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Abstract

In this paper we introduce the class B(p, n, i, o) of analytic and p-valent func-
tions to obtain some sufficient conditions and some angular properties for func-
tions belonging to this class.
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Let A(p, n) denote the class of functiorfgz) of the form

(1.1) flz) =2+ i apz",

k=p+n

(p,n e N:={1,2,3,...}),

which are analytic ang-valent in the open unit diskk = {z : z € C and
|z] < 1}. In particular, we se#d(1,1) =: A. A function f(z) € A(p,n) is said
to be in the clas$™*(p, n, «) of p-valently starlike of ordet in ¢/ if and only if
it satisfies the inequality

2f'(2)
f(2)
On the other hand, a functiofi(z) € A(p,n) is said to be in the class

K(p,n,a) of p-valently convex of orderv in ¢/ if and only if it satisfies the
inequality

1.2) Re< )>oz, (zeU;0<a<p).

2f"(2)
f'(2)
Furthermore, a functiorf(z) € A(p,n) is said to be in the clags(p, n, «) of

p-valently close-to-convex of orderin ¢/ if and only if it satisfies the inequality

(1.3) Re(1+ >>04, (zeU;0<a<p).

zp—1

(1.4) Re (f/(z)) >a  (eU;0<a<p).
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In particular, we writeS*(1,1,0) =: §*, K(1,1,0) =: K andC(1,1,0) =:
C, whereS*, K andC are the usual subclasses . dfconsisting of functions
which are starlike, convex and close-to-convex, respectively.

LetS" (p, n, a1, a2) be the subclass od(p, n) which satisfies

oy z2f'(z)  wae

15 —— < < — eU;0< <

( ) 2 arg f(Z) 92 9 (Z ) Q1,0 > p)7
and letC(p, n, a1, ;) be the subclass od(p, n) which satisfies

TQ zf”(z) o _On Certain C]asses qf
(1_6) _Tl < arg (1 + - ) 227 (Z c Z/[; 0 < ai, Qs S p)‘ Multivalent Analytic Functions
f (Z) B.A. Frasin
We note tha@*(l, 1, aq, CYQ) = S*(Oél, 042), K(l, 1, oy, C(Q) = /C(Oq, CYQ),

whereS*(aq, az) and(aq, ay) are the subclasses dfintroduced and studied Title Page

by Takahashi and Nunokawa]| Also, we note thalS (1,1, o, ) =: S% ()

andK(1,1,a,a) =: Ky(a) whereS%,(a) andK, () are the familiar classes
of strongly starlike functions of order and strongly convex functions of order <44 44
a, respectively.
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Note that condition.7) implies that

(1.8) Re (( fi))“_lzlp f/(z)> > a.

We note thatB(p, n,2,a) = S*(p,n,«) , B(p,n,1,a) = C(p,n,«). The
classB(1,1,3,a) = B(«) is the class which has been introduced and studied
by Frasin and Darus’] (see also ], 7]).

In order to derive our main results, we have to recall the following lemmas. On Certain Classes of
Multivalent Analytic Functions

Lemma 1.1 ({]). Letw(z) be analytic int/ and such thatv(0) = 0. Then if

lw(z)| attains its maximum value on circle| = r < 1 at a pointz, €lf, we oA Frashn
have

Title Page
(1.9 zow'(2) = kw(z,), Contents
where k>1 isareal number. pp b
Lemma 1.2 ([5]). Let(2 be a set in the complex plafigand suppose thak(z) < >
is a mapping fromC? x U to C which satisfiesb(iz,y;z) ¢ Q for z € U, Go Back

0 bacC

and for all real z,y such thaty < —n(1 + u3)/2. If the functiong(z) =
14 @z + @ui1 2" + - - - is analytic inlf such tha®(q(z2), 2¢'(z); z) € Q for Close
all z € U, thenRe¢q(z) > 0.

Quit
Lemma 1.3 ([5]). _Letq(z) b_e analytic in/ with ¢(0) = 1 andq(z) # 0 for all Page 5 of 24
z € U. If there exist two points,, 2, € U such that
J. Ineq. Pure and Appl. Math. 6(4) Art. 104, 2005
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for oy > 0, ay > 0, and for|z| < |z1]| = |22/, then we have

iy 276G (m) o ang 29 <a1 T az) N

q(z1) 2 q(22) 2
where
1 — —
(1.12) m > i and a =itan (u) .
1+ |al 4 \ o1+ ay
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Making use of Lemma..1, we first prove
Theorem 2.1.1f f(z) € A(p, n) satisfies

()
@L 1+ Ty =D (p f<z>)

o) )

(p—a)(v(2p —a)+1)
< o : (z el),

for somex (0 < o < p) andp,y > 0, thenf(z) €B(p,n, p, ).

