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ABSTRACT. In the present note a general integral inequality is proved in the direction that was
initiated by Q. A. Ngb et al [Note on an integral inequalidy,Inequal. Pure and Appl. Math.
7(4) (2006), Art.120].
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1. INTRODUCTION

In their paper([7] Ngo, Tang, Dat, and Tuan proved the following inequalitiesf i a
nonnegative, continuous function @h 1] satisfying

/lf(t)dtz/ltdt, Vo € [0,1],
then 1 1 1 1
a+l e a+1 o
/0 f(x) de/O 2 f(x)dz, /0 f(zx) dxz/o x f(r)*dr

for every positive numbet:.
This result has initiated a series of papers containing various extensions and generalizations
[1,2,[3,5)6]. Among others, it turns out that the conditions above imply

1 1
/ f(z)*tF de > / 2 f ()’ dx
0 0
for everya > 0, 5 > 1, which answered an open question of Ng6 et al. in the positive [3].
The aim of this note is to formulate and prove a further generalization. It is presented in
Sectior] 2. Section|3 contains corollaries, which are immediate extensions of a couple of known
results.
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2. MAIN RESULT

Theorem 2.1. Letu,v : [0,+00) — R be nonnegative, differentiable, increasing functions.
Suppose that/(t) is positive and increasing, a ff,)(j)(t) is increasing fort > 0. Let f and g
be nonnegative, integrable functions defined on the intéava]. Suppose is increasing, and

b b
(2.1) [ana< [ s

holds for everyr € [a,b]. Then

(2.2) m/W@MWWK/¢WWW@WS/MNWWW%
b 1

(2.3) /mwmmmwgéwmmmmw

provided the integrals are finite.

Remark 1.

(1) Here and throughout, bincreasingwe always meanondecreasing
(2) Note that continuity off or g is not required.
(3) Unfortunately, the other inequality

(2.4) Ammwwwmlmwmmmw

which seems to be missing froth (R.3), is not necessarily valid. [(&ét = [0,1],
u(t) =%, v(t) = t*, witha > 0, 3 > 1. Letg(t) = t,andf(t) = 1,if 1/2 < t < 1,
and zero otherwise. Then all the conditions of Thedrem 2.1 are satisfied, and

/U(Q(t))v(g(t))dt:/o jots gy L

a+p+1

= Bt = — o
/a u(g(t)v(f(t))dt /1/215 dt 511 <1 2ﬁ+1> :
Itis easy to see th.4) does not hold ik zﬁﬁ;ﬂ_l.

Although f is discontinuous in this counterexample, it is not continuity that can helpy, for
can be approximated ih; with continuous (piecewise linear) functions.
For the proof we shall need the following lemmas of independent interest.

Lemma 2.2. Let f and g be nonnegative integrable functions @nb] that satisfy(2.1). Let
h : [a,b] — R be nonnegative and increasing. Then

b b
(2.5) / h(t)g(t) dt < / h(t)f(t) dt.

Proof. We can suppose thatis right continuous, because it can only have countably many dis-
continuities, so replacing(t) with u(¢+) in these points does not affect the integrals. Clearly,
h(t) = h(a) + [, 4 dh(s), hence

/a bh(t)g(t) dt = / b (h(a)+ / " dh(s)) g(t) dt

n
b b b
= (a)/ g(t)dt+/ / I(s <t)g(t)dh(s)dt,

J. Inequal. Pure and Appl. Mathl0(1) (2009), Art. 10, 5 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

A GENERAL INEQUALITY OF NGO-THANG-DAT-TUAN TYPE 3

wherel(-) stands for the characteristic function of the set in brackets. By Fubini’s theorem we
can interchange the order of the integration, obtaining

/abh(t)g(t)dt h(/ dt+// (5 < £)g(t) dt dh(s)
:h(a)/a ()dt+/a (/t g()d)dh(s).

Remembering conditiof (3.1), we can write

[ wvswa <aa [ swars [( [ ) ancs

b
— [ b
as required. O
Lemma 2.3. Let f and g be as in Theore@ 1, and let: [0,+00) — R be a nonnegative
increasing function. Defin& (z) = [; v(t) dt, z > 0. Then
b b
2. / Vgl dt < [ Vs

Equivalently, we can say that inequalify (2.6) is valid for all increasing convex functions
V :]0,400) — R.

Proof. We can suppose that the right-hand side is finite, for the integrand on the left-hand side
is bounded. Let’* denote the Legendre transformof that is,V*(z) = [ v~'(t) dt, where
v71(t) = inf{s : v(s) > t} is the (right continuous) generallzed mversevofThen by the
Young inequality[[4] we have thaty < V' (z) + V*(y) holds for everyr,y > 0, with equality
if and only if v(z—) <y < v(z+). Hence, by substituting = f(¢) andy = v(g(t)) we obtain

@27 ftlg®) < V(1) + V7 (u(g(t) = V(f(£) + g(t)v(g(t)) — V(g(t)).
By integrating this we get that

(2.8) / Fo(e(t)) di < / V(1)) di+ / g(t)o(g(t)) dt — / Vi(g(t)) dt.
With h(t) = v(g(t)) Lemmd 2.2 yields

(2.9) / o(tyulg(t)) dt < / F(yolglt)) di

Combining [2.8) with[(2.9) we arrive &t (2.6). O

Proof of Theorer 2|1First we prove for the case whetgt) = ¢. Thent/(¢) has to be in-
creasing.
The first inequality of[(2]2) has already been proved in|(2.9). On the other hand, from the
Young inequality, similarly to[(2]7) we can derive that
f@)v(g(t)) < V(f(t) +V(v(g(?)))
= V™(u(g(®))) + fFRu(f () =V (u(f(1)))-
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Therefore,

(2.10) /abf(t)v(g(t))dtg/ dt+/ 1) dt—/abv*(v(f(t)))dt.

