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ABSTRACT. Four new different types of inequalities similar to Hardy-Hilbert's inequality are
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1. INTRODUCTION

Suppose thaf andyg are real functions, such that< [ f2(t)dt < oo and0 < [ ¢*(¢)dt
< o0, then

(1.1) // fory </ f2(t) dt/ (t)dt),

Wherew is best possible. Ifa,) and (b,) are sequences of real humbers such that
S a2 < ooandl < 377 b2 < oo, then

nln n=1"n

(1.2) sz—i—n (Zaizbi)

n=1 m=1

o=

The inequalities[(I]1) and (1.2) are called Hilbert’s inequalities. These inequalities play an
important role in analysis (cf.[1, Chap. 9]). In their recent papers Hu [5] and|[Gao [3] gave two
distinct improvements of (I].1) and Gao [4] gave a strengthened versipn of (1.2).

The following definitions are given:

) =" = pa). k) = Blea)er(@),

andB is the beta function.
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Recently, by introducing some parameters, Yang and Debnath [2] gave the following exten-

sions:

Theorem A. If f,g > 0,p > 1, >+, =1,A>2—min {p, ¢}, such that

0</ A fP(t)dt < oo and 0</ g () dt < oo,
0 0

then

(1.3) / / dxdy
< % (/OOO fl_Afp(ﬂf)dﬂﬁ) ' (/OOO yl‘qu(y)dy) "

where the constant factdk, (p) /A%*®) B (@] is the best possible.

Theorem B. If f > 0,p > 1, L +1 = 1, A > 2 —min{p, ¢}, A, B > 0 such thatd <
Jo St fP(t)dt < oo, then

0 [ee] p k’ p o0
(1.4) /0 yP-e-D (/0 —(Axfix;y)kdﬁ dy < <—Aw A(glk(q)) /0 e AP (2)da

where the constant factdk, (p) /A#>®) B#»@]" is the best possible. The inequalitil.3) and
(1.4) are equivalent.

Theorem C. If a,,,b, >0 (n € N), p > 1,]—1)+§: 1,2 —min{p,q} < <2, A, B > 0such

that

o (o.]
0<> n'ah <oo and 0<» n' b < oo,

then

A

n=1 n=1
1
S q
1-A1q
<§ n bn> ,
n=1

where the constant factdk:, (p) /A#»®) B#»(9] is the best possible.

k NN
a9 N3 el b (S )

nlml n=1

TheoremD. If a, > 0 (n € N),p > 1, -+ =1, 2—min{p,q} <\ <2, A, B > 0such
that0 < Y>> n'~a? < oo, then

o0

o] p
(A=1)(p—1) (m 1-X,
(1.6) z:ln P (Z —( )/\) < (AW B B ) Zn

1 (Am + Bn
where the constant factdf, (p) /A#>® B#»@]" is the best possible. The inequalities [1.5) and
(1.6) are equivalent.

2. NEW INEQUALITIES

The aim of this paper is to give the following results:
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Theorem 2.1. LetIn f, In g be convex for nonnegative functiorisand ¢ such thatf(0) =

g(0) = 0, f(oco) = g(oo) = o0, f'(s) 2 0,9'(s) > 0,s € {zP,y7}. Let A > max{p,q},
p>1,%+%:1. Let

00 1—p2/q? p\12—Mp/q o0 1—q?/p? q))2—+a/p
O</ e [f(t)]g ' dt < oo, O</ e [g(t)]g dt < oo,
0 [f(®)] s 0 lg'(®)]"

then we have

(2.1) / / T +gy3))Ada:d

Br (p, ) —p) Bi (g, \ —
_f/l_’\‘f (p, A\ —p) B (q q)

R VGO )5’ ( T g ) %
) </ o) e

Proof. Sinceln f is convex andcy < ﬁ + ﬂ , then

—

Qs

n q lnf(zp) lnf( 9) S =
Fay) = eI < (5 +”)§ P = ) f ).

