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Abstract

In this paper, some new nonlinear integral inequalities involving functions of one
and two independent variables which provide explicit bounds on unknown func-
tions are established. We also present some of its applications to the qualitative
study of retarded differential equations.
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Nonlinear differential equations whose solutions cannot be found explicitly
arise in essentially every branch of modern science, engineering and mathemat-
ics. One of the most useful methods available for studying a nonlinear system
of ordinary differential equations is to compare it with a single first-order equa-
tion derived naturally from some bounds on the system. However, the bounds
provided by the comparison method are sometimes difficult or impossible to cal-
culate explicitly. In fact, in many applications explicit bounds are more useful B

. . . . . Explicit Bounds On some
while studying the behavior of solutions of such systems. Another basic tool, Nonlinear integral Inequalities
which is typical among investigations on this subject, is the use of nonlinear

. . -, . . .. . Young-Ho Kim
integral inequalities which provide explicit bounds on the unknown functions.
Over the last scores of years several new nonlinear integral inequalities have
been developed in order to study the behavior of solutions of such systems. Title Page
One of the most useful inequalities in the development of the theory of dif- s
ferential equations is given in the following theoreitf.u, f are nonnegative
continuous functions oR, = [0, c0), 1y > 0 is a constant and 4 dd
. < >
u?(t) < ug + 2/0 f(s)u(s)ds Go Back
fort € Ry, then Close
t .
u(t) < uo/ f(s)ds, teR,. Quit
0 Page 3 of 23

It appears that this inequality was first considered by Ou-lahgvhile investi-
gating the boundedness of certain solutions of certain second-order differential ; T oo aomr vam. 76) At 26, 2008
equations. http://jipam.vu.edu.au
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In the past few years this inequality given ii] has been used considerably
in the study of qualitative properties of the solutions of certain abstract differ-
ential, integral and partial differential equations.

Recently, Pachpatte ir?] obtained a useful upper bound on the following
inequality:

n (677 (t)

an  wo=cir) [ PRCCTORUEHO

Explicit Bounds On some
and its variants, under some suitable conditions on the functions involved in Nenlinear Integral Inequalities
(1.1, including the constant > 1. In fact, the results given irc] are gener- Young-Ho Kim
alized versions of the inequalities established by LipovarijnQu-lang in []
and Pachpatte iro].

The main purpose of this paper is to obtain explicit bounds on the following Title Page
retarded integral inequality Contents
0T st <4 >
(1.2) u(t) <c+ Z / a;(s)uP(s) —I—/ bi(s)up(s)ds] , < >
i=1 to a;(to)
Go Back
and its variants, under some suitable conditions on the functions involved in
(1.2), including the constant > 0, p # 1, orp > 1. We also prove the two Gless
independent variable generalization of the result and present some applications Quit
gf Ithose to the global existence of solutions of differential equations with time Page 4 of 23
elay.
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We shall introduce some notatidR,denotes the set of real numbers d&d=
[0,00), I = [ty,T) are the given subsets &. The first order derivative of a
function z(¢) with respect ta will be denoted by:'(¢). Let C(M, N) denote
the class of continuous functions from the 8étto the setV. In the following
theorems we prove some nonlinear integral inequalities.

Theorem 2.1.Letu,a;,b; € C(I,R,), a; € C*(I,I) be nondecreasing with
a;(t) <tonl,fori=1,2,...,n. Letp > 0,p # 1, andc > 0 be constants. If

/ P(s)ds + /a Z(;) bi(s)uP (s) ds]

(2.1) ) <c+ Z

fort € I, then

(2.2) u(t

1
Oéi(t) q
cq—i—qZ(/ ds+/ bi(s)ds>]
a;(to)

fort € [ty,T1), whereq = 1 — p andT; is chosen so that the expression inside
. ..] is positive on the subintervidy, 7}).

Proof. From the hypotheses we observe thd4t) > 0 fort € I. Letc > 0 and
define a functiorx(¢) by the right-hand side of(1). Then,z(ty) = ¢, 2(¢) is
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nondecreasing fare 7, u(t) < z(t), and

n

Z(t) = Z[ai(t) uP(t) + b () u? (i (1)) o (1)]

< Z ai()2P(t) + b; (v (1)) 2P (cu(t)) i (t)]

< Z[az( ) + bi(ei(t))a (1)][=(1)]-

By making the constant = 1 — p and using the function, (t) = 2%(t)/q we
get

(2.3) <Zaz + b (i (1)) (1)),

By takingt = s in (2.3) and integrating it with respect tofrom ¢, to ¢, t € I,
we obtain