Here x
V*(v(x)) = zv(x) — V(z) = /o [(to(t)) — v(t)]dt = /0 t'(t) dt,
thus Lemma 2]3 can be applied witft(v(z)) in place ofV(z).

b b
(2.11) [ vetona s [ g

a a

Now we can complete the proof of the second inequality of (2.2) by plugging|(2.11) back into

2.19).
Next, since[f(t) — g(t)][v(f(t)) — v(g(t))] > 0, we obtain that

/ F(tyo(f(t)) dt — / )t > / F(t)olg(t)) dt — / Cg(tlet) > 0,

by (2.2). This proves (2]3).
For the general case, we first apply Lemimd 2.3 on the intérva], with u(¢) in place of
V(t). We can see that(f(¢)) andu(g(t)) satisfy condition[(2]1). Nowy is invertable. Let

w(t) =v(u(t)), then
v'(uT' (1))

!/ t —
= iy
hence, by the conditions of Theor¢m|2:d/(¢) is increasing. The proof can be completed by
applying the particular case just proved to the functiefy§¢)) andu(g(t)), with w in place of
. 0

3. COROLLARIES, PARTICULAR CASES

In this section we specialize Theorém|2.1 to obtain some well known results that were men-
tioned in the Introduction. First, let(z) = z” andv(z) = 2* with « > 0 andg > 1. They
clearly satisfy the conditions of Theorém[2.1.

Corollary 3.1. Let f and g be nonnegative, integrable functions defined on the intdmal.
Supposeg is increasing, and

b b
(3.1) [ana< [ rw
holds for every: € [a,b]. Then, for arbitrarya > 0 and 3 > 1 we have
b b b
(3.2) [awrans [Cgorseran< [ e
(3.3) /bf(t)“g(t)ﬁ dt < /bf(t)‘”ﬁ dt.

Next, changey, 3, f(t), andg(t) in Corollary[3.1 toa/8, 1, f(t)? andg(t)?, respectively.

Corollary 3.2. Leta andj3 be arbitrary positive numbers. Lg¢tand g satisfy the conditions of
Corollary[3.1, but, instead of3.1)) suppose that

(3.4 [awras [ oy

holds for everyr € [a,b]. Then inequalitieg3.2)) and (3.3]) remain valid.
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In particular, for the case df., b] = [0, 1], g(t) = ¢ Corollary[3.] yields Theorem 2.3 afl[3],

and Corollary 3.R implies Theorem 2.1 of [5]. If, in addition, we Set 1, Corollary[3.] gives
Theorems 3.2 and 3.3 afl[7].

[1]

[2]

[3]

[4]
[5]

[6]

[7]

REFERENCES

L. BOUGOFFA, Note on an open probleih, Inequal. Pure and Appl. Math8(2) (2007), Art. 58
[ONLINE: http://jipam.vu.edu.au/article.php?sid=871 ]

L. BOUGOFFA, Corrigendum of the paper entitled: Note on an open proklemequal. Pure and
Appl. Math, 8(4) (2007), Art. 121. [ONLINEttp://jipam.vu.edu.au/article.php?
sid=910 .

K. BOUKERRIOUA AND A. GUEZANE-LAKOUD, On an open question regarding an integral
inequality, J. Inequal. Pure and Appl. Math8(3) (2007), Art. 77 [ONLINE:http://jipam.
vu.edu.au/article.php?sid=885 ].

http://en.wikipedia.org/wiki/Young inequality

W.J. LIU, C.C. LI, AND J.W. DONG, On an open problem concerning an integral inequdlity
Inequal. Pure and Appl. Math8(3) (2007), Art. 74. [ONLINE http://jipam.vu.edu.au/
article.php?sid=882 ]

W.J. LIU, G.S. CHENGAND C.C. LI, Further development of an open problem concerning an
integral inequalityJ. Inequal. Pure and Appl. Math9(1) (2008), Art. 14. [ONLINE:http://
Jipam.vu.edu.au/article.php?sid=952 |

Q.A. NGO, D.D. THANG, T.T. DAT,AND D.A. TUAN, Notes on an integral inequalityl. In-
equal. Pure and Appl. Math7(4) (2006), Art. 120. [ONLINEhttp://jipam.vu.edu.au/
article.php?sid=737 ]

J. Inequal. Pure and Appl. Mathl0(1) (2009), Art. 10, 5 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/article.php?sid=871
http://jipam.vu.edu.au/article.php?sid=910
http://jipam.vu.edu.au/article.php?sid=910
http://jipam.vu.edu.au/article.php?sid=885
http://jipam.vu.edu.au/article.php?sid=885
http://en.wikipedia.org/wiki/Young_inequality
http://jipam.vu.edu.au/ article.php?sid=882
http://jipam.vu.edu.au/ article.php?sid=882
http://jipam.vu.edu.au/article.php?sid=952
http://jipam.vu.edu.au/article.php?sid=952
http://jipam.vu.edu.au/ article.php?sid=737
http://jipam.vu.edu.au/ article.php?sid=737
http://jipam.vu.edu.au/

	1. Introduction
	2. Main Result
	3. Corollaries, Particular Cases
	References

