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ABSTRACT. In this paper, some new nonlinear integral inequalities involving functions of one
and two independent variables which provide explicit bounds on unknown functions are estab-
lished. We also present some of its applications to the qualitative study of retarded differential
equations.
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1. INTRODUCTION

Nonlinear differential equations whose solutions cannot be found explicitly arise in essen-
tially every branch of modern science, engineering and mathematics. One of the most useful
methods available for studying a nonlinear system of ordinary differential equations is to com-
pare it with a single first-order equation derived naturally from some bounds on the system.
However, the bounds provided by the comparison method are sometimes difficult or impossi-
ble to calculate explicitly. In fact, in many applications explicit bounds are more useful while
studying the behavior of solutions of such systems. Another basic tool, which is typical among
investigations on this subject, is the use of nonlinear integral inequalities which provide explicit
bounds on the unknown functions. Over the last scores of years several new nonlinear integral
inequalities have been developed in order to study the behavior of solutions of such systems.

One of the most useful inequalities in the development of the theory of differential equations
is given in the following theorenif «, f are nonnegative continuous functions®n = [0, oo),
ug > 0is a constant and

u?(t) < uj + 2/0 f(s)u(s)ds
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2 YOUNG-HO KIM

fort € Ry, then

u(t) < g /Ot f(s)ds, teR,.

It appears that this inequality was first considered by Ou-lang [5], while investigating the
boundedness of certain solutions of certain second-order differential equations.

In the past few years this inequality given In [5] has been used considerably in the study of
gualitative properties of the solutions of certain abstract differential, integral and partial differ-
ential equations.

Recently, Pachpatte inl[9] obtained a useful upper bound on the following inequality:

n o (t)

(1.1) wt) <crpd [ s (s) + bsus)ds

i=1 “ @i(to)

and its variants, under some suitable conditions on the functions involvéd jn (1.1), including
the constanp > 1. In fact, the results given in [9] are generalized versions of the inequalities
established by Lipovan in[4], Qu-lang in/[5] and Pachpatté in [6].

The main purpose of this paper is to obtain explicit bounds on the following retarded integral

inequality
t ai(t)
/ a;(s)uP(s) +/ bi(s)up(s)ds] :
to ai(to)

and its variants, under some suitable conditions on the functions involved]in (1.2), including the
constanpp > 0, p # 1, orp > 1. We also prove the two independent variable generalization
of the result and present some applications of those to the global existence of solutions of
differential equations with time delay.

(1.2) u(t) <c+ Y

2. THE INTEGRAL INEQUALITIES

We shall introduce some notatioR, denotes the set of real numbers dRd = [0, ),
I = [ty, T') are the given subsets Bf The first order derivative of a functior(¢) with respect
to ¢ will be denoted by:/(¢). Let C(M, N) denote the class of continuous functions from the
setM to the setV. In the following theorems we prove some nonlinear integral inequalities.

Theorem 2.1.Letu,a;,b; € C(I,R,), a; € CY(I,I) be nondecreasing with;(t) < ¢t on 1,
fori=1,2,...,n. Letp > 0,p # 1, andc > 0 be constants. If

/t: a;(s)uP(s)ds + /ai(t) bi(s)uP(s) ds]

a;(to)

(2.1) u(t) <c+ Zn:

fort € I, then

(2.2) u(t) <

n t a;(t) %
A +q Z / a;(s)ds + / bi(s) ds
i—1 to a;(to)

fort € [to, T1), whereq = 1 — p and T is chosen so that the expression insjde | is positive
on the subintervalty, 7).

Proof. From the hypotheses we observe thatt) > 0 fort € I. Let¢ > 0 and define a
function z(¢) by the right-hand side of (2.1). Thesr(t,) = ¢, z(¢) is nondecreasing fare I,
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u(t) < z(t),and

#(t) = Z[ai( Ju? (£) + b () )uP (i) ()]

<Zaz )2 (8) + bila ()2 (1)) 1)

<Zaz ) + bilau (1) ()] [ (£

By making the constant = 1 — p and using the functiom, (t) = 29(t) /q we get

n

(2.3) A1) <) lait) + bl (1)) (1)):

