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Abstract

In this paper the authors discuss some monotonicity properties of functions
involving sine and cosine, and obtain some sharp inequalities for them. These
inequalities are extensions and sharpenings of the well-known Jordan’s and
Kober's inequalities.

2000 Mathematics Subject Classification: Primary 26D05
Key words: Monotonicity; Jordan’s inequality; Kober’'s inequality; Extension and
sharpening.

The research is partly supported by N.S.Foundation of China under grant 10471039
and N.S.Foundation of Zhejiang Province under grant M103087.

Contents

1 INtrOdUCTION. . . oot e e e e
2 Proofof Theoreml.1 .. ...
References

Extensions and Sharpenings of
Jordan’s and Kober's
Inequalities

Xiaohui Zhang, Gendi Wang and
Yuming Chu

Title Page

4« 44
< >
Go Back
Close
Quit
Page 2 of 7

J. Ineq. Pure and Appl. Math. 7(2) Art. 63, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:xhzhang@hutc.zj.cn
mailto:xhzhang@hutc.zj.cn
http://jipam.vu.edu.au/
http://www.ams.org/msc/

The well-known inequalities

2
(1.2) —r <sinzx <z, T e [O, q
s 2
and
2 T
(1.2) cosr > 1— —ux, x € [0, —]
s 2
are called Jordan’s and Kober’s inequality, respectively. In fact, Jordan’s and Extensions and Sharpenings of
Kober’s inequalities are dual in the sense that they follow from each other via the def"l?]'zqﬁitﬁ‘)sber's
transformatioril” : »* — w/2 — x. Some different extensions and sharpenings
of these inequalities have been obtained by many authorsi(se¢]). Xiaohui Zhju”ngin‘gegghwang and
In this note, we will extend and sharpen Jordan’s and Kober’s inequalities by
using the monotone form of I'Hépital’s Rule (cf5,[Theorem 1.25]) and obtain
the following results: Title Page
Theorem 1.1.For z € [0, /2], Contents
2 -2 2 2
(1.3) Zp4l s—2(m —2x) <sinz < —x + —z(r — 27), « dd
™ ™ ™ m
| >
2 1 2 -2
(1.4) —r + —3x(7r2 —427) <sinz < Zx + T 3 w(m? — 42?), Colac
™ m ™ ™
Close
and
2 —2 2 2 Quit
(1.5) 1- S+ = s—2(m —2x) <cosx <1— —x+ —x(r—21),
T T Y v Page 3 of 7

where the coefficients are all best possible.
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1.1

The following monotone form of 'HGpital’s Rule, which is put forward i, |
Theorem 1.25], is extremely useful in our proof.

Lemma 2.1 (The Monotone Form of 'Hépital’s Rule). For —oco < a < b <
o0, let f, g : [a,b] — R be continuous ofu, b], and differentiable oria, b), let
g'(z) #0on(a,b). If f'(z)/¢'(x) is increasing (decreasing) afa, b), then so

are

f@) = flo) g S =)

g —gl@) T g@) gl
If f'(z)/q'(x) is strictly monotone, then the monotonicity in the conclusion is
also strict.

We next prove the inequalitied.) — (1.5 by making use of the monotone
form of 'HOpital’'s Rule.

Proof of Inequality (.3). Let f(z) = (2% —2) /(% —z). Write fi(z) =

x ™

Mz _ 2 andfy(z) = 5 —z. Thenfi(n/2) = fo(r/2) = 0 and

xT

fi(z) sinz—xzcosz  f3(x)
@ B0 # A

wheref;(r) = sinz — x cosz and f,(z) = z%. Thenf;(0) = f4(0) = 0 and

2.2) f3(z) sinz

filz) 27
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which is strictly increasing of), 7/2]. By (2.1), (2.2) and the monotone form
of 'Hopital’s rule, f(x) is strictly increasing o0, 7/2].

The limiting valuef(0) = 2(1 — 2) is clear. By .1) and I'H6pital’'s Rule,
we havef(7/2) = %.

The inequality {.3) follows from the monotonicity and the limiting values
of f(x). O

Proof of Inequality {.4). Letg(z) = g:(x)/g2(x), whereg; (z) = 22 — 2 and
go(z) = “TQ — 22, Theng, (7/2) = go(w/2) = 0. By differentiation, we have

gi(r) sinx—wxcosx  g3()
@3 P B TRy

wheregs(z) = sinz — x cosz andgy(x) = 2x3. Thengz(0) = g4(0) = 0 and

gs(x)  sinw
gi(z)  6x’

(2.4)

which is strictly decreasing dfi, 7 /2]. Hence, by the monotone form of 'Hopital’s
rule, g(x) is also strictly decreasing df, 7/2].
The limiting valueg(0) = = (1 — 2) is clear. By @.3) and I'Hopital's Rule,

9(m/2) = .
The inequality {.4) follows from the monotonicity and the limiting values
of g(x). O

Proof of Inequality (.5). Leth(z) = (=522 — 2) /(Z — z). Simple calculat-

™ 2
ing similar to proofs of inequalitiesL(3) and (L.4) will yield the monotonicity

and limiting values ofi(x), and the inequalityl(.5) follow. H
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Remark 1.
1. The inequalitiesX.3) and (1.5 are T'—dual to each other.

2. Like the proof of inequalityl(4), we can construct a function

o= (=222 -2) / (5 -7)

and obtain the following inequality:

2 ™—2 2 2 i i
_“ 2 442 _Z 2 4.2 Extensions and Sharpenings of
(2.5 1 Wx—i— 53 x(m® —4z°) < cosx <1 7T$—|— 7T3a:(7r 4x7). Jordan'e and Koper's
Inequalities

But the inequalities1.4) and (.5 are not7T'—dual. Comparing the in- - _
equality (L.5) with (2.5), we can find the inequalityl(5) is stronger than Xiaohui zhang, Gendi Wang and

. -, Yuming Chu
(2.5. Whereas the inequalitie () and (L.4) cannot be compared on the
whole intervall0, 7 /2].
. TP . . . Title Page
3. Straightforward simplifications of the inequalities.8) — (1.5) yield that
forz € [0,7/2], Contents
2(m — 2 4 4 44 44
(2.6) T — MmQ <sinz < = —a?,
2 T 2 < >
Go Back
3 4 4 , Amr—2) 4
(2.7) s <sinzx <z — —s T Close
and Quit
4 — 2(m —2 4
(2.8) 1— Wx — ( 5 >Z‘2 <coszr<1-— —2132. Page 6 of 7
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