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ABSTRACT. In this article we prove the problem on isometric mappingS’oposed by Th. M.
Rassias. We prove that any m@p S* — S, p > n > 1, preserving two angle& andmé

(mf < w, m > 1) is an isometry. With the assumption of continuity we prove that any map
f:S™ — S™ preserving an irrational angle is an isometry.
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1. INTRODUCTION

Given two metric spaces andY what are the minimum requirements fora mapX — Y
to be an isometry? There is a rich literature in this direction when the domain and range of the
mapping have the same dimension and the map preserves only one distance. In fact it has been
shown that a map with this property is indeed an isometry. But if the co-domain has a dimension
larger than the domain then no satisfactory results are available except some partial results with
more assumptions oft

Let S” denote the unit-sphere inR™*1. In this article we are interested in a mfp S* —
SP, p > n > 1, that preserves two distances involving an angle. This problem was posed by T.
M. Rassias in[[8]. The general proof f&" does not work in this setup as the proof uses the
properties of an equilateral triangle and a rhombus in a plane. In this paper we give a proof for
the problem posed by T. M. Rassias. Assuming the continuify ol prove that if it preserves
one irrational angular distance then it is an isometry. We shall follow the notatipBsC ...
for points in a domain andl’, B’, C", ... for the corresponding images undér Also we shall
use the notatiom for the anglel80°.
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2 ANUP BISWAS AND PROSENJITROY

2. RESULTS
Theorem 2.1. Any isometryf : S™ — S™ is a composition of rotations and a reflection.

Proof. Consider firstn = 1. It is clear thatf is one-one, continuous and open. Therefore it

is trivial to note thatf is onto. Since the antipodal points are mapped to the antipodal points,
it is possible give a rotation with suitable angle such tftat) and (0, —1) are mapped to
themselves. Call this rotatioR;. Now if (1,0) and(—1,0) are mapped to themselves then we
are done, otherwise give a reflection about the line joiing) and(0, —1). Call the reflection

R». Now these four points uniquely determine any point on the circle via angles. Therefore the
resulting map is an identity and henge= R; ' o R; .

Now consider the case = 2. Again f is one-one, continuous and onto. First, we give two
successive rotations, s#&( andR,, to map the point$0, 1,0), (0, —1,0), (0,0, 1), (0,0, —1) to
themselves. Now if1,0,0), (—1,0,0) are mapped to themselves then we are done, otherwise
give a reflection?; about theY” Z plane to map the points to themselves. After these operations
f has been transformed to an identity map and hgneeR; ' o R, ' o R; .

Similarly, the above may be applied for any> 3. OJ

Amap f : S' — S! that preserves two anglég, 20) need not be an isometry. L¢tbe
defined as follows (see Figure P.1)

x if ©# Ai
flx)y=1< A(i—1) if x=Ai,i >2
A6 if z=A1
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Figure 2.1:

where the angle between the consecutive poiiitsis 7/3. It is easy to check that preserves
the distancesér/3, 27/3) but it is not an isometry.

Theorem 2.2.Let f : S* — S?, be a function that preserves angl@sm6) wheremd < = and
m IS a positive integer greater than Thenf is an isometry i.ef preserves all angles.

Proof. First considern = 2. For simplicity of geometry we will considér < 7. First we show
that the points at a distance #bn a great circle are mapped on a great circle. Consider Figure
[2.2 below.

Let A, B andC be three points on a great circle such thatOB = 6 andZAOC = 26. Let
f(A) = A, f(B) = B'and f(C) = C’. Consider the great circle throughi and B’. Since
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Figure 2.2:

C" has to maintain an angle éfwith B’ the possible positions far’ are on the smaller circle
which makes angle of with B’. Again w.r.t. A’ the possibilities of”” are on the lower circle
which makes an angle @b with A’. But these two circles intersect at only one point on the
great circle. Henc&€” will be on the great circle. Hence the points are mapped on the great
circle and so any angular distanagis preserved for any integer> 1.