=1
By takingt = s in (2.3) and integrating it with respect tdrom ¢, to ¢, ¢ € I, we obtain
t
(2.4) / s)ds < Z {/ s)ds +/ bi(i(s))a(s) ds] :
to

Integrating, making the change of the function on the left sidg in (2.4) and rewriting yields

t ai(t)
/ a;(s)ds + / bi(s)ds
i=1 to a;(to)
1
Oéi(t) q
cq—i—qZ(/ d3+/ bi(s)ds>]
a;i(to)

fort € [ty,T1), whereT; is chosen so that the expression ingide] is positive on the subin-
terval[to, 71). Using (2.5) inu(t) < z(t) we get the inequality i (2]2). O

Corollary 2.2. Letu,b; € C(I,R,), o; € C*(I,I) be nondecreasing with;(t) < ¢ on I for
t=1,...,n,andletp > 0,p # 1, andc > 0 be constants. If

w0 o
q q

fort € I. It follows that

(2.5)

"o pea(d)
u(t) < c+ Z/ bi(s)uP(s)ds

i=1 Y ai(to)

n ai(t) %
cq—l—qZ/ bi(s)ds
i=1 * @i(to)

fort € [ty,T1), whereq = 1 — p andT; is chosen so that the expression inside] is positive
on the subintervalt,, 7).

fort € I, then

u(t) <

The following theorem deals with the constant< p < oo versions of the inequalities
established in Theorem2.1.

Theorem 2.3.Letu,a,b;, ¢; € C(I,Ry), a; € C*(I,I) be nondecreasing with;(t) < tonl1,

fori =1,2,...,n. Also, leta(t) be nondecreasing i ¢t € I andp > 1 be constants. If
n t ai(t)

(2.6) u(t) < a(t)+> / bi(s)uP(s) ds + / ci(s)uP(s) ds]
i=1 to a;(to)
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fort € I, then

a;(t) 1-p
2.7)  u(t) <alt) [1 —(p—Da""\( Z (/ ds+/'(t | ¢(s) ds)]

fort € [to, T), where

n

¢ ;i ()
T = sup {t €l:(p—1)a"*(t) Z (/t bi(s)ds + /.(t ) ci(s) ds) < 1} .

=1

Proof. From the hypotheses we observe thgt) > 0 for ¢ € I. Define a functiornv(¢) by

n

t a;(t)
v(t) = Z [/t bi(s)uP(s) ds +/ ci(s)uP(s) ds] :

i=1 a;(to)

Then,v(ty) = 0, v(¢t) is nondecreasing fare I, u(t) < a(t) + v(t), and
) < Z ) + ci(u () (t)][a(t) + (1)
SR()[ (t) +o(t)],

where

n

R(t) =Y [b:(t) + ciea(t)ai()][alt) + =(8)]"".
=1
Now by the comparison result for linear differential inequalities(see [1, Lemma 1.1., p. 2]), this

implies that
v(t) < /t:R(S)a(s) exp (/St R(7) dT) ds

(2.8) < a(t) [ /t: R(s) exp < / t R(r) d7> ds]

for s > t,. By integrating on the right hand side n (P.8) we get
t

(2.9) v(t) + a(t) < a(t) exp (/ R(T) dT) .
to

From (2.9) we successively obtain
00+ a0 < e ([ - DR Ir).

n

Rt < @ e ([ 0= DREYr) Y +edat)al(o)
and

Al = 0~ 1A)
< - v Oex ([ A dr) S0 + o)),
Consequently, we get

Awexp (- [ Alryar) < (- 00 S0 + e O)alo)]

S

3
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or
d t -
1) 4 |-eo (- [ air)] <o 0o 0 00 + alaalo]
to i=1
By takingt = s in (2.10) and integrating it with respect tdrom ¢, to ¢, ¢ € I, we obtain

211)  1-exp <— /t:A(T) d7>

<Dy {

i=1

Making the change of the variables on the right sid¢ in (2.11) and rewriting yields

e / Ridr) <

fort € [ty, T'), whereT is chosen so that the expression indide] is positive in the subinterval
[to, T'). This, together with[(2]9) and(t) < a(t) + v(t), gives the inequality i (2]7). O

In the following theorem we establish two independent-variable versions of Th¢orém 2.1
which can be used in the qualitative analysis of hyperbolic partial differential equations with
retarded arguments. Lét = [; x I, wherel; = [z, X), I, = [y, Y") are the given subsets of
the real numbersR. The first order partial derivatives of a functiefi, y) defined forz,y € R
with respect ta: andy are denoted byz(x, y)/0x anddz(z, y)/dy respectively.

