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ABSTRACT. We use Salem’s method [13,114] to prove an inequality of Kwiapied Petczfiski
concerning a lower bound for partial sums of series of bi-orthogonal vectors in a Hilbert space, or
the dual vectors. This is applied to some lower bound& bnorms for orthogonal expansions.
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1. INTRODUCTION

Suppose thatf is a Hilbert spacep € N, and that/ = {1,...,n} or J = N. A pair of sets
{v; : jeJ}and{w; : j € J}in H are said to ba bi-orthogonal pairwhen

(vj, i)y = Ojk, Vi, ke J.

The inequality in Theorein 2.1 below comes from Section 6 of [6], where it was proved using
Grothendieck’s inequality, absolutely summing operators, and estimates on the Hilbert matrix.
Here we present an alternate proof, based on earlier ideas from $Salemli[13, 14], where Bessel’s
inequality is combined with a result of Menshav [10]. Following the proof of Thedrem 2.1,
we will describe Salem’s method of usidg inequalities to producé! estimates on maximal
functions. Such estimates are related to the stronger results of Gl\ikKashin and Szarek
[4], and BochkareVvi[1]. We conclude with an observation about the statement of THeofem 2.1
in a linear algebra setting. Some of these results were discussed in [9], where it was shown that
Salem’s methods emphasized the universality of the Rademacher-Menshov Theorem.
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2. THE KWAPIEN-PELCZY NSKI I NEQUALITY

Theorem 2.1. There is a positive constantvith the following property. For every > 1, every
Hilbert spaceH, and every bi-orthogonal paiv,, ..., v,} and{w,...,w,}in H,
k

v

J=1

. <
(2.1) logn < ¢ max. [ Iax

H

Proof. Equip [0, 1] with a Lebesgue measudeand letV = L? ([0, 1], H) be the space ofi-
valued square integrable functions|0n1], with inner product

WGN=A<H@GWMMx

and norm X
7l = ([ 1P ).
Suppose thafF, . .., F,} is an orthonormal set id? ([0, 1]) and define vectors,, ..., p, in
V by
pi(z) = Fip(x)wy, 1<k<n,zel0,1].
Then
(pr(2),pj (@) = Fie(@)Fj(2) (Wi, wj) gy,  1<j,k<n,
and so{py, ..., p,} is an orthogonal set ii". For everyP € V, Bessel's inequality states that
(P, pr)

2.2) gﬂ vl <Py

kHH

Note that here

umwvzl<mwmmHmmwa I <k<n

Now consider a decreasing sequerfge> f, > --- > f, > f..1 = 0 of characteristic
functions of measurable subsets[0f1]. For each scalar-value@ € L?([0,1]) define an

element ofl” by setting
) Y fi(@)v,
j=1

The Abel transformation shows that

x) Z A fr(z)og,

whereAf, = fi — fro1 @andoy, = Zle vj, for1 < k < n. The functionsAf,, ..., Af, are
characteristic functions of mutually disjoint subsetd®fl] and for eact) < x < 1 at most
one of the valuea\ f;(z) is non-zero. Notice that

1Pa(a) 7 = \ZAfk ) w7 -

Integrating over0, 1] gives

<
1ol < G113 max ol

Note that

(Pa(x),pr(r)) g = G(@) fu(x) Fr(z) (g, wi)y, 1<k <,
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and
0

Combining this with Bessel's inequality (2.2), we arrive at the inequality

n

(2.3) >

k=1

2

2 2
< [1G]l; max flox|[y -

ol 1<k
This implies that

n 2
(2.4 (Z ) < (o ol ) 1618 (s e, )

We now concentrate on the case where the functi@ns. ., F;, are given by Menshov’s result
(Lemma 1 on page 255 of Kashin and Saakyan [3]). There is a corgtand, independent of
n, SO that

/ G FFhd
[0,1]

/ G £ Frd
[0,1]

(2.5) A ({x €1[0,1] : max

Let us useM(x) to denote the maximal function

J

k=1
Define an integer-valued function(x) on [0, 1] b

M(z) = max

1<j<n ’

m

y
> Filx)

k=1

m(z) = min {m :

Furthermore, lef; be the characteristic function of the subset
{z €]0,1] : m(x) > k}.

Then

S @) (@) = S (2) = Y Fu(z),  V0<z <1

For an arbitraryG € L? ([0, 1]) we have
1 - n 1 o
/ G(2) Sy (2)dz =Y / G(z) fu () Fy () da.
0 k=1 Y0
Using the Cauchy-Schwarz inequality on the right hand side, we have
2) 1/2

for all G € L?([0,1]). We will use the functiorG which has|G(x)| = 1 everywhere o0, 1],
with

n

sﬁ(Z

k=1

(2.6) /0 G(2) S () da /0 G fi. Fy, d)

G(:L‘)Sm(x)(x) = M(:E), Vo< z<l1.
In this case, the left hand side pf (R.6) is

C
Ml = L log(n) v,
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because of (2]5). Combining this wifh (R.6) we have

1
/ GF. T d

0

9\ 1/2
k=1 )

This can be put back int@ (2.4) to obtain (2.1). Notice th@t/, = 1 on the right hand side of
@3). 0

