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In the present note a general integral inequality is proved in the direction that was
initiated by Q. A. Ngo et al [Note on an integral inequalilylnequal. Pure and
Appl. Math, 7(4) (2006), Art.120].
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1. Introduction

In their paper 7] Ngo, Tang, Dat, and Tuan proved the following inequalitiesf If
is a nonnegative, continuous function [0n1] satisfying

1 1
/f(t)dtz/ tdt, Vxel[0,1],

then

1 1 1 1
/ f(z)*t dx > / z® f() dz, / f(z)*tdx > / x f(z)*dx
0 0 0 0
for every positive numbet.
This result has initiated a series of papers containing various extensions and gen-

eralizations ], 2, 3, 5, 6]. Among others, it turns out that the conditions above imply

1 1
/ f(2)*P de > / 2% f(z)? da
0 0
for everya > 0, § > 1, which answered an open question of Ngb et al. in the
positive _3].
The aim of this note is to formulate and prove a further generalization. It is pre-

sented in Sectiofi. Section3 contains corollaries, which are immediate extensions
of a couple of known results.
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J
2. Main Result ||\v

&£* >
Theorem 2.1. Letu,v : [0,+00) — R be nonnegative, differentiable, increasing »

functions. Suppose that(t) is positive and increasing, a 'ff,)éf)(” is increasing for P
t > 0. Let f andg be nonnegative, integrable functions defined on the intéava).
Supposeg is increasing, and

b b Inequality of Ng6-Thang
-Dat-Tuan Type
(21) / g(t) dt S / f(t) dt Tamas F. Méri
x x
vol. 10, iss. 1, art. 10, 2009
holds for everyr € [a,b]. Then

b b b
@2 [ ulgeta®yde < [ ulrnelo@)de < [ u(ro)e(s) Tile Page
“ b “ 1 “ Contents
2.9 [ utsnetrenae < [ usoyso)d, T
a 0
provided the integrals are finite. < 4
Remarkil. Page 4 of 10
1. Here and throughout, byncreasingwe always meanondecreasing Go Back
2. Note that continuity off or g is not required. Full Screen
3. Unfortunately, the other inequality Close
1 1
24 ¢ N dt < ¢ £)) dt journal of inequalities
(2.4) /0 u(g(t))v(g(t)) dt < /0 u(g(@)v(f(t))dt, g e

mathematics

which seems to be missing fror.@), is not necessarily valid. Sét, b = cen: Tuuac7eL

0,1], u(t) = 7, v(t) = t*, witha > 0, 8 > 1. Letg(t) = t, andf(t) = 1, if

© 2007 Victoria University. All rights reserved.
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1/2 <t < 1, and zero otherwise. Then all the conditions of Theofeirare
satisfied, and
1

[ wtaotayai= [ ean=
/abu(g(t))v(f(t)) it — /1/12 18 i — ﬁ (1 _ %) |

It is easy to see thaP(4) does not hold ity < 25@%.

Although f is discontinuous in this counterexample, it is not continuity that can
help, for f can be approximated ih; with continuous (piecewise linear) functions.
For the proof we shall need the following lemmas of independent interest.

Lemma 2.2. Let f and g be nonnegative integrable functions pnb] that satisfy
(2.1). Leth : [a,b] — R be nonnegative and increasing. Then

(2.5) / h(t)g(t) dt < / W) F(F) dt.

Proof. We can suppose thatis right continuous, because it can only have countably
many discontinuities, so replacimgt) with u(t+) in these points does not affect the
integrals. Clearlyh(t) f ), hence

/abh(t)g(t) dt = /ab (h(a)jt/t+ dh(s )) g(t)dt
h(/ dt+// (s < t)g(t)dh(s)dt,
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where!(-) stands for the characteristic function of the set in brackets. By Fubini’s
theorem we can interchange the order of the integration, obtaining

/abh(t)g(t)dt h(/ dt+// (s < 1)g(t) dt dh(s)
:h(@/@ ()dt+/a (/t ()ds)dh(s).