Theorem 2.4.Letu,a;,b; € C(ARy), oy € CY(I, 1), B; € C'(I, I,) be nondecreasing
with o;(z) < zonly, Bi(y) <yonlyfori =1,2,...,n. Letp > 0,p # 1, andc > 0 be
constants. If

(2.12) u(z,y) <c+ Z (/:B /y a;(s, t)uP(s,t)dt ds

ai(z)  rBi(y)
+ / / bi(s, t)u”(s,t)dtds
ai(zo) 7 Bi(yo)
for (z,y) € I} x I, then

() %
cq—i—qZ(// Stdtd8+/ / stdtds)]
zyO

for (z,y) € [z0, X) X [10,Y), Whereq = 1 — p and X, Y are chosen so that the expression
inside]. .. ] is positive on the subintervals,, X) and [y, Y).

/t bi(s)ds + /t ci(ai(s))ai(s) ds} .

to to

n

¢ i (t) =
1—(p—1)aP(t) Z (/t bi(s)ds + /‘(t ) ci(s) ds)]

=1

(2.13)  u(z,y)

Proof. The details of the proof of Theorem 2.4 follow by an argument similar to that in the
proof of Theorenj 2]1 with suitable changes. From the hypotheses we obseru&ihat 0
forz € I andf'(y) > 0 fory € I,. Let ¢ > 0 and define a function(z, y) by the right-
hand side of[(2.12). Then(z¢,y) = z(z,y0) = ¢, z(z,y) is nondecreasing foz,y) € A,
u(z,y) < z(z,y), and

Bi(y)
—z z,y) < Z [/ a;(z,t) dt+/ﬁ bi(i(x), t)al(x)dt| [z(z,y)]P.

i (Yo)
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By making the constant = 1 — p and using the function(z, y) = 2%(x, y)/q we get

Bi(y)
/ (z,t) dt—l—/ bi(i(x), t)ad(x)dt| .
Bi(yo)

By takingz = s in (2.14) and integrating it with respect tdrom z, to x, x € I;, we obtain

52(9
(2.15) /—vsy 3<Z //alstdtder/ / J(s,t)dtds| .
z0 (zo0) v Bi(yo)

Integrating with respect te from x, to =, making the change of the function on the left side in

(2.13) and rewriting yields
a; ()
/ / stdtds+/ / stdtds]
Yo i yO
for (z,y) € A. This |mpI|es

2z, y)
cq—l—qZ(// (s, 1) dt ds +/ / stdtds)]
z(yO

q
for (z,y) € [z0,X) X [y0,Y ), WwhereX,Y are chosen so that the expression ingide] is
positive on the subintervals,, X) and[yo, Y). Using (2.16) inu(z,y) < z(z,y) we get the

inequality in [2.1B). O

The following theorem deals with the constant< p < oo versions of the inequalities
established in Theorem 2.4.

(2.14) (z,y) < Z

<—+

(2.16)  z(z,y)

Theorem 2.5. Letu, a;,b; € C(ARy), oy € CYI4, 1), B; € CH(I, I,) be nondecreasing
with o;(z) < zonly, Bi(y) < yonly,fori =1,2,...,n. Leta(z,y) be nondecreasing in
(x,y) € A andl < p < co be constant. If

(2.17) u(z,y) < a(z,y) + i [/x /y bi(s, t)u(s,t)dtds

a; ()
/ / (s,t)uP(s,t)dtds
7 yO

for (z,y) € I, x I, then

(2.18) u(z,y) < alx,y) [1 —(p—1)a* H(z,y) Z \Ill(x,y)] -’

for (z,y) € Ay, where

()
i(z,y) // stdtds+/ / ci(s,t)dtds
zyO

Alzsup{( y) €N (p— )aplxyzgxy <1}

and
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Proof. The details of the proof of Theorem 2.5 follows by an argument similar to that in the
proof of Theorenf 2]3 with suitable changes. From the hypotheses we obserugihat 0
forz e I andﬁ’( ) > 0 fory € I,. Define a function(z, y) by

