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ABSTRACT. In this paper we introduce the claBép, n, i1, ) of analytic and-valent functions
to obtain some sufficient conditions and some angular properties for functions belonging to this
class.
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1. INTRODUCTION AND DEFINITIONS

Let A(p, n) denote the class of functiorfgz) of the form

(1.1) f(z) =2F + i arz”, (p,n € N:={1,2,3,...}),

k=p+n

which are analytic ang-valent in the open unit diskl = {z : z € C and|z| < 1}. In
particular, we sefd(1,1) =: A. A function f(z) € A(p,n) is said to be in the clas$*(p, n, «)
of p-valently starlike of ordetv in ¢/ if and only if it satisfies the inequality

(1.2) Re (Z]{;(Zj)) > q, (zelU;0<a<p).

On the other hand, a functiof(z) € A(p, n) is said to be in the clags(p, n, a) of p-valently
convex of orderv in I/ if and only if it satisfies the inequality
2f"(2)
f'(2)

(1.3) Re(l—i— ) > q, (zelU;0<a<p).
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2 B.A. FRASIN

Furthermore, a functiorf(z) € A(p, n) is said to be in the clas¥p, n, «) of p-valently close-
to-convex of ordery in I/ if and only if it satisfies the inequality

/
(1.4) Re ({;f?) >a (reU;0<a<p).
In particular, we writeS*(1,1,0) =: S*, £(1,1,0) =: K and(C(1,1,0) =: C, whereS*,

KC andC are the usual subclasses.fconsisting of functions which are starlike, convex and

close-to-convex, respectively.
LetS” (p,m, a1, ae) be the subclass 0d(p, n) which satisfies

Ty 2f'(z) oo
: -1 = : <
(1.5) 5 < arg 8 5 (z €U;0 < g, < p),
and letK(p, n, a1, as) be the subclass ol (p, n) which satisfies
(1.6) —%Oq<arg (1+z;<iz)')) <%OQ7 (z€U;0 < aj,as <p).

We note thag*(l, 1, aq, Oég) = S*(Oél, CKQ), K(l, 1, aq, CKQ) = ,C(Ckl, 062), Wheres*<061, 042)
and IC(a1, o) are the subclasses of introduced and studied by Takahashi and Nunokawa
[7]. Also, we note thalS (1,1, o, a) =: S%(ar) andK (1,1, o, o) =: Ky (a) whereS? (o) and
K (a) are the familiar classes of strongly starlike functions of ordeand strongly convex
functions of ordery, respectively.

The object of the present paper is to investigate various properties of the following classes of
analytic andp-valent functions defined as follows.

Definition 1.1. A function f(z) € A(p,n) is said to be a member of the claS&p, n, u, «) if
andonly if

2\
@.7) () ==
for somea (0 < a < p), u > 0 and for allz € U.
Note that condition[(1]7) implies that

(1.8) Re (< fz(f;)>“-1 Ao f’(z)) > a.

We note thaB(p, n, 2, ) = S*(p,n, a) , B(p,n, 1,a) = C(p,n,a). The clasB(1, 1,3, a) =
B(«) is the class which has been introduced and studied by Frasin and Darus [3] (seE also [1, 2]).
In order to derive our main results, we have to recall the following lemmas.

<p-—q, (p€N>7

Lemma 1.1([4]). Letw(z) be analytic i/ and such thatv(0) = 0. Then if|w(z)| attains its
maximum value on circle| = r < 1 at a pointz, €U/, we have

(1.9) zow'(2) = kw(z,),
where k£ >1 isareal number.

Lemma 1.2([6]). Let(2 be a set in the complex plati@and suppose thab(z) is a mapping
from C? x U to C which satisfiesb(iz, y; 2) ¢ Q for z € U, and for all realz, y such that
y < —n(1+u3)/2. If the functiong(z) = 1+ ¢,,2" + ¢,412™ ' + - - - is analytic ini/ such that
®(q(2),2¢'(2); 2) € Q forall z € U, thenReq(z) > 0.
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Lemma 1.3([5])). Letq(z) be analytic ini/ with ¢(0) = 1 andq(z) # 0 for all z € U. If there
exist two points, 2o € U such that

T yes)

(1.10) —— = agq(n) <argq(z) <argq(z) = —=

for a; > 0, ay > 0, and for|z| < |z1| = |22, then we have

(1.12) ad(=) _ (—al S %) o and 24(2) _ (al + az) .
where

1-— _
(1.12) m 2 a and a=itan_ [ 2291

1 + ’CL‘ 4 al _|_ 042

2. SUFFICIENT CONDITIONS FOR STARLIKENESS AND CLOSE-TO-CONVEXITY

Making use of Lemmp 1] 1, we first prove

Theorem 2.1.1f f(z) € A(p, n) satisfies

21 |1+ ZJ{(S) 1) <p ~ z;f((j)) s (<fz(f;))ﬂ-1 2P (2) —p)

2p — «

for somex (0 < o < p) andp,y > 0, thenf(z) €B(p,n, p, ).