Proof. Define the functionu(z) by

Zp not 1—p g/ o _
2.2) ( M) APf(z) = p+ (p— a)ulz).
Thenw(z) is analytic int/ andw(0) = 0. It follows from (2.2) that
2f"(z) _ _ _2f'(2)
g e (- 55)

() e )
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(p — @)zw'(2)
p+(p—a)w(z)

=(p — a)w(z) +
Suppose that there exisig € I/ such that
(2.3) max |w(z)| = |w(z)| = 1.

|z|<z0

Then from Lemmal.1, we have (.9). Therefore, lettingw(z) = ¢¥, with
k > 1, we obtain that

1~+%ﬁé§”*‘”“9(p_zﬁifd)_+7<<fé%)u]Zémf%%)_p>

(20)

_ — a)w(z (p — a)zw'(2)
— ‘fy(p Jw(zo) + P+ (p— a)w(z)

. (p—Oé)]{Z
> Re {’Y(p )+p+(p—a)w(20)}
>7@—ay*%ii
_p-a)-a)+1)

2p — « 7

which contradicts our assumptioB.{). Therefore we havew(z)| < 1inU.
Finally, we have

(m) 2 Pf(z) —p
that is, f(z) € B(p,n, i, ). ]

(2.4) =(p-a)wi)|<p-a (zel),
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Lettingu = 1in Theorem2.1, we obtain
Corollary 2.2. If f(z) € A(p,n) satisfies

2f"(2)
f'(2)

(25) |1+ + (2P (2) — p)

(p—a)(v(2p —a)+1)
< o : (z elU),

for somex (0 < o < p) andy > 0,thenf(z) € C(p,n, «).
Lettingp = n = 1 andy = a = 0 in Corollary2.2, we easily obtain
Corollary 2.3. If f(z) €A satisfies

zf”(z)
f'(z)

1
(2.6) ’1 + <5 (zeuw,

thenf(z) € C.

Lettingp = 2 andy = 1 in Theorem2.1, we obtain
Corollary 2.4. If f(z) € A(p,n) satisfies

zf"(2)
_|_

f(z)
thenf(z) € S*(p,n, a).

(P—a)2p—a+1)
2p —«

(2.7) ‘1 0<a<p;, zel),

Lettingp = n = 1 anda = 0 in Corollary 2.4, we easily obtain
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Corollary 2.5. If f(z) € A satisfies

(2.8) '1 2O g (z € U),

f'(2)

thenf(z) € S*.
Next we prove

Theorem 2.6.1f f(z) € A(p, n) satisfies

G <ome

(2N 2'(z) L Ef(R)
{(f(Z)) FE+ Ty — el f<z>}

>5<6+g>+p<5(2—ﬂ)—§)7

(2.9) Re

thenf(z) € B(p,n,pu,0), whered < ¢ < p.

Proof. Define the functiory(z) by

(2.10) (%) S =5+ (p— )al2).

Then, we see thaj(z) = 1 + ¢.2" + guy12™ + -+ is analytic ini/. A
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computation shows that

()" =]

2\ 2f"(2) 2f'(2)
(5m) e (g e )
=(p—0)2¢'(2) + (p— 9)°¢*(2)
+ (p = 0)[p(2 — p) + 26]q(2) + 6p(2 — p) + 6°
= ®(q(2),2q'(2); 2),

where

2

O(r,5;t) = (p—8)s + (p — 0)*r”
For all realz, y satisfyingy < —n(1 + z3)/2, we have

Re ®(iz,y;2) = (p — 0)y — (p — 0)*a° + 0p(2 — p) + &°

_—§(p 5) — (p— 5)[ Yp— 5}x+5p<2— 1) + 82

(2~ )+ 0 — S(p— )

5(6+g)+p(6(2—u)—g).

