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Abstract

In this paper, some new discrete inequalities in two independent variables which
provide explicit bounds on unknown functions are established. The inequalities
given here can be used as handy tools in qualitative theory of certain finite
difference equations.
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The finite difference inequalities involving functions of one and more than one
independent variables which provide explicit bounds for unknown functions
play a fundamental role in the development of the theory of differential equa-
tions. During the past few years, many such new inequalities have been discov-
ered, which are motivated by certain applications. For example,$ee[[]

and the references therein. In the qualitative analysis of some classes of finite
difference equations, the bounds provided by the earlier inequalities are inad-
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equate and it is necessary to seek some new inequalities in order to achieve a piscrete Inequalities and their

diversity of desired goals. In this paper, we establish some new discrete inequal-
ities involving functions of two independent variables. Our results generalize
some results ind, ).
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In what follows, R denotes the set of real numbers dd = [0,00), Ny =
0,1,2,... are the given subsets &. We use the usual conventions that empty
sums and products are taken to(band1 respectively. Throughout this paper,

all the functions which appear in the inequalities are assumed to be real-valued
and all the sums involved exist on the respective domains of their definitions.

The following lemmas are useful in our main results.

Lemma 2.1 ([]). Letu(n), a(n), b(n) be nonnegative and continuous func-
tions defined fon € Nj.

i) Assume that(n) is nondecreasing fon € Nj. If

n—1

u(n) < a(n) + Y b(s)u(s),

s=0
for n € Ny, then

u(n) <a(n) | |1+ b(s)],

forn € Nj.

ii) Assume that(n) is nonincreasing for. € Ny. If

o0

u(n) < a(n)+ Z b(s)u(s),

s=n-+1
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for n € Ny, then

(e 9]

u(n) < a(n) ] [L+b(s)],

s=n—+1
for n € N.

Lemma 2.2. Assume thap > ¢ > 0, a > 0, then

P4y

ar < gkz%a +
p

foranyk > 0.

Proof. Letb = g, thenb > 1, by [8, Lemma 1], we have:

ab < e+ 2293

p p
foranyk > 0. O]

Theorem 2.3.Letu(m,n), a(m,n), b(m,n), e(m,n), c;(m,n) (i = 1,2,...,1),
be nonnegative continuous functions definedfiorn,! € Ny andp > ¢; > 0,
p, ¢; (1 =1,2,...,1) are constants. If

(2.1) [u(m,n)]? < a(m,n)

3

Z [(Zczst (s,t))7 >+e(3,t)],

t=n-+

Il
o

S
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for m,n, € Ny then

(2.2) u(m,n)

m—1

< [CL(mu n) + b(m’ n>f(m’ n> H

s=0

ci(s,t)b(s,t)>]

0o l
<1+ P

t=n+1 =1

foranyk > 0, m,n, € Ny, where

(2.3) f(m,n)

for m,n € Ny.

Proof. Define a functiorz(m, n) by
(2.4)

Then @.1) can be restated as

(2.5) [u(m,n)]? < a(m,n) + b(m,n)z(m,n).

By (2.5 we have

(2.6) < (a(m,n) + b(m,n)z(m, n))%

u(m,n)

3=

Y
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Thus, from @.4), (2.6) we obtain

(2.7) z(m,n)
<3y [(Z ci(s,t)(a(s, 1) +b(s,t)z(s,t))qp"> —l—e(s,t)] .
s=0 t=n+1 i=1
By Lemma2.2, we have
m—1 oo l -
2mon) <> [(Zci(s,t) (%k (a(s,t) + b(s, t)z(s,1))
P—Gq, %
+ 5 kv )) + e(s, t)]
(2.8) = f(m,n) + - Z (Z Ligts cz s,t)b(s, t)) z(s,t),

wheref(m,n) is defined by 2.3). It is easy to see thagt(m, n) is nonnegative,

continuous, nondecreasingrimand nonincreasing in for m, n, € Ny.