Remembering conditior?(1), we can write

/abh(t)g(t) dt < ha) /abf(t) dt+/ab </tbf(s) ds) dh(s)

b
— [ b
as required. ]
Lemma 2.3. Let f and g be as in Theoren2.1, and letv : [0,400) — R be a
nonnegative increasing function. Defiléz) = fo t)dt, x > 0. Then
b b
(2.6 [ viawyde< [ vise)

Equivalently, we can say that inequality.©) is valid for all increasing convex
functionsV : [0, +00) — R.

Proof. We can suppose that the right-hand side is finite, for the integrand on the left-
hand side is bounded. L&t* denote the Legendre transform1of that is,V*(z) =

fo ~1(t) dt, wherev™!(t) = inf{s : v(s) > t} is the (right continuous) generalized
mverse ofv. Then by the Young inequalityd] we have thatty < V(x) + V*(y)
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holds for everyr,y > 0, with equality if and only ifv(z—) < y < v(z+). Hence,
by substitutinge = f(¢) andy = v(g(t)) we obtain

(2.7) f(t)v(g(t)) <V(f(1) + V7 (v(g(t)) = V(f(t) + g(t)v(g(t) — V(g(t)).
By integrating this we get that

Q&t/f ﬁ</vmmﬁ+/mmmmﬁ—/vwmw

With h(t) = v(g(t)) Lemma2.2yields

(2.9) /mMmesAﬂmmmﬁ

Combining ¢.8) with (2.9) we arrive at £.6). O

Proof of Theoren?.1. First we prove for the case whetgt) = ¢. Thentv'(t) has
to be increasing.

The first inequality of 2.2) has already been proved ia.§). On the other hand,
from the Young inequality, similarly to?(7) we can derive that

F@o(g(t)) <V(f(#) + V" (v(g(1)))
= V*(u(g(®)) + FRu(f () =V (u(f(2)))-

Therefore,

b
@m>/ﬂmmmﬁ
g/ ﬁ+/f ﬁiﬁVWﬁ@»M
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Here
V*(v(z)) = 2v(z) = V(z) = /Oz [(tv(t)) — v(t)]dt = /033 t'(t) dt,

thus Lemma2.3 can be applied with*(v(z)) in place ofV(z).

(2.11) /vwmmWS/kuwMt

Now we can complete the proof of the second inequality’al)(by plugging ¢.17)
back into ¢.10).
Next, sincelf(t) — g(t)][v(f(t)) — v(g(t))] > 0, we obtain that

/f dt—/ dt>/f

by (2.2). This provesZ.3).

For the general case, we first apply Lem#aon the intervalzx, b], with u(t) in
place ofVV (t). We can see that(f(t)) andu(g(t)) satisfy condition£.1). Now, u is
invertable. Letu(t) = v(u~'(t)), then

ﬁ—émmwmza

oy VN (®)
w' (T
0= )y
hence, by the conditions of Theoremml, tw’(t) is increasing. The proof can be

completed by applying the particular case just proved to the functiofig)) and
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3. Corollaries, Particular Cases

In this section we specialize Theoreinl to obtain some well known results that

were mentioned in the Introduction. First, tetr) = 2° andv(x) = 2 with a > 0
andg > 1. They clearly satisfy the conditions of Theorem.

Corollary 3.1. Let f and g be nonnegative, integrable functions defined on the in-

terval [a, b]. Supposg is increasing, and

b b
(3.1) [awa< [ rwa
holds for every: € [a, b]. Then, for arbitrarya > 0 and3 > 1 we have
b b b
(32) [ ot [Cgtrsaras [ e
(3.3) / b F()g(t)’ dt < / bf(t)“” dt.

Next, change, 3, f(t), andg(t) in Corollary3.1to /3, 1, f(t)? andg(t)?,
respectively.

Corollary 3.2. Let«a and § be arbitrary positive numbers. Lgtand g satisfy the
conditions of Corollary3.1, but, instead of3.1) suppose that

3.4) [awras [ oy

holds for everyr € [a,b]. Then inequalitie$3.2) and(3.3) remain valid.

In particular, for the case @&, b] = [0, 1], g(¢) = t Corollary3.1yields Theorem
2.3 of [3], and Corollary3.2 implies Theorem 2.1 off]. If, in addition, we set
(=1, Corollary3.1 gives Theorems 3.2 and 3.3 of |
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