Therefore, we have

[ ] Gttt

Ly gd () P BT 0y b oy T 2T
- /oo /oo f ((L’ )g (y >[f’(mp)]¢11/\zp;1 f (y )g (37 ) g/(yq)]iy% dxdy
(f(zP) + g(y9))» (f(z?) + g(y9))
( / / S g Wy dy)ﬁ
z®=1) p/q [f/(@P)]a (f (27) + g(y0)*
( / / 1" gq/p<xp>f’<xp>xp—1 i dy>q
y@ Dl g ()] (f(27) + g(y?))"
= ]\Jp]\/vq7
Then
w=l [ ALl ) il [ (5)" 9’<yq>§f’&p§ N
o el e g
1 [ P/ [f(z )]2 Atp/q S
- d d
) @) g TR
< gV [f (a) PP
—“B(p\— ’ | da.
b |
Similarly,
<y gy
N =-B(qg,\— z d
(q Q)/O l9'(y)] !

J. Inequal. Pure and Appl. Math?(2) Art. 76, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 W.T. SULAIMAN

Therefore

[ ] G

Theorem 2.2.Let f, g, h be nonnegative function&(x, y) is homogeneous of ordersuch that
h(0,1) = h(1,0) =0, h(oo, 1) = h(l,00) = co. Letp > 1, - + 2 =1,

O0<1l4+p—r<A re{q p}, he(x,y) >0, hy(x,y) >0,

whereh, = dh/dx, 0 < f0°° Pl fr(t)dt < oo, 0 < [ t9Pge(t)dt < oo, then

o [

< Bp (1+M—— >\—1—,u+p)B¢1z (1+M—Q,A—1—M—?)
q p p

X (/ tq’ﬁfp(t)dty </ tpqlgq(t)dt)q.
0 0
Proof. Observe that

f(z)g(y)h*(z,y)
/ / 1T h oy
< ey o\’
< dxd
N </0 0 hg/q(x, y) (14 h(z,y)* y)
Y (z, y)ho(z, y) ’
(/ / hq/p (1+ h(:c,y))*dxdy)

—Mqu say.

_ [T P(z)dx P o)
M_/O fP(x)d /0 hg/Q(q;,y)(Hh(a:?y))Ad

Lety = 2v, dy = xdv and hence

Then

dh(x, zv L dh(1,v 1 dh(1,v e
hy(x,y) = —(dy ) =z —Ely ) =z 1—Elv ) =2 1hv(l,v),
hate,y) = ) _ L1 ) = e h(1, ),

dz dz
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therefore
1 00 oe] nh(1l B=p/q ,.n 1
M = _/ :vp/q_lfp(x)dx/ [z"h(1,v)] x hé\( ’U>dv
W, 0 (1+a7h(1,v))
1 p P\ [T e
= p/qB (1 +N_§’)\ —1- u—l—a) /0 2P/ P (7)) da.
Similarly,
1 q Q> /OO —1
N=—DB(1l+p—A=1—p+-= Y1 g4 (y) dy.
nal/p ( K p H v/ /s (y)
This implies
/ / f(x (z, y)dxdy
1 + h (x y))
< B (1—|—,u——>\ ,u—irE)Bflz(l—k,u—g,)\—l—u—l—g)
n q q p p
o L 1
X (/ tp/qlfp(t)dt> (/ Pl ga(t )dt) :
0 0
0
The following lemma is needed for the coming result.
Lemma2.3.Lets > 1,0 < 1+ p < min{a, A} and define
fo) =5 [
s)=s¢ t,
o (1+1)
then/(s) < f(1).
Proof. We have
sH S gH
fl(s) =5 —i—/ dt (—a) s 1
5) 1+ Jo (142 (~a)
pn—a —a—1 s
< S - as )\/ wa
1+ 1+ o
n—ao
=2 <1 i ) <.
(1+5s) L+p
This shows thaf is nonincreasing and hengés) < f(1). O