(2.4) / s)ds < Z U

Integrating, making the change of the function on the left side?id) (and

rewriting yields
t o (t)
/ a;(s) d8+/ bi(s) ds
to ai(to)

s)ds + / t bi(ai(s))adl(s) ds} .

to

n

=1
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for t € I. It follows that

1
n t a;(t) q
cq+qz / a;(s) ds—i—/ bi(s)ds
i=1 \”to ai(to)

fort € [to, 1), whereT; is chosen so that the expression indide] is positive
on the subintervalty, 77). Using 2.5 in u(t) < z(t) we get the inequality in

(2.5) z2(t) <

(2.2. O
. . Explicit Bounds On some
Corollary 2.2. Letu,b;, € C(I,R,), a; € C*(I,I) be nondecreasing with Nonlinear Integral Inequalities
a;(t)<tonlfori=1,...,n,andletp > 0,p # 1,andc > 0 be constants. If Young-Ho Kim
n o (t)
uty <+ Y | b s Title Page
i=1 Y @illo
Contents
fort € I, then
1 44 44
n Oéi(t) q
u(t) < [T+q Z/ bi(s) ds] < >
i=1 7 ai(to)
. L Go Back
fort € [ty,T1), whereq = 1 — p andT; is chosen so that the expression inside
... ] is positive on the subinterviiy, 7). Close
The following theorem deals with the constdnk p < oo versions of the Quit
inequalities established in Theoréim. Page 7 of 23

Theorem 2.3.Letu, a,b;,c; € C(I,R,), a; € C'(I, I) be nondecreasing with
X . . J. Ineq. Pure and Appl. Math. 7(2) Art. 48, 2006
a;(t) <tonl, fori=1,2,... n. Also, leta(t) be nondecreasing i t € [ http://jipam.vu.edu.au
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andp > 1 be constants. If

(2.6) ) + Z

fort € I, then

n t a;(t) ﬁ
X Z (/ bi(s)ds —i—/ ¢i(s) ds)]
i=1 to a;(to)
fort € [ty, T), where
n t ai(t)
T=suptel:(p—1)a"'(t) Z / bi(s)ds +/ ci(s)ds | <14.
i=1 to a;(to)
Proof. From the hypotheses we observe thatt) > 0 for ¢ € [. Define a
functionv(t) by

n

oty = [ /t () (s) ds + /a G ds] |

i=1
Then,v(ty) = 0, v(t) is nondecreasing farec I, u(t) < a(t) + v(t), and

) < Z )+ ¢; (i ()l (D)][alt) + z(t)]

< R( Ja(t) +v()],
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where

n

R(t) = D [bi(t) + cilei(®))af(#)][a(t) + ()"
=1
Now by the comparison result for linear differential inequalities(Sse&¢mma
1.1., p. 2]), this implies that

o(t) < /t: R(s)a(s) exp ( / R(7) dT) ds
2.8) < aft) [ /t: R(s) exp ( / "R(r) dr) ds}

for s > ty. By integrating on the right hand side i&.6) we get

2.9) o(t) + a(t) < a(t) exp < /t: R(7) d7> |

From (2.9) we successively obtain

o0 + ol < 0 6) e /t:(p - V() ar).

R(t) < a (1) exp ( [ o-1re) df) 1B + el (1))l (1)

=1

Alt) = (p— DR(?)

< (p— D (1) exp ( | 4w df) S I + el (0]
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Consequently, we get

Awesp (- [ Alryar) < (- 00 D) + e O)al(o)]

or

e10) % [-o (- [ 401

< (p=1)a" (1) Y [bilt) + cilaalt))af (D)),

=1
By takingt = s in (2.10) and integrating it with respect tofrom ¢y tot¢, t € I,
we obtain

(2.11) 1 —exp (— /t A(T) dT)

<o) |

i=1

[ i+ [ etasnalisas]

to to

Making the change of the variables on the right side4ri{) and rewriting
yields

exp ( /t : R() dT>
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fort € [ty, T"), whereT is chosen so that the expression ingide] is positive
in the subintervalt,, T'). This, together withZ.9) andu(t) < a(t) +v(t), gives
the inequality in 2.7). O

In the following theorem we establish two independent-variable versions of
Theorem2.1which can be used in the qualitative analysis of hyperbolic partial
differential equations with retarded arguments. Let= I; x I, wherel; =
[xo, X), I = [yo,Y) are the given subsets of the real numbé&sThe first
order partial derivatives of a functior{z, y) defined forz,y € R with respect