Proof. Define the functionu(z) by

(2.2) (fi))u_l 2Pf(2) = p+ (p— Qw(2).

Thenw(z) is analytic in/ andw(0) = 0. It follows from (2.2) that

2f"(2) o 2f() 2N
fo e (o f<z>)”(<f<z>) I p)
(0 — a)zu/(2)
p+(p—aw(z)

1+

=7(p — Jw(z) +
Suppose that there exisig € U such that

(2.3) max |w(z)| = |w(z)| = 1.

|z|<z0
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Then from Lemma 1]1, we have (L.9). Therefore, letting,) = ¢, with k > 1, we obtain

that
20" (#0) B B 20" (20) Z_g>u_1zlp (o) —

L e (= ) ((f(:m) o ) p)

o v o (P = @)z (20)

_‘/7(29 ) ( 0)+p+(p—a)w(2’o)

(P — )k

> Re{atr )+ P

>(p—a)+ 2p__(;

_(p=a)((2p—a) +1)

2p — « ’

which contradicts our assumptidn (2.1). Therefore we have)| < 1 in /. Finally, we have
2.4) ‘( ) A | = -l <p-a (W),
thatis, f(z) € B(p,n, i, @). O

Letting . = 1 in Theorenj 2.JL, we obtain
Corollary 2.2. If f(z) € A(p,n) satisfies

zf"(2) L=p £1( ) _
L8 b aer) - <

for somen (0 < a < p) andy > O,thenf(z) € C(p,n, o).

(p—a)(v(2p —a)+1)
2p — «

(2.5) P+ , (z€U),

Lettingp = n = 1 andy = a = 0 in Corollary[2.2, we easily obtain
Corollary 2.3. If f(z) €A satisfies

2f"(2)
f'(2)

1
(2.6) ‘1+ <5 (zew),

thenf(z) € C.
Letting u = 2 andy = 1 in Theorenj 21, we obtain

Corollary 2.4. If f(2) € A(p,n) satisfies
") p—a)@p—a+l)
f'(2) 2p -«
thenf(z) € S*(p,n, o).

Lettingp = n = 1 anda = 0 in Corollary[2.4, we easily obtain
Corollary 2.5. If f(z) € A satisfies

2f"(2)
f'(2)

(2.7) ‘1—1— 0<a<p; zel),

(2.8) <g (z €U),

thenf(z) € S*.

Next we prove
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Theorem 2.6.1f f(z) € A(p, n) satisfies

(o)

B A L ') 2 f(R)
{(f(z)> Fleysts "y — b f(z)}

>5<5+g)+p(6<2—u)—§),

(2.9) Re

thenf(z) € B(p,n,u,d), whered < § < p.
Proof. Define the functiory(z) by

(2.10) (m) P =5+ (p— S)al2).

Then, we see that(z) = 1+ ¢,2" + g.412"" + - - - is analytic ink/. A computation shows that
2

= (p—0)2d'(2) + (0 = 0)°¢*(2) + (0 — 8)[p(2 — 1) + 28)q(2) + Ip(2 — p) + &

= ©(q(2), 2¢'(2); 2),
where

O(r,s;8) = (p— )5+ (p— 0)*r* + (p = O)[P(2 — p) + 28)r + 6p(2 — ) + &°.
For all realz, y satisfyingy < —n(1 + 3)/2, we have
Re ®(iz,y;2) = (p — 0)y — (p — 6)%2® + 0p(2 — ) + 67
<—Sp—0) = (p—0) |5 +p—0d|2* +op(2 — ) + &

2
< op(2—p)+ 6" = S(p )
n n

=d(5+3) +r(6C-0-3)

Let
n n
Q:{w.Rew>5<5+§) +p<5(2—,u)—§>}.

Then®(q(z),2¢'(2); 2) € Q and®(ix,y; 2) ¢ Q for all realx andy < —n(1 + 23)/2, 2z € U.
By using Lemma 1]2, we havRe ¢(z) > 0, thatis, f(z) € B(p,n, i, d). O

Letting .« = 1 in Theorenj 2.6, we have the following:
Corollary 2.7. If f(z) € A(p,n) satisfies

@A) Re{(FE) 4+ 2 >0 5+ 0) 4p (-2,
thenf(z) € C(p,n,0),whered < § < p.

