0 be such thatvD < 1. Lete > 0 be fixed and letB be the compact set
corresponding to the suppdrtof f in the definition of propertysx). Using the same arguments
as in Theorer 3]1, we have, for sufficiently large

1

D Ju,nc
S

ecla(Twf)xe\s] < plaDw(lfB)]) [/G Lu(s, t)dpa(s)| dpn(t)

\B

eR
— w([f(O)])dpe () < —=o(M"),
5 ], #WallfONdn®) < o)
where M’ = sup,.,¢w(||fllw) @and so i) follows. The proof of ii) is exactly the same as
before. O

We remark that Theorem 3.5 still holds for every bounded function with compact support.

As a consequence we obtain a modular convergence result as in Ttieofem 3.2. Finally, using
Theoren] 3.8, Theorem 3.5 and the Vitali convergence Theorem, we obtain the restatement of
Theoreni 314

Theorem 3.6.Lety € ®, € ® and= = (Yw)w>0 C ¥ be such that the tripleoy; 1w, 0f; ) iS
properly directed. Letk = (K,)u~0 € Kz be singular. Let us assume that the family
(L (-, 1))ten, w>o Satisfies propertyss) and the family of measur¢s,, ).,~o is locally bounded.
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Then, for every € Dom TNF,,,, suchthatf —F C Ty, (P, (Cw)w>0), for someP > 0, there
exists a constant > 0 such that

lim ofa(T,f — f)] = 0.

w——+00
4. APPLICATIONS TO DISCRETE OPERATORS

Let us consider now the particular case in whigh= R and H,, = %Z for everyw >
0. We provideG with the Lebesgue measure and for every- 0 we puty, = %,uc, where
i is the counting measure. Note that the fanijly,).,~o is locally bounded. Indeed lét =
[—M, M] be a closed interval iR andM € N. Then the se€’ N H,, contains at most[ M w| +
1 elements. Sev,,(C' N H,) < 2M + 1, for w > 1 and hence the assertion follows.

LetnowI' : R — R be a summable function and such that the following assumptions hold
(L.1) > T(u—k) =1foreveryu € R.
(L-2) mo(T) = supyer Doy o [T (u = k)| < +o00.

Note that from the summability df we deduce the following property
(L.3) For everys > 0 there exists\/ > 0 such that

/ T(s)|ds < .
|s|>M

Now, for everyw > 0, we define

k k
Fw(s,—> :wf(w(s——>> =wl(ws — k), seR, keZ.
w w

We prove that the family of kernels,, : G x H,, x R — R, defined by
K, (3, E, u) = wl(ws — k)u,
w

is singular withL,, (s, £) = w|[(ws — k)|.

Firstly, note that the family K,).,~o Satisfies a strong Lipschitz condition with,(u) =
u, for everyu > 0 andw > 0. Thus assumptior (3.1) is satisfied with= ¢ andc,, = 0, for
everyw > 0. Moreover

/wyr(ws — )|ds = / IT(w)|du = [Ty < +o0.
R R
For a fixeds € R ando > 0, let us putUs = [s — d, s + d]. Then

k
Ly | s,— | diy, = I'ws — k)|.
/Hw\US ( w) S D(ws— k)

|lws—k|>déw

By Lemma 1 in[26], assumption (L.2) implies

lim Y [T(u—k)| =0,

uniformly with respect ta, € R and so for a fixed > 0 there isk. > 0 such that
> M-k <e,
|lu—k|>Re
uniformly with respect, € R. Letw > 0 such thatvd > R. for everyw > w. Then forw > w,

> Pws—k)|< Y [T(ws—k)<e,

|ws—k|>0w |lws—k|>R.
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and so the second condition of singularity in satisfied. The third condition immediately follows
from (L.1). Finally we show that property) is satisfied for the family L, (-, £)). Let C =
[—d, 0] be a fixed interval iR and lets > 0 be fixed. LetM be the constant i(L.3) and let us

choosel > 0 such thatV — § > M. SinceX € [—4, 6], we only considefk € [—dw, dw]. So
we have, withw > 1,

A Nw!F(ws—k)lds:/_Mw_k|F(u)|du+/joo T (u)|du

|[>M oo Mw—k

< / P(w)|du
|u|>(M—d)w

< / IT(u)|du < e.
|u|>M

So the assertion follows taking = [— M, M].
Hence for the family of discrete operators defined by

s = 3 tws—wr (%)

k=—00

we can apply all the previous theory.
Taking(,, = ||I'||; for everyw > 0 and assuming for the sake of simplicity th&t|, = 1, the
classY y,, (P, (Cw)w>0) NOW takes the form

THw (P7 (Cw)w>0)

- {f € L(R)  limsup - if (> ‘f (2) D <r w(Mf(s)\)dS}-

w—-+00 k

In particular if f € BV(R) N E¥(R), theny o A|f] is also of bounded variation, singeis
locally Lipschitz. Thus, using the results in [19], we have

Jm g 3 e (3 (3)]) = feorsenas

see also[[9] and [10]. Now, if € BV (R) N E¥(R), taking F = C°(R), we havef — F C
BV (R) N E*(R) and sinceF, = L#(R), (see[[18],[2]), we obtain the following

Corollary 4.1. Let f € BV(R) n E¥(R). Then there exists > 0 such that
L pgla(Sef = ) =0.