N

Let

Q:{w:Rew>5(5+g>+p((5(2—u)—g)}.
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Then®(q(z), 2¢'(2); z) € Qandd(ix, y; z) ¢ Q for all realz andy < —n(1 +
73)/2, z € U. By using Lemmal.2, we have Regq(z) > 0, that is, f(z) €
B(p,n, u, o). O

Letting = 1 in Theorem2.6, we have the following:
Corollary 2.7. If f(z) € A(p,n) satisfies

(2.11) Re{(z'Pf(2))* + 2" P f'(z) + 2> 7 f"(2)}

>5(5+§)+p(5—g),

thenf(z) € C(p,n,0),whered < § < p.
Lettingp = n = 1 andd = 0 in Corollary2.7, we easily get
Corollary 2.8. If f(z) € A satisfies

1

(2.12) Re {(f'(z))" + ['(2) + 2/"(2)} > =3,

thenf(z) € C.
Letting x = 2 in Theorem?2.6, we have
Corollary 2.9. If f(z) € A(p, n) satisfies
2f'(z)  22f"(2) ny n
thenf(z) € S*(p,n,0),whered < § < p.
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Lettingp = n = 1 andd = 0 in Corollary 2.9, we easily get
Corollary 2.10. If f(z) € A satisfies

fe (J{(()) * Z?(”z(;)) =

2

thenf(z) € S*.
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-1
Theorem 3.1. Suppose tha(%)“ P f(z) £ dfor zeUdand) <6 <
p. If f(z) € A(p,n) satisfies

T — tan™! 1 —laf (a1 + a2)(p —9)
2 1+ |a 27

(G
(e e (- ) ) )

m (1= la] (o1 + ) (p — )
(31) < 2@2 + tan (1 n ’a‘ 2

for aq, s,y > 0, then

(3.2) —gal < arg ((fi)) i Z7Pf(2) — 5) < gag.
Proof. Define the functiory(z) by

1 2 O\ 1p
(3.3) q(z) = R ((m) 2 Pf(z) - 5) -

Then we see thaf(z) is analytic ini/, ¢(0) = 1, andq(z) # O forall z € U. It
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follows from (3.3) that

(G2

(T e ) ) i

= (p — 6)2q'(2) + 7q(2).
Suppose that there exists two points z, € U such that the conditionl(10

is satisfied, then by Lemm&a3, we obtain (.11) under the constraintl(12).
Therefore, we have

)

arg(yq(z1) + (p — 0)2¢'(21)) = arg q(z1) + arg (7 +(p—9) )

= T+ arg <,y_i(041+042)(p—5)m>

2 2
Y (R EL I
2 27y
< T — tan—! 1 —|a| (1 + a2)(p — 9)
2 1+ |a 27

and

arg(vq(z2) + (p — 0)zq'(22)) > g% 4 tan-! (1 — |a] (o1 + o) (p — 5)> |

1+ |al 2

which contradict the assumptions of the theorem. This completes the pridof.
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Lettingu = 1in Theorem3.1, we have

Corollary 3.2. Suppose that!?f'(z) # §for z € U and0 < § < p. If
f(z) € A(p,n) satisfies

- (1 ~ Ja (a1 + ) (p - 5))

1+ |al 2
- {Zl_pf/(z> (1 i ZJ{’/;»(;)) Ty - 5> - p7—55}
60 < Tars (Lobllorodo=a)
for aq, as, v > 0, then
(3.5) —gal <arg (2" Pf'(z) = §) < gocQ.

Lettinga; = ap = 1 in Corollary 3.2, we have

Corollary 3.3. Suppose that' ?f/(z) # dfor z € U and0 < § < p. If
f(2) € A(p,n) satisfies

arg {zl—pf'(z) (1 N2 O L) - 7—5}’

(36) 72 v=3) s

for > 0,thenf(z) € C(p,n,d).
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Letting = 2 in Theorem3.1, we have

Corollary 3.4. Suppose thatf'(z)/f(z) # dfor z € U and0 < § < p. If
f(z) € A(p,n) satisfies

T et (el (a1t as)(p — 6)
Tt <1+\ar 2y )
JHE (L) G, v\ b
<ag{f(2) <1+ ) e +p—a) p—a}
- (1 o] (o1 + an)(p— 0)
(37) < 50&2 + tan <1 n |a| 27 )

for aq, s,y > 0, then

T z2f'(z) 0
(3.8) —5% < arg ( e — 5> < —a

Lettinga; = ap = 1 in Corollary 3.4, we have

Corollary 3.5. Suppose thatf'(z)/f(z) # d for z € U and0 < § < p. If
f(z) € A(p,n) satisfies

(5 (5 5 ) )

(3.9)

fory > 0, thenf(z) € S*(p,n, J).
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Lettinga; = aq, u = p=n = 1andé = 0 in Theorem3.1, we have
Corollary 3.6. If f(z) € A satisfies

" ! Z(f/(Z))2 m -1 @
(3.10) arg (zf (2)+ fl(2)(v+1) — Tz)) ‘ <@ + tan 5
forv > 0, then
(3.11) larg f'(2)] < zoz, (0<a<l).

