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Abstract

In this paper a main theorem on | N, p, |, sSummability factors, which generalizes
a result of Bor [2] on |N, p,,| summability factors, has been proved.
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A positive sequencé,,) is said to be almost increasing if there exist a positive
increasing sequende,,) and two positive constant$ and B such thatdc,, <

b, < Bc, (see []). A positive sequencéy, ) is said to be a quasi-power
increasing sequence if there exists a conskart K (3,~) > 1 such that

(1.1) KnPy, > mPy,

holds for alln > m > 1. It should be noted that every almost increasing
sequence is a quastpower increasing sequence for any nonnegativaut the
converse need not be true as can be seen by taking the examplg, say "
for 5 > 0. We denote by3), the BY N Cy», whereC» and BY are the null
sequences and sequences with bounded variation, respectively.

Let > a, be a given infinite series with the sequence of partial sins
andw,, = na,. By u% andt? we denote the--th Cesaro means of order with
a > —1, of the sequences;,,) and(w,, ), respectively.

The series _ a, is said to be summabl€’, o, k > 1, if (see [])

o0

- 1
(1.2) ;nk_l s — uifl‘k = Z - %% < 0.

n=1

Let (p,,) be a sequence of constants, real or complex, and let us write
(1.3) Po=po+pi+pst--+p, #0, (n>0).
The sequence-to-sequence transformation

n

1 n
(14) On = F ;pn—vsv
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defines the sequence,,) of the Nérlund mean of the sequengeg ), generated
by the sequence of coefficients,). The series_ a,, is said to be summable

|N, pul,, k> 1, if (see [])

(1.5) ink_l 0 — " < 0.
n=1

In the special case when

(1.6) o= —Lta) oy

Ta)Tn+1) "=

the Norlund mean reduces to th€, «) mean and.XN, p,|, summability be-
comes|C, a|, summability. Forp, = 1 andP, = n, we get the(C, 1) mean
and then NV, p,, |, summability becomefg”, 1|, summability. For any sequence
(An), we write AN, = A, — Ay

The known results. Concerning theC, 1|, and|N, p, |, summabilities Varma
[6] has proved the following theorem.

Theorem A. Letp, > 0, p, > 0 and (p,) be a non-increasing sequence.

If 3" a, is summabléC, 1|,, then the serie$" a,P,(n + 1)~! is summable
N, pul;, k> 1.

Quite recently Borf] has proved the following theorem.

Theorem B. Let (p,) be as in Theorem, and let(X,,) be a quasis-power
increasing sequence with sorec 7 < 1. If
1
1.7 — |ty = Xn )
(1.7) Z ” lt,] = O(X,) asn — o

v=1
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and the sequencés,,) and (3,) satisfy the following conditions

(1.8) Xohn = O(1),
(1.9) AN, < By,
(1.10) B — 0,
(1.11) > X, |AB,] < oo,

then the serie” a, P\, (n + 1)~' is summabl¢N, p,,|.
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The aim of this paper is to generalize Theor@for | N, p, |, summability. Now
we shall prove the following theorem.

Theorem 2.1. Let (p,) be as in Theorem, and let(X,,) be a quasis-power
increasing sequence with soe: 5 < 1. If

(2.1) Z ! It,|" = O(X,) asn — o,
v

v=1
and the sequencés,,) and (/3,,) satisfy the conditions froni(8) to (1.11) of
TheorenB; further suppose that

(2.2) (An) € BVo,
then the serie” a,,P,\,(n + 1)~ is summabléN, p,,|,, k > 1.

Remark 1. It should be noted that if we takke= 1, then we get Theorei® In
this case conditiond.2) is not needed.

We need the following lemma for the proof of our theorem.
Lemma 2.2 ([5]). Except for the condition?(2), under the conditions ofX,,),

(\,) and(3,) as taken in the statement of the theorem, the following conditions

hold when {.17) is satisfied:

(2.3) nBnXn, = O(1) asn — oo,
(2.4) > BuX, < 0.
n=1
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2.1

In order to prove the theorem, we need consider only the special case in which
(N,py)is (C, 1), that is, we shall prove that a,\, is summablgC, 1|,. Our
theorem will then follow by means of Theorefn Let T, be then—th (C, 1)

mean of the sequencea, )\, ), that is,

1 n
(3.1) 7;:n+1;;mWM
Using Abel’s transformation, we have
1 < 1 -
T, = — ;vav)\v = ;A/\U(U + Dty + Aty
=Tn1+ 1,2, say.

To complete the proof of the theorem, it is sufficient to show that

(3.2) Z%mﬁ<mfmhmgw@a

n=1

Now, we have that

m+1 m+1 n—1 k
1 . 1 v+1

E — T, < E E A
n [ Tnal” < o n(n+ 1)k { v v|AM !M}

n=2 v=1

= 0(1) Z nk1+1 {iv A |t”|}

v=1
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v=1

m+1 1 n—1 1 n—1 k—1
=0(1) ), {Zumm |tv|k} X {ﬁzumM}

oS =S wjan|hlF by 2.2)

n=2 v=1
m+1 1 n—1
=0(1) ) — { vy [t } (by (1.9)
";2 = m-+1 A Note on Absolu_tge Norlund
_ ( ) Z Uﬂv ’If ’ Z Z Bv Summability
v=1 n= v+1 Hiseyin Bor
S bl /"
Avh) Z O)mfr Z v Title Page
U:1 v=1
m—1 Contents
=0(1) ij A@WA)] Xy + O(1)mB, (by 2.1) « ! »
m—! < >

=0(1) > (v +1)AB, — Bu| Xy + O(1)mBr X,

—1 Go Back
m-l Close
=0(1) Y v|AB] X, +0(1 Z 8ol Xo + O(1)m B X, ou
v=1
=0(1) asm — oo, Page 8 of 10
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Again

m

Z%uﬂn,ﬂk ZP‘ |k ‘t ‘

n=1 n=1

—Zm’“m‘t Zm't
ZA|A|Z’”’ +O(1) P |Z‘t
n=1

(by (2.2))

=0(1) ) _[AN[ Xy +O(1) [An| X (DY (2.D))
- 0(1)753 B X + O(1) M| X = O(1)  asm — oo,

by virtue of (1.8) and @.4). This completes the proof of the theorem.

U
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