If we takep(u) = |u|P, we obtain a convergence resultii—spaces.

Thus we obtain a non local modular approximation theorem in Orlicz spaces for the gener-
alized sampling series of a functignand this improves corresponding results giver in [7] and
[27] for kernels with compact support.

The above results can be extended also to the nonlinear discrete operators of the form

wpi)= 3 (ws s (£),

k=—0o0
where the corresponding functioiig, satisfy the previous conditions (see [27],][23], [6] and

[1D).
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As a second example, let us consider= |0, +oo[ with Lebesgue measure and for every
n € NwetakeH, = 1Ny = {£, k = 0,1,...} endowed with the measurgy.. Let us
consider the class of the Szasz-Mirak’jan operators given by

Zf( )Ukn ,SZO,

where

k
Okn(s) =e™ (n]j) , s> 0.

These operators are generated by the family of functions defined by

L, (s, E) =nlL (ns,nﬁ) = nL(ns, k),
n n

st
L(s, k) =e ok

As shown in[[4], the family of kernel&, : G x H,, x R — R defined by

k k
K, (5, —,u) =L, <5, —) U
n n

satisfies all the singularity assumptions apd= 1 for everyn € N. Now we show that the
family (L,).en satisfies(x, x). Firstly note that without loss of generality we can take=

[0, 6], with 6 > 1 a positive integer. LeB = [0, M] with M > 1 and; %H > J. We have

wherek € [0, nd]. By using elementary calculus and a recursion method, we have

where

I K = e Z (nM)!

and so

Mnde—nM +oo (né)g

< d
= 7

B Mmsefn(Mfé) 1 M6 n
6 5 \eM—d ) -

SinceM? < M= (x, x) follows.

Note that the family of function§L,, )<y also satisfies property) for every3 > 0.

Finally we obtain the following convergence theorem for the Szasz-Mirak’jan operators in
Orlicz spaces generated by a conyefunctiony.

Corollary 4.2. Let f € BV(R{) N E¥(Ry). Then there exista > 0 such that
lim_pf [a(Suf — f)] =

n—-+0o00
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Remark 4.3. Note that, using the characterization in1[19], Corollafieg 4.1[an{d 4.2 are still
true under the weaker assumption that the functiofor the functiony o A|f]| ), is locally
Riemann integrable and of bounded “coarse” variatiorRgn This notion was introduced in
[19] in connection with “simply integrable functions” and it is meaningful if the domaiy
unbounded, since for bounded domains it is equivalent just to boundedness of the fiinction

More generally, let us consider a (increasing) sequénge., of real numbers such that
|t, —t,—1| > r, for everyn € Z and an absolute positive constantet7 = {t¢, : n € Z}. Let
us putG = RandH, = iT. We provide agairG with the Lebesgue measure and we put
fhy = iuc. LetnowD : R x 7 — R be a function such thdt € L'(R) with respect to
u € Rand

T.1) S T'(u,t,) = 1 for everyu € R.

n=—oo

(.2) mi(T) == supyeg donoo [T (u, tn) {1+ Ju — t,]} < +o0.

n=—0oo

(".3) For everye > 0 there exists\/ > 0 such that
/ IT(s,tn)|ds < ¢,
|s|>M
for everyt, € 7.

Now, for everyw > 0 we define the family of functions,, : R x H,, — R on putting

t
Ly (s, =] =wl(ws,t,).
<s w) wl'(ws, t,,)
As before, we can see that the family of kernkls : R x H,, x R — R defined by

tn
K, (s, —,u) = wl'(ws, t,)u
w

satisfies a Lipschitz condition with,,(v) = v and L,, (s, ) = w|T'(ws, t,)| for everyu >
0, and it is singular.

Note that the property«, ) is a consequence ¢f.3) by using the same arguments as the
first example.

Thus the previous theory can be applied to Kramer type operators of the form

(Tuf)(s) =D T, (3’ %) ! (tﬁ)

nez
and their nonlinear versions of the form
ty ty
T, = E r n mn )
( wf)(S) — w(&w’f(U)))

Finally, some multidimensional versions of discrete operators are included in our general ap-
proach. For example let us consider the multivariate generalized sampling operator defined by

(seell12])
k
s = 3 1 () rivs 0
kezZmn w
wheres = (s1,...,s,) € R", w = (wy,...,w,) € RL, k = (ky,....k,) € Z", & =
(k1/wq, ... knJwy), ws = (wysy,...,w,s,) and f : R® — R. Here the kernel is given,

for example, by a “box” kernel

n

T(s)=]T(s5).

j=1
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wherel’; is a one-dimensional kernel satisfying the above assumptions.
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