Firstly, we assume that(m,n) > 0 for m,n,l € Ny. From @.8) we easily
observe that

(2.9) ;( Z 3y (Z G "5 (s, )b(s, t))

s=0 t=n+1 =1
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set:

(2.10)  v(m,n _1+Z Z (Z e (S’t)b(s’t));i:iD’

s=0 t=n+1
then
z(m,n)
(2.11) Fomom) < wv(m,n)

From .10, we get

[vim+1,n) —v(m,n)] — [v(m+1,n+1) —v(m,n + 1)]

z(m,n + 1)
f(m,n+1)

I
— (Z @quppci(m, n+ 1)b(m,n + 1))

ilp

(2.12) <Z iyt

=1

P cl(m n+ 1)b(m,n + 1)> v(im,n +1).

From @.11) and using the faat(m,n) > 0, v(m,n+ 1) < v(m,n) form,n €
Ny, we obtain

vim+1,n) —v(m,n) vim+1,n+1)—v(mn+1)

(2.13) v(m,n) v(m,n+1)

Zqzk v ci(m,n+ 1)b(m,n+1).

=1
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Keepingm fixed in (2.13, settingn = t and summing over=n,n+1, ...,r—

wherer > n + 1 is arbitrary inNy, to obtain

vim+1,n) —v(m,n) vim+1,n+1)—v(mn+1)
(2.14) -
v(m,n) v(im,n + 1)
r l
q; , 4P
< DY) kv a(m,t)b(m,t).
—_ R
Noting that

lim v(m,r) =limv(m+1,00) = 1,

T—00 r—0

and lettingr — oo in (2.14), we get

00 l
(215  dmEln)—uimn) S Tt (m, t)b(m. t),

U(m’n) t=n+1 i=1 E
i.e.,
(2.16)  w(m+1,n) < |1+ Z Zqzk v ci(m, t)b(m, t)] v(m,n).
t=n+1 i=1

L,

Now by keepingn fixed in (2.16 and settingn = s and substitutings =

0,1,2,...,m — 1 successively and using the fact théb,

1+ Z Z%k

t=n+1 i=1

n) = 1, we have

m—1

(2.17) v(m H

s=

rci(s,t)b(s, t)]
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From .11) and @.17), we obtain

(2.18) z(m,n) < f(m,n) H 1+ Z Z%k

t=n+1 i=1

P czstb(st)

The desired inequality2(2) follows from (2.6) and ¢.18).

If f(m,n)is nonnegative, we carry out the above procedure ¥iith, n)+¢
instead off (m, n) wheres > 0 is an arbitrary small constant and subsequently
pass to the limit as — 0 to obtain ¢.2). This completes the proof. O On Some New Nonlinear

Discrete Inequalities and their
Applications

Theorem 2.4.Letu(m,n), a(m,n), b(m,n), e(m,n), c;(m,n) (i =1,2,...,1)
be nonnegative continuous functions definediion, [ € Ny, andp > ¢; > 0, Xuegin Zhao, Qingxia Zhao and
p, ¢ (i =1,2,....1) are constants. If Fanwei Meng

(2.19) [u(m,n)]? Title Page

a(m,n) + b(m, n) Z Z [(Z Ci(S,t)(u(s,t))qi> —i—e(s,t)] , Contents

s=m+1t=n+1 i=1 44 42
for m, n, € Ny then < >
Go Back
(2.20) wu(m,n) Close
< [a(m,n) +b(m.n)f(m.n) [] <1+ >, quk o ci(m, )b(m, t))] , Quit
s=m+1 t=n+1 i=1 Page 10 of 20
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foranyk > 0, m,n, € Ny, where

(2.21) f(m,n)

00 oo l
AR (Z alst) (p —k a(S»t)@’“%’)p» i €<S7t)] ,
s=m+1 Lt=n+1 \i=1 p P
for m,n € Ny.

The proof of Theoren2.4 can be completed by following the proof of The-
orem2.3with suitable changes, we omit it here.