Lettingp = n = 1 andd = 0 in Corollary[2.7, we easily get
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Corollary 2.8. If f(z) € A satisfies

(2.12) Re {(f'(2))* + f'(2) + 2f"(z }>——
thenf(z) € C
Letting .« = 2 in Theorenj 2.6, we have
Corollary 2.9. If f(z2) € A(p,n) satisfies
2f'(z 22 f"(2 n n
Re ( },f(i)) + Jf(z() )) >6(0+3) - 5P
thenf(z) € S*(p,n,d),where) < § < p.

Lettingp = n = 1 andé = 0 in Corollary[2.9, we easily get
Corollary 2.10. If f(z) € A satisfies

(R 8

thenf(z) € S*.

3. ARGUMENT PROPERTIES

Theorem 3.1. Suppose tha(%)” A7Pfl(2) £ Sfor z e Uand0 < 6 < p. If f(z) €
A(p,n) satisfies

T e — tan~! 1 —laf (a1 + a2)(p —9)
2 1+ |a 27y

< arg { ((%) . Zl‘pf’(2)>

(e (-8 ) )

)
1 — |l oq—i—m)(p )
1+ |al )

(31) < 042 + tan—

(
for ay, s,y > 0, then
(3.2) — a1 < arg (

Proof. Define the functiory(z

(3.3) )= — (Zp )Ml Pf(z) =6
Then we see thaf(z) is analytic inl{, ¢(0) = 1, andg(z) # 0 for all z € U. It follows from
(3.3) that

() ) (3 -0 (0-375) +525) 575

= (p = 0)2¢'(2) + vq(2).
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Suppose that there exists two points z, € U such that the condition (1.]L0) is satisfied, then
by Lemmg 1.B, we obtaif (1.].1) under the constraqint (1.12). Therefore, we have
Zlq/(21)>

arg(vq(z1) + (p — 0)2¢' (z1)) = arg q(z1) + arg (v + (p—9) )

= —gal + arg (7 - i<a1 +a2)(p = 5)m)

1l tan)p—9)
1 1( |al (04217+ az)(p >5)
( )

1+ |a 2y

s -
= ——qp — tan
;M

<_ t

and

arg(q(z2) + (p — 0)2¢'(»)) > g% +tan~! (1 —T— {Z; ot 0622”3(23 — 5)) )

which contradict the assumptions of the theorem. This completes the proof. O
Letting x = 1 in Theorenj 3]1, we have

Corollary 3.2. Suppose that'7f/(z) # d for z € U and0 < § < p. If f(z) € A(p,n)
satisfies

Tt (Ll @+ an)p =)
2 1+ |al 2y
1—p ¢/ Zf”(Z) . Y o 75
<arg{z f(z)(l—i— 6 p+p_5) P
m (1= la] (a1 + a2)(p — 9)

(3.4) < 5 %2 + tan (1 al 2

for aq, s,y > 0, then

(3.5) —goq <arg (z'7Pf'(2) = 9) < gag.

Lettinga; = a» = 1 in Corollary[3.2, we have
Corollary 3.3. Suppose that'7f/(z) # ¢é for z € U and0 < § < p. If f(z) € A(p,n)

satisfies
_ " ) T S (p—90
ar le/z(1+zf(z)_ i Y )_ i }‘<——|—tan1(—>
g{ ) i) PTp=s) p—s 2 v
forv > 0, thenf(z) € C(p,n,?).

Letting » = 2 in Theorenj 311, we have
Corollary 3.4. Suppose thatf'(z)/f(z) # 6 for z € U and0 < 6 < p. If f(z) € A(p,n)

(3.6)

satisfies
—gal — tan ™! G J_r {Z; (o1 + 04223(19 — 6))
<o {TO (1 L0 S 1y 0
(3.7) < g% +tan! G;:Z; (n +0z227)(p—5)>
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for aq, as, v > 0, then

(3.8) —Eal < arg (zf’(z) — 5) < Z042

2 f(2) 2

Letting oy = a» = 1 in Corollary[3.4, we have

Corollary 3.5. Suppose thatf'(z)/f(z) # dfor z e U and0 < § < p. If f(2) € A(p,n)
satisfies

0570 e (5
fory > 0, thenf(z) € S*(p,n,9).

(3.9)

Lettinga; = as, p=p =n =1andd = 0 in Theorenj 3]1, we have
Corollary 3.6. If f(z) € A satisfies

(3.10) arg (zf"(z) + f'(2)(y+1) — %) < ga + tan %
fory > 0, then
(3.11) larg f'(2)] < ga, (0<a<l).

