Journal of Inequalities in Pure and
Applied Mathematics

RATE OF CONVERGENCE OF CHLODOWSKY TYPE
DURRMEYER OPERATORS

ERTAN IBIKLI AND HARUN KARSLI

Ankara University, Faculty of Sciences,
Department of Mathematics,
06100 Tandogan - Ankara/Turkey.

EMail: ibikli@science.ankara.edu.tr

EMail: karsli@science.ankara.edu.tr

(©2000Victoria University
ISSN (electronic): 1443-5756
276-05

volume 6, issue 4, article 106,
2005.

Received 16 September, 2005;
accepted 23 September, 2005.

Communicated by: A. Lupas

Abstract
Contents
44
| 2
Home Page
Go Back

Close

Quit


Please quote this number (276-05) in correspondence regarding this paper with the Editorial Office.

mailto:alexandru.lupas@ulbsibiu.ro
http://jipam.vu.edu.au/
mailto:ibikli@science.ankara.edu.tr
mailto:karsli@science.ankara.edu.tr
http://www.vu.edu.au/

Abstract

In the present paper, we estimate the rate of pointwise convergence of the
Chlodowsky type Durrmeyer Operators D, (f,z) for functions, defined on the
interval [0, b,], (b, — o0), extending infinity, of bounded variation. To prove our
main result, we have used some methods and techniques of probability theory.
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Very recently, some authors studied some linear positive operators and obtained
the rate of convergence for functions of bounded variation. For example, Bo-
janic R. and Vuilleumier M. §] estimated the rate of convergence of Fourier
Legendre series of functions of bounded variation on the int¢dva], Cheng

F. [4] estimated the rate of convergence of Bernstein polynomials of functions
bounded variation on the intervél, 1], Zeng and Chert] estimated the rate of
convergence of Durrmeyer type operators for functions of bounded variation on
the intervall0, 1].

Rate of Convergence of
Chlodowsky Type Durrmeyer

Durrmeyer operators/,, introduced by Durrmeyerl]. Also let us note that Operators
these operators were introduced by Lupgs The polynomialM,, f defined by Ertan Ibikli and Harun Karsli
n 1
M,(f;x) = 1 P, t)P, . (1) dt, <z <1, .
(fiz) = (n+ ); ok <I>/0 F#) P (1) Osz Title Page
where Contents
_ n k n—k
Poate) = ()@= oy « | »
These operators are the integral modification of Bernstein polynomials so as 4 >
to approximate Lebesgue integrable functions on the intégva). The oper- Go Back
ators M, were studied by several authors. Also, Guo‘3.ifivestigated Dur-
rmeyer operatord/,, and estimated the rate of convergence of operatfy$or Close
functions of bounded variation on the intery@l1]. Quit
Chlodowsky polynomials are given][by Page 3 of 26
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where(b,,) is a positive increasing sequence with the properties b, = oo
and lim % =0.

n—oo

Works on Chlodowsky operators are fewer, since they are defined on an un-
bounded interval0, co).

This paper generalizes Chlodowsky polynomials by incorporating Durrmeyer
operators, hence the name Chlodowsky-Durrmeyer oper&r&V|0, co) —F,

(n+1) ¢ x bn t
D(f;x) = Pl — Pk | — |dt, 0<z<b, Rate of C f
Fia) =5 = L Pl ) f, S0P, )t 0o et
h=0 Operators
whereP := {P : [0,00) — R}, is a polynomial functions setb,,) is a positive Ertan Ibikli and Harun Karsli
increasing sequence with the properties,
b Title Page
lim b, =c0 and lim — =0
n—oo n—oo 7 Contents
and 44 44
n
Puate) = ()0 |
Go Back

is the Bernstein basis.
In this paper, by means of the techniques of probability theory, we shall Close
estimate the rate of convergence of operatbys for functions of bounded

variation in terms of the Chanturiya’s modulus of variation. At the points e

which one sided limit exist, we shall prove that operatbrsconverge to the Page 4 of 26

limit £ [f (z+) + f (z—)] on the interval(0, b,], (n — co) extending infinity,
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For the sake of brevity, let the auxiliary functign be defined by
f) = flat), @<t <by;
g:(t) =3 0, t=u;
f@)— flz+), 0<t<u.

The main theorem of this paper is as follows.

Theorem 1.1.Let f be a function of bounded variation on every finite subin-
terval of [0, co). Then for every: € (0, c0), andn sufficiently large, we have,

@) |pufio) - Lo + f(x—))‘

)

erbn—m
3A,(2)02 | & \f ()
>~ .T2<bn _ ZE)2 ot wi\% x

k

2
+ e [{f () = fz—)}],
Vi =)
9 b
whereA,, (z) = W] and\/(g.) is the total variation ofy, on[a, b].
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In this section we give certain results, which are necessary to prove our main

theorem.