Remark 1. If we takel = 1, ¢; = 1, then the inequalities established in The-
orems2.3and 2.4 reduce to the inequalities established i) Theorems 1 and
2].

Remark 2. If we takel = 1,¢; = 1, andp = 1, e(z,y) = 0, then the inequali-
ties established in Theorem3and2.4reduce to the inequalities established in
[6, Theorem 2.2a4) and (az)].

Theorem 2.5.Letu(m,n), a(m,n), b(m,n), e(m,n), ¢;(m,n) (i = 1,2,...,1),

be nonnegative continuous functions definedrfom,l € Ny,. Assume that
a(m,n) are nondecreasing im € Ny, andp > ¢; > 0, p, ¢; (i = 1,2,...,1)
are constants. If

(2.22) [u(m,n)]’ < a(m,n)+ Z b(s,n)(u(s,n))?
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for m,n, € Ny, then

(2.23) u(m,n) < (B(m,n))»
1
m—1 3
[ (m,n) + F(m,n H <1+ Z Zqzk P oci(s,t) (B(s,t))tﬁ)]
s=0 t=n+1 i=1
foranyn > 0, m,n € Ny, where
(2 24) F m, n On Some New Nonlinear
Discrete Inequalities and their
m— l w (p—q qi Applications
- Z CZ 55 t (S t)) : ( P k » - a(s t) P k E ) T 6(8 t) Xueqin Zhao, Qingxia Zhao and
i=1 Fanwei Meng
m—1
(2.25) B(m,n) = b(s,n), Title Page
5=0 Contents
form,n € Ny. « b
Proof. Define a functiorz(m, n) by < >
m—1 oo l
(2.26) z(m,n) = a(m,n) + Z [(Z ci(s,t)(u(s, t))ql) + e(s,t)] , Go Back
s=0 t=n+1 i=1 Close
Then .22 can be restated as Quit
m—1 Page 12 of 20
(2.27) [u(m, )] < z(m,n) + > b(s,n)[u(s,n)]".
s=0
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Clearly, z(m, n) is a nonnegative continuous and nondecreasing function in
m € Ny. Treatingn, n € Ny fixed in (2.27), and using Lemma.1 (i) to (2.27)
we have:

(2.28) [u(m,n)]? < z(m,n)B(m,n),

whereB(m, n) is defined by 2.25. From .28 and .26) we obtain

(2.29) [u(m,n)]’ < B(m,n)(a(m,n) +v(m,n)),
On Some New Nonlinear
Discrete Inequalities and their
where Applications
m—1 oo l Xuegin Zhao, Q.ingxia Zhao and
(2.30) v(m,n) = Z [(Z ci(s,t)(u(s,t))q’) + e(s,t)] : Fanwel Meng
s=0 t=n+1 =1
From .29, we have: Title Page
) ) Contents
(2.31) u(m,n) < (B(m,n))r(a(m,n) +v(m,n))r, “ )
for m,n € Ny. From 2.30), (2.31) and Lemma&2.2, we get < >
v(m,n) Go Back
m—1 oo o o Close
<STN Y als 0(B(s. 1) (als,t) + vl(s, 1) | +e(s,1) | dtds ouit
s=0 t=n+1 i=1

Page 13 of 20
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i szqz-p—p (a(s,t) i ,U(S’t))> > + e(s,t))] dtds

(2.32) = F(m,n)+

for m,n € Ny, k& > 0, where F'(m,n) is defined by 2.24). The rest of the
proof of (2.23 can be completed by the proof of Theoréen3, we omit the
details. O

Theorem 2.6.Letu(m,n), a(m,n), b(m,n), e(m,n), c;(m,n) (i = 1,2,...,1),
be nonnegative continuous functions definedrfom,l € N,. Assume that
a(m,n) are nonincreasing im € Ny, andp > ¢; > 0,p, ¢; (i = 1,2,...,1) are
constants. If

(2.33) [u(m,n)]? < a(m,n)