Takinga; = g, p=n =1, =2 andd = 0 in Theorem 3./1, we obtain
Corollary 3.7. If f(z) € A satisfies

- <z2f”(2) ) (Zf’(2>>2 e 1)>

4l -1
< —« + tan

(3.12) >

=0

f(2) f(2) f(2)
fory > 0, thenf(z) € Sk («).

Finally, we prove

Theorem 3.8. Letg(z) analytic inl/ with ¢(0) = 1, andq(z) # 0. If

1 ™ Zp nt 1—p g/ - / ™
(3.13) —5in <argqq(z) + (%) 2R = (2) <G
for somef(z) € B(p,n, u,a) and (0 < ny, 2 < 1) then

(3.14) —gal <argq(z) < gag

wherea; andas (0 < aq, e < 1) are the solutions of the following equations:

(a1 + ag)msin [g(l — 2sin”! %)} )

2p — a) + (a1 + ag)msin [g(l — Zsin~! 1%)}

2
(3.15) M=o+ —tan !
™ 2(

and

9 (a1 + an)m sin [g@ B p]_Ta)}
(3.16) Ny = Qg + — tan ™t }
T

2(2p — a) + (a1 + ag)msin [g(l — 2sin”! 22
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Proof. Suppose that there exists two poinfsz, € U such that the conditiof (1.]LO) is satisfied,
then by Lemma 1|3, we obtaih (1]11) under the constrhint|(1.12). Sired3(p, n, u, @), W
have

@17 (7)) e =new (),

where

a<p<2p—a«
(3.18) 2

Thus, we obtain

arg {Q(zl) +

(m) o ’<Z>] i zq'(zo}
<%) Zl_pf'(z)] 7 Z;—Eiy)
ol ()

= arg q(z1) + arg (1 +

< T — tan! (a1 + a)msin [2(1 — )]
=75 2p+ (o1 + az)msin [2(1 — ¢)]
s (a1+a2 m sin [g 1——sm 11%)]
S — Q] — tan_l
2 2(2p — a) + (a1 + ag)msin [%(1 — 2 2 gin~! ’%)]
T
= _5771
and
—1
2 \M! . /
arg(q(z1)+ <m) 2P f (z)] 2q (21))
T (o1 + ag)msin [%(1 — %sirf1 ’%)}
> —ay +tan !
2 2(2p — a) + (o + ag)msin [%(1 — %sin_l ’%)]
T
= 57727
wheren, andn, being given by[(3.7]5) anf (3.1L6), respectively, which contradicts the assumption
(3.13). This completes the proof of Theorgm|3.8. ]

Letting¢(z) = 2f'(z)/f(z) in Theorenj 3.8, we have

Corollary 3.9. Let0 < ny,mp < 1. If
P\ P ) - , T
—p ! -
(75) #77@)| =y <3n
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for somef(z) € B(p,n, u,a) thenf(z) € S (p,n, a1, az), where0 < aq, ap < 1.
Letting7; = 7, in Corollary[3.9, we have
Corollary 3.10. Let0 <, < 1. 1If

UGN VI N R T O (I
(3.20 aI'g{ﬂz)* (7m) - f<4 <f@))} <3’
for somef(z) € B(p,n, u, a), then
(3.21) arg (ZJ{;S)) < qu (0<a; <1),

thatis, f(2) € S (a1 ), wherea, is the solutions of the following equation:

2aym sin [g(l — 2sin”! ’%)} )

2(2p — a) 4+ 2aym sin [%(1 _ %Sin—l ;%)]

2
(3.22) n=o;+—tan"’ (
T

Letting ¢(z) = q(z) = 1+ (2f"(2)/f'(z) in Theorenj 3.8, we have
Corollary 3.11. Let0 < ny, 12 < 1. If

oo pemfio i [G) ] (o))

< T
oM

for somef(z) € B(p,n, u, ) thenf(z) € K(p,n, a1, asz), whered < oy, s < 1.

Letting7; = 7, in Corollary{3.11, we have

(i) o] 059

)

thatis, f(z) € Ky (1), wherea; is the solution of the following equation:

(3.26) 7ha1+gwn1( 2aymsin 5 (1 - Fsin ! £52) ).
T )]

2(2p — a) 4+ 2aym sin [E(l — 2gip~lee

Corollary 3.12. Let0 < n, < 1. If

z //(Z)
arg{1—|— ) +

T
<M

(3.24) 5

for somef(z) € B(p,n, i, ) then

< Eal (O <o < 1),

(3.25) .

arg (1 +

2 p
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