Explicit Bounds On some

to = andy are denoted byz(z, y)/0x anddz(z, y) /Oy respectively. Nonlinear Integral Inequalities
Theorem 2.4. Let u, a;,b; € C(A, R+), o, € Cl([l, Il), 0B; € CI(IQ, [2) be Young-Ho Kim
nondecreasing withy;(z) < z on Iy, ;(y) < yonly fori =1,2,... n.Let
p>0,p=#1,andc > 0 be constants. If Title Page
n T ry Contents
(2.12) w(z,y) <c+ Z (/ / a;(s,t)uP(s,t)dtds
i=1 zo Jyo 44 44
ai(@) < >
+/ / bi(s, t)uP(s,t)dtds
a;i(zo) 7 Bi(yo) Go Back
for (z,y) € I, x I, then Close
Quit

2.1
(2.13) u(z,y) Page 11 of 23

"oy ai@)  Biy) @
c? + q E </ / ai(su t) dtds + / / bi<5> t) dtds J. Ineq. Pure and Appl. Math. 7(2) Art. 48, 2006
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for (z,y) € [xo, X) X [y0,Y), Whereq = 1 —pand X, Y are chosen so that the
expression insidé . . | is positive on the subintervals,, X) and[y,, Y).

Proof. The details of the proof of Theoreth4 follow by an argument similar
to that in the proof of Theorerd.1 with suitable changes. From the hypotheses
we observe that/(z) > 0 forx € I andf'(y) > 0fory € I,. Lete > 0
and define a function(z, y) by the right-hand side o(12). Then,z(zy,y) =
z(x,0) = ¢, z(x,y) is nondecreasing fder, y) € A, u(x,y) < z(x,y), and

Bi(y)
—z x,y) < Z [/ (x,t)dt + /ﬁi(yo) bi(a;(z), t)ag(x) dt] [z(x,y)]P.

By making the constant = 1 — p and using the function(x, y) = 2%(z,y)/q
we get

(2.14)

Bi(y)
(x,y) < Z [/ (x,1) dt—i—/ﬁ bi(a; (), t)al(x) dt] :

i (Y0)

By takingx = s in (2.14) and integrating it with respect to from z, to x,
x € I, we obtain

(2.15) /xo 25008

n
<>
=1

Ty ai(z)  rBiy)
/ / a;(s,t)dtds + / / bi(s,t)dtds| .
zo Jyo a;i(zo) v Bi(yo)
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Integrating with respect tefrom z, to 2, making the change of the function on
the left side in 2.15 and rewriting yields

q ﬁz(y
#@y) —I—Z//azstdtds—i-/ / J(s, 1) dt ds
(zo) v Bi(yo)

for (x, y) € A. This implies
(2.16) 2(z,y)

Explicit Bounds On some

1
a;(z) a : e
Cq+qz (/ / al St dt ds ‘l—/ / St dt ds Nonlinear Integral Inequalities
i (Yo) Young-Ho Kim

for (z,y) € [xo, X) X [y0,Y), where X, Y are chosen so that the expression

inside|...] is positive on the subintervals,, X) and [y, Y). Using €.16) in Title Page
u(z,y) < z(z,y) we get the inequality inA.13). O
Contents
The following theorem deals with the constdnk p < oo versions of the

inequalities established in Theoréiml. K D
Theorem 2.5.Letu, a;,b; € C(AN,R,), oy € CHIy, 1), B € CHIy, 1) be < 4
nondecreasing withy;(z) < z on 1y, f;(y) < yonly fori =1,2,... n. Let Go Back
a(z,y) be nondecreasing ifw,y) € A and1 < p < oo be constant. If p——

n T ry .
(2.17) u(z,y) < alx,y) + Z {/ / bi(s, t)uf(s,t)dtds Quit

i=1 -0 Page 13 of 23

p
/ / S t U S t) dt dS J. Ineq. Pure and Appl. Math. 7(2) Art. 48, 2006
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for (z,y) € I x I, then

(2.18) u(z,y) < a(z,y) [1 —(p—1)a" H(z,y)) ‘I’z‘(fv,y)] E

for (z,y) € A1, where

Bi(y)
i(z,y) // stdtds—i—/ / (s, 1) dtds
(o) i yo) Explicit Bounds On some

Nonlinear Integral Inequalities

and

Young-Ho Kim
Ay =supq (z,y) € A (p— )aplxyZ§ny ) <1
Title Page
Proof. The details of the proof of Theoref5 follows by an argument similar Contents
to that in the proof of Theorera.3with suitable changes. From the hypotheses pp S
we observe that'(x) > 0 for x € I, and5'(y) > 0 for y € I,. Define a
functionv(x,y) by < 4
I o (x) Go Back
- Z {/ / bi(s,t)u”(s,t) dtds+/ / (s,t)uP(s,t)dtds]| . Close
1 z0 Jyo ai(zo) v Bi(yo)
Quit
Then, v(zg,y) = v(z,y0) = 0, v(z,y) iS nondecreasing fofz,y) € A,
u(z,y) < a(z,y) +v(z,y), and Foa e Gk