Now we consider the following spherical triangleAC E (See Figuré 2]3).

Figure 2.3:

whereA, B, C and A, D, E lie on two great circles. Also

/AOC =20 = /AOE,
/AOB = /BOC = /COE = /DOE = Z/AOD = 6.

From the above statement and the assumptiofiibfollows that the angle’ BOD is preserved
underf. Similarly, by taking/COFE = 26 we note thaR/BOD is preserved undef. So from
above, f preserve®/BOD for any positive integep. Let /ZBOD = 6,. Therefored; < 6.
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Now repeating the same argument we will get a decreasing sequence of @hglesch that

0n+1 < gn vn,
f preserve®6, Vn,p > 1.

From our construction it is trivial to note thhtn,, ... 6,, = 0.

Let A, B be two arbitary points o82. Consider the great circle passing through3. Now
we can choose a sequence of poifit$,} on the great circle such thatAOC,, = p(n)6,, and
p(n)d, — LAOB with C,, — B. SinceC,, — B we can always choose a point on the sphere
such that”,, and 5 will be on a circle of small angular radius, s@y,), about that point. Again
0, is preserved by.

SoC! and B’ will be on a circle inS? that makes a solid angle of ord#t, ) at the center of
S?. Thus asv — oo, ZC,,0B — 0. HenceZA’OB’' = ZAOB. This completes the proof for
m = 2.

Now considem = 3. Let A, B, D be three points on a great circle such tHatOB = ¢ and
ZAOD = 36. Consider the great circle in the co-domain passing throtiggnd D’.

Figure 2.4:

Let C be a point on the great circle in the domain such thdOC' = 26. From the figure
the options forB’ are on the circle above that makes an amghdth A’ and options folC” are
on the lower circle that makes an anglaith D’. Hence it is easy to see that the only way that
f can preserve an angle éfis if B’ andC’ is on the great circle through’, D’. Thereforef
preserves an angle 8f and so by similar arguments as abgvpreserves all the angles.

We can use similar arguments as above to prove the case fon any. O

Remark 1. Note that the above proof holds with suitable modifications if we replace the co-
domainS? by SP, p > 2. Let f preserve the anglésand2d. If we fix the image of4, B in the
X;X, plane withA as the north pole angt = (sin 6, 0, ..., 0, cos ) whereZAOB = ZBOC =

0 and ZAOC = 26 as above, then a possible position drwould be the intersection of the
following (p — 1)-spheres,

R A +x12,_1 =sin*20, z, = cos20
and (z; —sinfcos)® + 25 + -+ + (z, — cos® §)* = sin” .

A simple calculation shows that = sin 260 and hence&” = (sin26,0,...,0,cos20), i.e.,C’

lies on theX; X, plane. Thereforg preserves any angle of the form¥ for positive integers

m > 1 and points at a distanagon the great circle are mapped to some great circle. We
consider a similar spherical triangle as in the proof above to obtain a decreasing sequence of
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angles. A similar attribute can be deduced ipreserves angles of the forf, m6@) for some
positive integerm > 1.

Now we considerf : S" — SP,p > n > 1 that preserves angl¢8, mf) for some positive
integerm > 1. Using the above argument one can show that points at a distamcesome
great circle are mapped to some great circle. Instead of considehuinaensional spherical
triangle we have to consider spherical simplexe@of 1)-dimension with sides of lengthand
20 (side of length¥ means that the side makes an anglé afthe center). By similar arguments
as those above, we will obtain a decreasing sequence and complete the proof along the same
lines.

Thus as a generalization we have the following theorem.

Theorem 2.3.Let f : S* — SP, p > n > 1, be a continuous mapping that preserves angle
(0, m0) wherem > 1 andm#f < =. Thenf is an isometry

Now it is quite reasonable to ask “woujdbe an isometry iff preserves one angle?”. We
further assume thaf is continuous. Note that it is possible to give continugusS' — S*
that preserve a distance of3 but not isometry. For example, we can mgi) = Ai (see
Figure[2.1) and change the speed of the{dicA2} by mapping the first half of afci1A42}
into the first2 of arc{ A142} in the image and the second half of fAd A2} into the next; of
arc{ A1A2}. Similarly map for other arcs.