Lemma 2.1. If s € Nands < n, then

(n+ 1)o7 L /s\ s! n!
D,(t°x) = ——(ab,)".
(%) n+s+1 'Z(r)r' n—r)!<x )
Proof
n—+1 T bn t
D, (t° = P — — | t°dt
)= Z () / i) ]
k=0 L
n+1 T n—k
- p. (= 1=
S S ITANICINES
k=0
n+1 < x ! t
— P =)ot / M (1 — )" *du, setu =
£ () (7)o e
n+1g p (x)b8+1(k+s)' n!
= TL,k’ '’ n
by = by, k! (n+s+1)
Thus
(n+ 1) < (k+s)!
D, (t°:
(f2) n+s+1'z ”’“( ) k!

t* dt]
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Fors < n, we have

2 ()1 E0 ) ()7

and from the Leibnitz formula

0° 2\ (z+y\" L /5 s! n! ey 1
o |\b) 0 ) |~ A e )
X n n r=0 ryr (n - 7“). n n Rate of Convergence of
s n—r Chlodowsky Type Durrmeyer
_ l (8) 8_' . n! (l‘b )T T + y) Operators
bf‘ r=0 r)rl (n o 7“)' b" Ertan Ibikli and Harun Karsli
Letz +y = b,, we have
Title Page
n k n—=k s n—r
3 "V E) (Y (k+s)! _ s\s (wb)” [ 2 Y Contents
k b, by, k! r)rl (n—r) " b,
F=0 = 4« dd
Thus the proof is complete. O < >
By the Lemma2.1, we get Go Back
(2.1) D,(L;xz)=1 Close
by — 2 Quit
D,(t;z) =x+ -
n+2 Page 7 of 26
4dnb, — 6 1 2b?
D, (t*z) = 2° + [4n (n+ )x]x—l— “ :
(n + 2) (n -+ 3) (n + 2) (n + 3) J. Ineq. Pure and Appl. Math. 6(4) Art. 106, 2005
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By direct computation, we get

s 2(n—=3)(b, —x)x o2
Dl =250 = = ) s 3) F a2t
and hence,
(2.2) Da((t — )% 2) < 2nx(b, — x) + 2bi'

n2

Lemma 2.2. For all = € (0, 00) , we have

rx t t T u
e R K [= =
() = [ (g

1 2nx(b, — x) + 202

2.3
2:3) = (v —1t)? n? ’
where
T U n+1 — €T U
o (i) = () P (5
k=0
Proof.
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1 2
By the 2.2), we have,
)\n<£,i)§ 1 ‘Q(n—?))(bn—:c)xdl_ 202
b, by, (x—=1t)? (n+2)(n+3) (n+2)(n+3)
9 Rate of Convergence of
1 ) 271:1,‘(()” — QJ) + an Chlodowsky Type Durrmeyer
- (l‘ — t)2 n2 ) Operators
0 Ertan Ibikli and Harun Karsli
Set Title Page
@ a x Contents
(2.4) Je ( ) (Z Pnk< )) , (Jm+1 (b_> —~ 0),
" 44 44
wherea > 1. < | 2
Lemma2.3.Forall z € (0,1)andj =0,1,2,...,n, we have Go Back
2c0 Close
—Jn <
| #1417 )l nx(l —x) Quit
and 5 Page 9 of 26
«
—Joq (7)) < :
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Proof. The proof of this lemma is given irt]. O]

Fora = 1, replacing the variable with W in Lemma2.3we get the follow-
ing lemma:

Lemma 2.4.Forall = € (0,b,) andj =0,1,2,...,n, we have

Inj (;) — Jnt1j+1 (bﬁ)‘ < 2
" " z (1 _ 1)

and

(2.5)
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Now, we can prove the TheoremlL

Proof. For anyf € BV[0,00), we can decomposg into four parts o0, b,,]
for sufficiently largen,

1
BL) f(t) =5 (Fa+) + fz-)
_ _ f f
bty + LD = TED) S G
2 Operators
=+ 5$ (t) |:f<l’) — % (f([E—}-) + f(x—)) Ertan Ibikli and Harun Karsli
where Title Page
1, z=t Contents
(3.2) 0(t) = { 0zt « R
. . . < >
If we applying the operatab,, the both side of equality3(1), we have
Go Back
1
Du(fi) = 5 (F(w+) + fa=)) Da(Li) + Da(gai) Close
fla+) = f@-) Sl
t — .
+ 2 Dn(sen(t = 2); z) Page 11 of 26
1
+ | £@) = 5 (fla+) + fla=))| Daldiia).
J. Ineq. Pure and Appl. Math. 6(4) Art. 106, 2005
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Hence, sinced.1) D, (1;z) = 1, we get,

Dulfio) - 3 (o) + =)

S e [LXCET )
1) = 5 (@) + fa)|IDauia)]

For operatord),,, using (3.2 we can see thab,, (J,; z) = 0.
Hence we have

Dulfio) =  (7(a+) + a-)

< IDufows) + | P D, e - i)

In order to prove above inequality, we need the estimate®fdy.; =) and
D, (sgn(t — z); x).