Bi(v)
[// stupstdtds+/ / uP(s,t)dtds| .
CCO zyO)

Then,v(zg,y) = v(a:,yo) = 0, v(z,y) is nondecreasing fatr,y) € A, u(z,y) < a(z,y) +
v(z,y), and
0
%U(ﬂf,y) < R(.fl?,y)[a(.fﬁ,y) + U(Z’,y)],

where

R(z,y) = [

=1

Yy Bi(y)
/ bi(z,t)dt +/ ci(a(z),t)d (x) dt] [a(x,y) + vz, y)]P "

Yo Bi(yo)

Now by keepingy fixed and using the comparison result for linear differential inequalities (see
[1, Lemma 1.1., p. 2]), this implies that

(2.19) v(z,y) < / R(s,y)ai(s,y) exp (/ R(t,y) dT) ds
for s > zy. By integrating on the right hand side [n (2119) we get
(2.20) () +aley) < atwyes [ BEar).

From [2.20) we successively obtain

[0(@, ) + o, PP < P a, y) exp ( [ o-0r@y) dT) ,

Az, y) = (p— 1) R(z,y)
< (p—1)a?*(z,y) exp /w R(1,y) dT) Zwl(x,y),

where

y Bi(y)
vi(x,y) :/ bi(x,t) dt + /ﬁ ci(a(z),t)d (x) dt.

Yo
Consequently, we have

ez g [mew (= [arwir)] <0 ve Y

o

By takingz = s in (2.2]) and integrating it with respect tdrom xz, to , « € I;, we obtain

ez 1-eo (- [(Arn i) <000 e Y v

=1

i(z,y) // stdtd3+/ / i(s,t) dtds.
Yo a;(zo) 7 Bi(yo)
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Making the change of the function on the inequality (2.22) and rewriting yields

exp (/x: R(1,y) dT) < [1 —(p— )" (z,y) 2: Uiz, y)

for (z,y) € A1, where/\; is chosen so that the expression indide] is positive in the subin-
terval A;. This, together with[(2.20) and(z,y) < a(z,y) + v(z,y), gives the inequality in

(2.18). 0

3. APPLICATIONS

1
1-p

In this section we will show that our results are useful in proving the global existence of solu-
tions to certain differential equations with time delay. First consider the functional differential
equation involving several retarded arguments with the initial condition

{x’(t) — F(t,z(t),a(t — ha(8)),... 2t — ha(D), tel,
CC(tQ) = Zog,

wherez, is constant,FF € C(I x R*™ R) and fori = 1,...,n, leth; € C'(I,R,) be
nonincreasing and such that h;(t) > 0, z — h;(t) € C*(I, 1), hi(t) < 1,andh(ty) = 0. The
following theorem deals with a bound on the solution of the probjem (3.1).

(3.1)

Theorem 3.1. Assume that’ : I x R*"! — R is a continuous function for which there exist
continuous nonnegative functiongt), b;(¢) for ¢t € I such that

n

(3.2) [Pt v,y wa)| <D laa(t) [0l + bit) [wl],
=1
wherep > 0, p # 1 is constant, and let
1 .
(3.3) M; = Htlealx—l—h/( ] 1=1,...,n.

If z(t) is any solution of the problern (3.1), then

st ([ [ )

fort € I, whereb;(c) = M;bi(o + hi(s)), 0,5 € 1.

Proof. The solutionz(t) of the problem[(3]1) can be written as

(3.4) z(t) = xo + / F(s,z(s),z(s — h1(s)),...,xz(s — hp(s)) ds.

to

From (3.2),[(3.B),[(3]4) and making the change of variables we have

)| < |x0|+z (/ |pds+/tbi(s)|a:(s—hi(s))|pds)

to

t—h;(t) _
(3.5) < |wo| + Z </ z(s)|P ds +/ bi(o)|x(o)]? da)

to

()] <

fort € I, whereb;(c) = M;b;(c + hi(s)), o, s € I. Now a suitable application of the inequality
in Theorem 2.1 td (3]5) yields the result. O
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Remark 3.2.