Z b(s,n)(u(s,n))?
+ ) [(Z@(&ﬂ(%&ﬂ)‘”) +e(8,t)],

s=m+1t=n+1
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for m,n, € Ny, then

(2.34) u(m,n) < (B(m,n))%

x [a(m,n) + F(m,n) H <1+ Z Zqz T (B(s,t))ii)]

s=m+1 t=n+1 i=1

foranyk > 0, m,n € Ny, where

9] l )
(2.35) F(m,n) Z Z [(ZCZ t)(B(s )%

s=m+1t=n+1 =1
P—G ,% q; , 4P
X kp—l—as,t—kp))—i—es,t],
(= (5. (5,)
(2.36) B(m,n) =[] [1+0(s,n)],
s=m-+1

for m,n € Nj.

The proof of Theoren2.6 can be completed by following the proof of The-
orem2.5with suitable changes, we omit it here.

Remark 3. If we takel = 1, ¢ = 1, then the inequalities established in Theo-
rems2.5and 2.6 reduce to the inequalities established i) [Theorems 3 and
4].
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Remark 4. If we takel = 1,¢ = 1,andp = 1, e(z, y) = 0, then the inequalities
established in Theoren@ds5and?2.6reduce to the inequalities established i} [
Theorem 2.3].
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Example 3.1. Consider the finite difference equation:

Z Zhstust)

s=m+1t=n+1

(3.1) [u(m,n)?] = a(m,n)

whereh : N2 x R — R, a: N2 — R.,.
Suppose that

3
(3.2 |h(m,n,u)| < Zci(m,n)]uw",

=1

wherec;(m,n), (i =1,
No,p>¢; >0, (i=1
(3.) - (3.2, then

,3) are nonnegative continuous functions farn, €
3

2
2,3) p, i, are constants. Ifi(m,n) is any solution of

Y

(3.3) |u(m,n)|

§[a(m,n)+f(m,n ﬁ (1—1—22%/6" 0875)] )

s=m+1 t=n+1 i=1

==

form,n € Ny, k > 0, where

>3 [Sat (250

s=m+1t=n+1

(38.4) f(m,n)=

q;, 4P
+ =k » a(s,t .
Lo >)]
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In fact, if u(m, n) is any solution of 8.1) — (3.2), then it satisfies the equiva-
lent integral equation:

(3.5) [u(m,n)]P < Z Z Zci(m,n)

s=m+1t=n+1 =1

Now a suitable application of Theoreav to (3.5) yields the required estimate
in (3.3).

Example 3.2. Consider the finite differential equation:

(3.6) um+1,n+1)—ulm+1,n)—ulm,n+1)+u(m,n)
= h(m,n,u(m,n)) + r(m,n),

(3.7) u(m,00) = o(m), u(oo,n)=r7(n), u(oco,00)=d,

whereh : N2 x R — R, r: N2 — R, 0,7 : Ny — R, d is a real constant.
Suppose that

(3.8) [, n, ) —

wherec(m, n) is defined as in Theoreth4, ¢ < 1, ¢ is a constant.
If u(m,n), v(m,n) are two solutions of3.6) — (3.7), then

h(m,n,v)| < c(m,n)fu— vl

(3.9) |u(m,n) —v(m,n)|
Z Z c(s,t)(1 —q)k?) H (1 + Z qkqlc(s,t)> ,
s=m+1t=n+1 s=m-+1 t=n-+1
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for m,n € No, k > 0. In fact, if u(m,n) is a solution of 8.6) — (3.7), then it
can be written as

(3.10) u(m,n) =o(m)+

—d+ Z Z (s, t,u(s,t)) +r(s,t)].

s=m-+1t=n+1

Letu(m,n),v(m,n) be two solutions of3.6) — (3.7), we have

Z Z (s, )lu(s,t) — v(s, )",

s=m+1t=n+1

(3.11) lu(m,n) —

for m,n € Nj.

Now a suitable application of the inequality in Theor@rto (3.11) yields
(3.9.
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