Theorem 2.4.Let f : S" — S™ be a mapping that preserves the angleLetcos ™' (1)
be irrational for0 < m < n — 1. Thenf is an isometry.

Proof. First considem = 1. Let A, B be two points on the circle such thaAOB = ¢ (say)
is irrational andf(A) = f(B). Consider two point&’, D on the circle in the anti-clockwise
direction of{A, B} such tha’COD = ¢, ZAOC = § andZBOD = 6 (Figure[2.5).

f(A)=f(B)

f(O)=H(D)

Figure 2.5:

Sincef(A) = f(B) then there are only two options f¢(C') in the image. Let us fix one of the
possibilities asf(C). Sincef is continuous and preserves the amgl¢he image of arfC'D}

would behave as the image of &tB}. This will give f(C') = f(D). Now consider the next

tuple of two points in the anti-clockwise direction ff', D} that make an angle éfwith C, D
respectively and the angle between the points in the tupieBy the same argument as above,
these two points will be mapped in the same point. If we continue with the same procedure
as mentioned above we will get a dense set of tuples on the circle with the property that each
tuple is mapped in the same point sirttes irrational. Also apply the same procedure in the
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clockwise direction. Therefore, by the continuity Afany two points that make an angle ©f
among themselves are mapped to the same point.

Now we start with two pointsA, B such thatZAOB = ¢, then f(A) = f(B) = p (say).
Therefore, from above, the next point what makes an angtevath B is mapped t@. Since
¢ is irrational, by simply repeating the procedure we will obtain a dense set of points that will
be mapped tp and thusf(S') = p. This is a contradiction. Thereforg A) # f(B).

Let A;, Ay, A3 be points on circle such thatA;0A; = ZA;0A; = 6 and£ZA,0A3 = 26.
By the properties off, A; has two image options. But the above argument saysfihvat) #
f(As) and hencef preserves the angl®. Consequentlyf preserves an angle aif for any
positive integern. And thus ford irrational we will get a dense set of angles(in ) that is
preserved byf. Thus by continuity,f preserves all angles.

Next considern = 2. Let A, B,C be three points on the sphere such thatOB =
/BOC =60 andZAOC = 20. Also assume thad, B, C' lies in a great circle.

=
i

Figure 2.6:

The points that make an angle @#with B lie on the circleADC' of radiussin #. Under f
this circle will go to a circle of the same radius, s&yp’'C’, with f(A) = A" andf(B) = B'.
Note thatf(C') will lie on this circle. LetA, D be points on the circlel DC' that make an angle
of 6 with the center of a sphere and angle, sawith center of the circleADC'. Then

2(1 — cosf) = AD? = 25in? 0(1 — cos ¢)

1
e = -1 _
¢ = cos (1 + sec 0)

Therefore any two points on the circléDC' that make an angle af with the center of the
sphere would make an angle o= cos*l(Hslece) with the centre of the circle and vice versa.
Sincef preserves an angle 6fon the sphere it preserves an anglevcf cos‘l(1+ 5) when
it is considered as a map from circkeDC to A’D’C’. Therefore, using the same argument
as above, we have thdtpreserves all the angles w.r.t. the center of this circle. Hence the
anti-podal points on the circle are mapped to the anti-podal points. This pfe#gs= C’ and
ZA'OC" = 26. This proves thaf preserves an angle @6 on a great circle. Therefore using
Theorenj 2. above, the proof is completed.

We can use similar arguments as above to prove the case far ar O

Remark 2. If there exists a anglé such thatos’l(mr;ec@) is irrational for alln > 0 then any
continuous mayf : S* — S" that preserves the anglas an isometry.
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