2

Takinga; = ag,p =n =1, =2 andd = 0 in Theorem3.1, we obtain

Corollary 3.7. If f(z) € A satisfies

(206 (@Y, )
ag( o (7)) + 5 W”)

fory > 0, thenf(z) € Sk («).

1

(3.12) < g@ + tan~

Finally, we prove
Theorem 3.8. Letq(z) analytic inZ/ with ¢(0) = 1, andq(z) # 0. If

(3.13) —gm < arg {q(Z) +

for somef(z) € B(p,n, u,a) and (0 < ny, 1, < 1) then

(3.14) —goq <argq(z) < gag

=1Q

(o]
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wherea; anda; (0 < ay, an < 1) are the solutions of the following equations:

(38.15) m =y
2 (o + ag)msin [%(1 — %sin_l ;%)]
+ Ztan™!
T 2(2p — a) + (a1 + az)msin [%(1 — 2gin~! ;%)]
and
(3.16) 17, =
2 (o1 + ag)msin [3(1 — %Sm—1 ;%)]
+ Ztan™*
d 2(2p — a) + (o + ag)msin [%(1 — %Sin—l 1%)]

Proof. Suppose that there exists two pointsz; € U such that the condition
(1.10 is satisfied, then by Lemm&a 3, we obtain {.11) under the constraint
(1.12. Sincef € B(p,n, i, ), we have

1 .
(3.17) ( f()) A7 f(2) = pexp (%b) |
where

a<p<2p—a«a
(3.18) zsin_lp_a<¢<—sm1p_a
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Thus, we obtain

-1

()] s

( 2P h Zl—pf/(z) Zlq/<zl)
f(2)
. -1 On Certain Cl f
T4 <1 (20 ey (122) ) iivaon oyt Foncons
2 2

2
B.A. Frasin

o < (o1 + ag)msin [g(l — gb)] )

arg § q(z1) +

=argq(z1) +arg | 1+

T
< ——q; — tan

- 2 2p + (a1 + az)msin [Z(1 — ¢)] Title Page
(a1 + ap)msin [%(1 — Zsin~! %)} Contents
< -1 — tan . n 2 . _1p-a 44 44
2(2p — a) + (a1 + az)msin | F(1 — Zsin™ %)
< >
= ——7’]1
2 Go Back
and Close
2\ 1—p ¢ - / Quit
weloen) + | (1) 0G| adle) Page 20 of 24
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(aq + ag)msin [%(1 — 2sin~! ’%)}

> zag + tan~!
2 2(2p — o) + (oq + ap)msin [g(l — Zsin~! ’%)]
m
= 57727
wheren; and, being given by 8.15 and (.16, respectively, which contra-
dicts the assumptior8(13. This completes the proof of Theoreds. O

Lettingq(z) = zf’(2)/f(z) in Theorem3.8, we have
Corollary 3.9. Let0 < ny,m < 1. If

-1

<Z_p))ulz1‘pf’(z)] 2(2) p < =

(319) —Zm <arg{q(z) + e .

for somef(z) € B(p,n, p, a)thenf(z) € S (p,n, a1, as), whered < ay, ay <
1.

Lettingn; = 1, in Corollary 3.9, we have
Corollary 3.10. LetO <, < 1. If

(3.20) |arg %+ [(%)“1 Zl—pf/(z)] . (z}{éS))

for somef(z) € B(p,n, u, a), then

()

NN
33
—

< gal 0<a <1),

(3.21)
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thatis, f(z) € SX(a1), wherea; is the solutions of the following equation:

2aym sin [%(1 — Zgin™! ’%)]

2
(3.22) n=a; + —tan™"
T 2(2p — a) + 2aym sin [%(1 _ %Sin—l 1%)]

Lettingq(z) = q(z) = 1+ (2f"(2)/f'(z) in Theorem3.8, we have
Corollary 3.11. Let0 < ny,mp < 1. If

(323 —gm
e [ (2 ) » ( Zf”(Z)>/
<N T\ I ”] e
<g771

for somef(z) € B(p,n, u, ) thenf(z) € K(p,n, a1, az), whered < oy, s <
1.

Lettingn; = 19 in Corollary3.11, we have
Corollary 3.12. Let0 < < 1. If

(3.24) |arg{ 1+ Z}”Tg . [ (fi))ul Zl_pf/(z)] g (1 . }f((;)))

< T
o'
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for somef(z) € B(p,n, i, ) then

77

thatis, f(2) € Kq(a1), wherea; is the solution of the following equation:

(325) < Zal (0 <o < 1),

2

arg (1 +

20r;m sin [% (1 — %sin’1 ’%)]

2
(3.26) 7 = oy + — tan™*
m
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