We first estimateD,, (g,; z)| as follows:

n

P L e (s

‘D (ng
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IN

Rate of Convergence of
Chlodowsky Type Durrmeyer
Operators

_|_

= [L(n, =)l +| (n )|+ lls(n z)|
We shall evaluaté, (n, x), I(n,x) andIs(n, x). To do this we first observe

Ertan Ibikli and Harun Karsli

: o Title P
that/, (n, z), Iz(n,z) andls;(n, z) can be written as Lebesque-Stieltjes integral, e rage
x Contents
r=m r t
nal=| [ wod (n (o)) } « | »
0 n n
e < 4
aHinse r t
[ L2(n, )| = . 9 (t)dy ()‘n (b_’ b_)) | Go Back
227% n n
by A Close
|I3(n, I’)| = /x+b7j;z gaz(t)dt ()\n (Ea E)) ' ) Quit

Page 13 of 26
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and

x t n+1 ¢ T t
Kn (Eu E) bn s Pn,k: (E) Pn,k: (bn) .

Nl b%z] , we have

x+bn—x
vn r t
Lol = | [ (00 - sl d (An(b,b))‘
x—ﬁ n n
o x t
o b, b,
NG
I+b%z 1 n m+b7\,,/%z
. < <
(3:3) <V )< — (92)
f% k=2 z—-%

Next, we estimatd, (n, z). Using partial Lebesque-Stieltjes integration, we
obtain

Ln, ) —/OH% 0. (0)ds (/\n (f i))

by by,

(2N, (i
—o (=) ()
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Since

9 (x—%)‘:

it follows that
r — X r— -2 T
Jn / vn < x )
n T + )‘n 07 d - (gm“) :
< n bn > ' 0 bn bn ' \t/ Rate of Convergence of

Chlodowsky Type Durrmeyer
Operators

T

|[17L.T \/ ga:

From @.3), itis clear that

Ertan Ibikli and Harun Karsli

A 1 2nz(b, —x) + 2b2
/\n 7 S : g
bn bn (i) 2 77/2 Title Page
vn
Contents
It follows that 44 >
’ 1 2nx (b, — x) + 2b2
[(n,2)| < \/ (92) 2 { n2 } : >
r— <\/—ﬁ> Go Back

=1 (2na(b, — x) + 22 } Close
+ n d - €T
/o <x =R { = |\~ Vi) =

Y
\/ Jz)—— ) + An(2) /Ox—ﬁ . _1 t)th (_ \/(gx)) ' Page 15 of 26
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Furthermore, since

=7 1 ’
/0 (.17 _ t)gdt <_ \/(gar)>

t
_ 1 \7( ) T +/x_zn 2 \7( )dt
T @ VY . ey VU
t 0 t
1 * ’ v ) z
=—— V (@) +5 V0 + = \/(g.)dt
(\/ﬁ> r— L 0 0 (I' t) t
vn
Puttingt = = — \/La in the last integral, we get
/0 CEnE \/(9 ) xg/l x}/z(g )du = — > x}/}(g )
u k
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by, n vk
L) < 5 V@) + YV )
An(x) ( on n w+b7\l/%m )
(3.5) <G -7 Vi) +> 'V @)
0 k=1 m—ﬁ )

Hence from 8.3), (3.4) and @.5), it follows that
| Dn(ga; )| < [Ii(n, @) + [L2(n, 2)] + [L3(n, 2)]

An(z) |y SN
< An
0 k=1 T
A ( ) by, n m+bT\L/_Et 1 n x+b%t
n(T
— )2 \/(gl‘) + (9:) ¢ + —
(bn l’) 0 k=1 x_ik n 1 k=2 x—%
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Obviously,

1 1
22 (b, — )2 22(b, —x)?’
for ;- € [0, 1] and
. I+b7\7,/Ez
Vi< V @
LL’—% x—%
Hence,
Ay(z)  Anlz) o r
Dy (ga; )| < z
Dutas = (P57 + s ) Voo + 3
1 n z+b7\l/—ET
+ >V (@)
n—1
k=2 xfik
( x+bn71‘
Ap() 02 |\ 2o
2o —2)2 | V (92) + 2. V. (9z)
\ VR
( x_i_bnfz
Ag(z)2 | G
(b, — 1)? \0/(91) + 2. V. (9z)