Theorem 2.4. Let f, g, F, G be nonnegative functions such thats) = fo t)dt, G(s) =
Jy 9@t letp> 1,1+ 1 =1, (1= A/2)r <A\2+a <20, 7€ {22

qg’pf’
0< / (2 — £)E-M2PIa-N 20 =1 () £ ()t < oo,
0

0< / (z — t)tI=NMD/p=A2meqa=1(1) (1) dt < oo,
0
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then

T [P F(s)G(t) .
(2.3) /o/o—(s+t)’\ddt

< Bop (3.3) (/ (x - t>t<l—v2>p/q-*/2-w—1(t)f(t)dt)

X ( / (z —t)t(l_’\/Q)q/p_)‘/Q_an_l(t)g(t)dt)
0

Proof. Observe that
x .TF
/ / FEG) 4y
0 s+t
o\ M2-1 J1/a A/2—1
e NG
. S

(s+ )7 (s+t)A/q

1
P

t/\/Q 1 /\/2 1 ¢
dsdt
/ / s+t s(A/2— 1p/q / / 3+t (>\/2 Dg/p y

:MENE, say.

Then

A/2—
D

M= / " UMM 2 o ) s / "
0 0

(1+4)°
A/2-1

z a —a [T/s -
— / 5(1*>\/2)p/qfk/2pp(s>d3 (f) (f) / u )\du
0 s s o (I1+u)

2/2—1

T o 1
< / 3(1—/\/2)p/q—>\/2pp(3)d8 (f) / w du
—Jo s/ Jo (1+u)
A A
— —B s(1=A/2)p/a=A/2—a pp
5 (2 2) / (s)ds,

by virtue of the lemma.

As .
() =p [ P @) f ),
0
then
)\ )\ x S
M="Lp <—,—)/ s(l_’\/z)p/q_’\/2_0‘ds/ FP=Y(u) f(u)du
2 22 J, o
_Pop é’é / / u(l_’\/Q)p/q_A/Q_an_l(u)f(u)dsdu
2 2°2) )y Jo
:ExaB é’é /(:17—8)3(1_’\/2)1”/‘1_’\/2_0‘Fp_1(s)f(s)ds.
2 22 J,
Similarly,
N = gxaB (%%) / (z — t)tI-A2p=A2maga1(ty g (1) dt.
0
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Therefore, we have

/ / WQEIOPw

S —

X ( / (z — t)t(l_’\/Q)q/”_A/Q_“Gq_l(t)g(t)dt)
0

=

O

Theorem 2.5. Let f, g be nonnegative functiong,is submultiplicative and is concave non-
increasing, /'(x), ¢'(y) > 0, f(0) = g(0) = 0, f(oc) = g(oo) = 00, p > 1, L+ 1 =1,
O<a+1<A0<b+1<A,

= [f@))" P [g(x)) < g [F )
0 - dr < oo, 0 -
- /0 [f'(x)] ) - /0 l9'(y)]»

dy < o0,

then

(2.4) // W dq;d <2Br(a+1L,A—a—1)Bi(b+1,A—b—1)

y < /°° [m)]“” ()] " dt) : < A ) [g(e) e dt) 3
0 lg' ()] 0 lg'@)]»

Proof. Since,/zy < %, then

oo =0 (Vi) = v = (o (52)) = (L)

and hence
<[ fay)
/0 o 9V (zy) ey
2/\/2/ / gf’;()ff f; _dxdy

(o ls@) 1““’ [g(y)]“” Y IRNCIC) A A )
_2>\/2 > ') b g I W g g
(9(

g(x) + g(v))> (9(x) + g(y))*

f’“’ z)9*(y)g' (y) g
< 22 - ~dzd
(/ / P (g ()] (o) + 9(1)) y)

( / / fry)g (@g'x) dy)
)" 19 (y)]7 (9(x) + g(y))*

— V205 Na, sa

Q=
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Then
wo [T, 65 i () 48
0 g’ ()] 0 <1 n g(m>
:B(a+1,)\—a—1)/0 [f (@)™ il(z)];;a o

Similarly, we can show that

< LF)]M [g(y)] T
N=Bb+1,A-b-1 z dy.
( ) /0 l9'(y)]» !
The result follows. OJ
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