J. Ineq. Pure and Appl. Math. 7(2) Art. 48, 2006

0
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R(z,y) = y [

i=1

Yy Bi(y)
/ bi(z,t) dt—l—/ ci(a(z),t)d (x) dt] [a(x,y)+v(z,y))P~!

Yo Bi(yo)

Now by keepingy fixed and using the comparison result for linear differential
inequalities (seel[ Lemma 1.1., p. 2]), this implies that

(2.19) v@y)g/meyMA&wem(L%Rﬁyﬁh>ds

Zo

Explicit Bounds On some
Nonlinear Integral Inequalities

for s > xy. By integrating on the right hand side iAa.(9 we get

Young-Ho Kim
@20) e+ ate) < ate)esn ([ Rrar).
zo Title Page
From (2.20) we successively obtain Contents
L v « "
[v(z,y) +alz,y)] < a’(2,y) exp (p—DR(r,y)dr ), ) ,
0
Go Back
Az, y) = (p — DR(z,y)
Close

S(p—l)aplfcyexp(/RTydT)szxy Quit

Page 15 of 23
where

http://jipam.vu.edu.au

Bi(y
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Consequently, we have

2 g [-ow (= [amnar)| < -0 ) Y utnn)

By takingx = s in (2.21) and integrating it with respect to from z, to z,
x € I, we obtain

(222) 1-exp (— /x: A(T,y) dT) < (p—1)a""(z,y) En: Uiz, y),

where

a;(x)
i(x,y) // stdtds+/ / ci(s,t)dtds.
zyO

Making the change of the function on the inequality2) and rewriting yields

exp </$: R(7,y) dT) < [1 —(p—1)a"(z,y) 2:: Wi(z, y)]

for (z,y) € Ay, whereA, is chosen so that the expression indide] is pos-
itive in the subinterval\;. This, together withZ.20) andu(z,y) < a(z,y) +
v(z,y), gives the inequality in4.18). O

1
1-p
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In this section we will show that our results are useful in proving the global ex-
istence of solutions to certain differential equations with time delay. First con-
sider the functional differential equation involving several retarded arguments
with the initial condition

3.1) {x'@) = F(t,a(t), ot — hi(1)), ..., 2(t = ha(1), tE L,

l’(to) = Xy,

wherex, is constant,l’ € C(I x R*™ R) and fori = 1,...,n, leth; €
C'(I,R,) be nonincreasing and such that h;(t) > 0, z — h(t) € C*(I, 1),
Ri(t) < 1, andh(ty) = 0. The following theorem deals with a bound on the
solution of the problem3.1).

Theorem 3.1. Assume thaf” : I x R**! — R is a continuous function for
which there exist continuous nonnegative functiofis), b;(t) for ¢ € I such
that

(3.2) [F(t v, )| <O [ai(t) [l + bi(t) |ui]”],

wherep > 0, p # 1 is constant, and let

1 :
(33) Mzzl?gxl_—w, Z—l,...,n.
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If x(¢) is any solution of the problen3 (1), then

e Z </ i [ d0>] |

= M;bi(0 + hi(s)), 0,s € I.

()] <

fort € I, whereb;(o)

Proof. The solutionz(¢) of the problem 8.1) can be written as

(3.4) z(t) =z + / F(s,z(s),z(s — hi(s)),...,x(s — hy(s)) ds.

to

From 3.2), (3.3), (3.4) and making the change of variables we have

rﬂm+2(/
(35) < |wo|+ Z (/

fort € I, whereb;(c) = M;b;(c + hy(s)), o,s € I. Now a suitable application
of the inequality in Theorer.1to (3.5) yields the result. O

ol s+ [ bs)lats = ()P )

to

t—hi(t)
z(s)|" ds + / bi(o)|x(o)|? da)

to
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Remark 1.

(i)

(ii)

For 1 < p < oo, a suitable application of the inequality in Theoren3to
(3.5) yields the following result

n t t—hq(t) =7
lz(t)| < [|x0\ —(p— 1)]1:0|pz (/t a;(s)ds —l—/t bi(0) da>] )

=1

This shows in particular that the solutiarit) is bounded oy, '), where
T is chosen so that the expression ingide] is positive in the subinterval
[to, T).