+
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On the other hand, note that

bn n I+b%z
\(g:) < (9x)-
0 k=1 x—%
By (2.3), we have
m_’_bnfx x_’_bn*éL
24,(2) 02 | Y 1 &
[Dulgai 2)] < 5= 3 \/ (92) +”_1k—2 \/ (92)
=t I/
Note thatﬁ < xf&i{)zg, forn > 1, W € [0, 1]. Consequently
3 A ()0} n o
x
(3.6) Dulgsi ) < = s ; V()
= mfﬁ

Now secondly, we can estimai®, (sgn(t — z); z). If we apply operatod,,
to the signum function, we get

D, (sgn(t — z);x)

n+1 — T bn r t
= () [ pee () [ e (5)
k=0 z n
n+1w— T bn t z t
= Pl — Pl —|dt—2 Pl —)dt
o () [ e (5 ) -2 [ (5 o]

SR
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using @.1), we have

1 o e t
(B7) Dulsan(t—a)r) =1-2" 15" p,, (;) [ P (b_) it
k=0 n/s Jo n

n

Now, we differentiate both side of the following equality

n+1
x Xz
Tt 1,h41 (E) = Z Prii1j (E) .

j=k+1

Rate of Convergence of
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Fork =0,1,2,...,n we get, Operators

Ertan Ibikli and Harun Karsli

d T d T
%Jn+1,k+l b_ = % Z Pn+1,j b_
" j=k+1 " Title Page
d T d T
=—P — —P — Contents
gp. Lk (bn> + Jp . Lk (bn>
. . d . T 44 42
% n+1,n+1 E < >
Go Back
d J il Close
dz n+1,k+1 b, .
(n+1) x T x x QU
o, Pk b, ) Pt b, + [ Pt b, ) Pok+a b, Page 20 of 26
x x x
+---+ |:Pn,n—1 (b_) - Pn,n (b_>:| + |:PTL,TL <b_):| } J. Ineq. Pure and Appl. Math. 6(4) Art. 106, 2005
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6 8 () Q)] -2 )

j=k+1

andJ,;1+1(0) = 0. Taking the integral from zero te, we have

n+1 £ t T
( b )/0 P,k <a) dt = Jni1 k41 (E)

and therefore fromZ.4)

n+1
Jn+1,k+1 (_) Z Pn+1] (_)
j=k+1 n
n+1 2 k 2
=3 pus (1) = X P ()
7=0 7=0
b T
. ;P"“’j (b_) |

k
n+1) [* t x
n n j=0 n

From (3.7), we get

D, (sgn(t — x); —1—2ZPM< )ll_zp”+”(_n)]

Hence
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:1_22Pnk<n) ; (bﬁ)zk: Pty

Jj=0
n

9 x x x
Q7(’L"t)‘1,j (E) - n+l,] (b_) n+1 J+1 <E) :

Also note that

:—1+22Pnk( )ZP,LH,J <b£>

Set

n k n n

*
I

*

Y

=0 k=3

=0
n+1 X T T

(2) _ _
kz:;@nﬂ,k <b_> = ‘]721—1—1,]’ b_) and J, 41 (E) =0,

n n

k=0 j

<

we have

- T " T
Dy(sgn(t — z);z) = =142 Py (b—> > Puk (b—)
k=j "

=0

- x x
=142 Py (b—> T <b—>

Jj=0

n+1
x x
= 1423 P (1) s (1)

j=0

()
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n+1
i T
—2 Z Priij (E) T <E) —1.
7=0
n+1

Slncez Qnﬂj (bi) =1, thus

=0

TL

it 5 () (2) £ (1)

By the mean value theorem, we have
(2) T T i
Qn+1,j (b_) - J72L+1,j (b_) J2+1,g+1 <b_)
X X
-2 (52)w (i)

X i i
Jn+1j+1 (b_> < Yn,j (b_> < Jnt1 (b_> :

Hence it follows from 2.5) that

232t () (0 () - (1)

n+1
Z X X T
P br b b

where
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N—

since, ; (bi) — Jpt1j+1 (bi > 0,then we have
" " Rate of Convergence of
Chlodowsky Type Durrmeyer

X T xT e Operators
! (bn> g (bn) ‘ 7 (bn) o (bn) ' Ertan Ibikli and Harun Karsli
Hence
L Title Page
n+
|Dp(sgn(t — x);x)| < QZ P, IV (E) = 14 x Contents
n ] bn n,j bn n 3] bn
44 44

3

n+1 o 9
<2 Py (b—) S — < >
j=0 n

bn bn Go Back
(3.8) = ; Close
n%(l o %> Quit
Combining (3.6) and (3.8) we get(1.1). Thus, the proof of the theorem is Page 24 of 26
completed. O
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