(i) For1l < p < oo, a suitable application of the inequality in Theorgm| 2.3 10](3.5) yields
the following result

n t t—hq(t) ™
lz(t)| < [|x0\ —(p— 1)]x0|pz (/t a;(s)ds —l—/t bi(0) da)] :

=1

This shows in particular that the solutiefit) is bounded ority, T'), whereT is chosen
so that the expression insidle . | is positive in the subintervad,, T').
(i) Consider the functional differential equation

2'(t) = F(t,x(t — hi(t)),...,z(t — hy(t)), tel,
(3.6) { (t) = F(t, z(t — ha(t)) ( (1))
z(tog) = xo.
Assume thaf” : I xR""! — Ris a continuous function for which there exist continuous
nonnegative functionk;(¢) for ¢ € I such that
(3.7) |F(t,uq,...,u \<Zb ) wil
wherep > 0, p # 1 is constant. Lefl/; be a function defined by (3.3). if(¢) is any
solution of [3.6), the solutiom(t) can be written as
t
(3.8) z(t) = xo + / F(s,z(s — hi(s)),...,z(s — hy(s)) ds.
to

From (3.7),[(3.B) and making the change of variables we have

th(t

@9 ) < bl +Y [ (@) do
fort € I, whereb;(c) = M;bi(c + hi(s)), 0,5 € I. Now a suitable application of the

inequality in Corollary 2.p tq (3]8) yields

n

t—hi(t)_ %
to

1=1

2 ()] <

fort € I, whereq = 1 — p, bi(0) = Mbi(o + hi(s)), 0,5 € 1.

In the following we present an application of the inequality given in Se¢tjon 2 to study the
boundedness of the solutions of the initial boundary value problem for hyperbolic partial delay
differential equations of the form

o Lae2(@.v)]
(310) = F([L’,y, ( ,y),Z(l’ - hl(x)ay - gl(y))a s ,Z(l’ - hn(x)vy - gn(y))a
z(w,y0) = e1(z),  2(wo,y) = e2(y), ei1(xo) = eayo) =0,

wherep > 0,p # 1is constantF € C(A x R R), e; € CY(I,R), e; € CY(I,R), and
h; € CY(I;,R,), g; € C'(I,R,) are nonincreasing and such that ;(x) > 0, z — h;(z) €
CHI, L), y—gi(y) > 0,y —hi(y) € C' (I, ), Ri(t) < 1, gi(t) < 1, andh;(zo) = gi(yo) = 0
fori=1,...,n
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Theorem 3.3. Assume thaf : A x R*t! — R is a continuous function for which there exists
continuous nonnegative functiongz, y), b;(x,y) fori = 1,....n;z € I,y € I, such that

{|F(:1:,y,v,u1, s aun)l S Z?:l[ai(ajay) |U|p + bz(xay) |ui|p}7
le1(z) + ex(y)| < ¢

forc>0,p>0,p+#1,andlet

1 1
(3.12) M; =max ————, N;=max————~, i=1,...,n.
veh 1 — hi(x)’ velz 1 — gi(y)

If z(z,y) is any solution of the problerh (3]10), then

cq—i-qZ(//azaTdea—l—/ / deo—>r

for (‘Tay) € Ala Whereq =1- b, ¢(.T) =T — hl(x)> w(y) =Y - gz<y) and 5(07 7—) =
M;N;bj(o + hi(s), 7+ ¢i(t)), o,s € I1, T,t € L.

Proof. It is easy to see that the solutiafiz, y) of the problem|(3.10) satisfies the equivalent
integral equation

(3.13) z(z,y) = e1(z) + ey // (s,t,2(s,t),2(s — hi(s),t — g1(t)),

S 2(8 — hp(s),t — gn(t)) dt ds.
From (3.11),[(3.18) and making the change of variables, we have

(3.14) |z(z,y)| < c+/ / Z a; |2(s, )P + bi|2(s — hi(s), t — g:(t))[") ds dt.

Yo ;=1

Now a suitable application of the inequality given in Theofem 2.4 to [3.14) yields the desired
result. O

Remark 3.4. For1 < p < oo, a suitable application of the inequality in Theorem| 2.5 to (3.14)
yields the following result

(3.11)

|2(z,y)| <

1

|z(x,y)| < [c—cp -1) Z\IJ :Ey] *T”

o(x)
i(z,y) //azaTdea—i—/ / i(o,7)dT do.
Yo
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