Consider the functional differential equation
x(t — h,(t)),
(3.6) { ( (1))

Assume thaf’ : I x R*! — R is a continuous function for which there
exist continuous nonnegative functidn&) for ¢t € I such that

y<Zb

wherep > 0, p # 1 is constant. Lef\/; be a function defined by3(3). If
x(t) is any solution of§.6), the solutionz(¢) can be written as

2(t) = F(t,z(t — (b)), .., tel,

l’(to) = X9-

(37) ‘ (t Uty ... |UZ s

(3.8) x(t) = xo + / F(s,z(s — hi(s)),...,x(s — hyp(s)) ds.

to
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From (3.7), (3.8) and making the change of variables we have
(3.9) 2(1)] < || —i—pZ/ (o) do

for t € I, whereb;(o) = M;b;(oc + hi(s)), o,s € I. Now a suitable
application of the inequality in Corollarg.2to (3.8) yields

1
n t—h;(t) q Explicit Bounds On some
|x(t)| < |:L’0|q +q E / Nonlinear Integral Inequalities
i t
=170 Young-Ho Kim

fort € I, whereq = 1 — p, b;(c) = Mbi(o + hi(s)), 0,5 € I.

Title Page
In the following we present an application of the inequality given in Section | ?
to study the boundedness of the solutions of the initial boundary value problem Contents
for hyperbolic partial delay differential equations of the form pp >
aﬁy [%Z(l’,y)} :F(ZE,y,Z(IL‘jy),Z(lL'—hl(ZE),y—gl(y))j..., S ’
(3.10) 2(x — ha(2),y — gn(v)), Go Back
z(z,y0) = er(x),  2(zo,y) = e2(y), e1(wo) = eayo) =0, Close
Quit

wherep > 0,p # 1is constantl’ € C(A x R*"™ R), e; € CHI,R), ey €

CYI,R), andh; € C'(I1,Ry), gi € C*(I5,R,) are nonincreasing and such
1 1

thatx_hi(x) >0, x_hi(x) eC ([1’ [1)’ y_gi(y)_ 20, y_hi(y) el (12’ ]2)’ J. Ineq. Pure and Appl. Math. 7(2) Art. 48, 2006

h;‘(t) <1, gz,‘(t) <1, andhi<$0) = gi(yo) =0fori=1,...,n. http://jipam.vu.edu.au
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Theorem 3.2. Assume thaf’ : A x R*"!' — R is a continuous function for
which there exists continuous nonnegative functiesis, y), b;(z,y) for i =
1,...,n;z € I,y € I, such that

(3.11) {'F(x’y’v’ul’”"“”” <> imilai(z, y) o] + bz, y) [ul],
le1(z) +ea(y)| <c

forc>0,p>0,p+#1,andlet

1 Explicit Bounds On some
(3.12) M —max —— N = max ————, 1 = 17 RN Nonlinear Integral Inequalities
zeh 1 — hl(z)’ vel, 1 — gi(y)
Young-Ho Kim

If z(x,y) is any solution of the problen3(10), then

1

n T [y o(z) [Uly) 2 Title Page
el < |eovad ([ [ atonarane [ [ e niar do)] S

i=1 ro Yo o Yo

44 44
for (z,y) € Ay, whereq = 1 —p, ¢(x) = x — hi(z), ¥(y) = y — g:(y) and
b(O’,T) :MiNibi(U—f-hi(S),T—f—gi(t)),O',SGIl,T,tEIQ. < >
Proof. It is easy to see that the solutiaiz, y) of the problem 8.10 satisfies Go Back
the equivalent integral equation Close
(3.13) z(w,y) =e; x) + e (y) Quit
Yy

Page 21 of 23
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From (.11, (3.13 and making the change of variables, we have
3.14) [z(z,y)|
x y n
<c+ / / Z(ai 12(s,t)|” + b; |2(s — hi(s),t — gi(t))|p) ds dt.
To Yo =1

Now a suitable application of the inequality given in Theorém to (3.14)
yields the desired result. O

Remark 2. For 1 < p < oo, a suitable application of the inequality in Theorem
2.5t0 (3.14) yields the following result

1-p

c—cp(p—l)ZEi(x,y)] ,

|2(z, y)| <

where

B vy o) ro(y)
U, (x,y) = / / a;(o,7)drdo + / / bi(o,7) dr do.
xo Y Yo zo Yo
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