—log( )\/_<\/_<Z

3. APPLICATIONS

3.1. L' estimates. In this section we usél = L*(X, 1), for a positive measure spat¥, u).
Suppose we are given an orthonormal sequence of fundtions’, in L?(X, i), and suppose
that each of the functiorts, is essentially bounded o¥. Let(a,). -, be a sequence of non-zero
complex numbers and set

k

Zajhj(l’)

J=1

M, = max |||~ and S;(z) = max

, forxre X, n>1.
i<j<n 1<k<n

Lemma 3.1. For a set of functiongh,, ..., h,} C L*(X, u)NL>®(X, 1) and maximal function

= max Zaa
we have
lajh;(x)] <28, (z), Vee X,1<j<n,
and

S ashy (@)
Si(x)
Proof. The first inequality follows from the triangle inequality and the fact that

<1, V1<k<nandzwhereS:(z)#0.

a;jh;(z) = Z aghy(z) — Z aghy ()
k=1 k=1

for 2 < 7 < n. The second inequality is a consequence of the definitia#) of
Fixn > 1 and let

vj(x) = ajh;(z) (S,

n

())7* andw;(z) = a; ' hy(x) (8;(x)"
forall z € X whereS} (z) # 0 andl < j < n. From their definition,
{v1,...,v,} and {wy,...,w,}

are a bi-orthogonal pair in?( X, i1). The conditions we have placed on the functibngive:

112 — ._2 hQS*d < M’r% S*
lw; I3 = lay] X! il (Sp) dp < — A

/ 1
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We can put these estimates ifto {2.1) and find that
1/2

logn < ¢

HS*H max
| 1<k<n

k
§ :ajh]
j=1

m1111<1€<n |ak;

We could also say that

k
max ||y ahyl < [S;lh
<h<n || :
and so
M *
10%(”) <c ||S ||1

mlnl<k<n |ak|

O

Corollary 3.2. Suppose thath, )~ is an orthonormal sequence ib* (X, 1) consisting of
essentially bounded functions. For each sequéngg ., of complex numbers and each> 1,

2 k
< .
(o ot town) < e (s ) >ty
]:

max E ajh; max
1<k<n 1<k<n
1
and
k
min |ay| logn < c | max ||hgl| | || max E a;h,;
1<k<n 1<k<n L<ksn | =
]:

1
The constant is independent af, and the sequences involved here.

As observed in 4], this can also be obtained as a consequerice of [11]. In addition, see [7].
The following is a paraphrase of the last page of [13]. For the special case of Fourier series
on the unit circle, see Proposition 1.6.9lin/[12].

Corollary 3.3. Suppose thath,) ", is an orthonormal sequence b’ (X, 1) consisting of
essentially bounded functions W||th |, < M forall n > 1. For each decreasing sequence
(an),, of positive numbers and eaeh> 1,

(an logn)® < cM?

k
E :ajh]
i=1

k
E :ajhj
=1

max max
1<k<n 1<k<n
and
k
a, logn < cM || max E a;h;
1<k<n |4 7
J:

In particular, if (a, logn) >, is unbounded then

k
E :ajh]
Jj=1

The constant is independent af, and the sequences involved here.

max is unbounded.

1<k<n

1/ n=1
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3.2. Salem’s Approach to the Littlewood Conjecture. We concentrate on the case where
H = L*(T) and the orthonormal sequence is a subséttf : n € N}. Let

my < mo <mz<---
be an increasing sequence of natural numbers and let

hy(z) = e"™*
forall £ > 1 andx € T. In addition, let

k=—m

be them™ Dirichlet kernel. For allN > m > 1, there is the partial sum

Z aghy(x) = Dy, * ( Z akhk> ().

mE<m mE<N

It is a fact thatD,,, is an even function which satisfies the inequalities:

(3.1) Dy ()] < {2m+1 for all x,

1

1/|£L'| forﬁ<fl)<2ﬂ'—m.

Lemma 3.4. If p is a trigonometric polynomial of degre¥, then the maximal function of its

Fourier partial sums
S*p(x) = sup | Dy, * p(z)]

m>1
satisfies
1S5™pll, < clog (2N + 1) [|pl]; -

Proof. For such a trigonometric polynomigj the partial sums are all partial sumsyof Dy,
and all the Dirichlet kernel®,,, for 1 < m < N are dominated by a function whogé norm
is of the order ofog(2N + 1). O

We can combine this with the inequalities in Corollary} 3.2, since

k m
Z a;h; Z a;h;
j=1

j=1
We then arrive at the main result in [14].

max
1<k<n

< clog (2m,, + 1)

1

1

Corollary 3.5. For an increasing sequenden,,). ., of natural numbers and a sequence of
non-zero complex numbefs, )~ the partial sums of the trigonometric series

[e.9]

E akezmkx

k=1
satisfy

logn
min |a < ¢ max

'Lm]
1<k<n d V1og(2m, + 1) 1<k<n Za]

This was Salem’s attempt at Littlewood’s conjecture, which was subsequently settled in [5]
and [8].

1
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3.3. Linearly Independent SequencesNotice that if{v;, ..., v,} is an arbitrary linearly in-
dependent subset éf then there is a unique subset

[w' : 1<j<n}Cspan{us,....0.})

so that{vy,...,v,} and{w?, ..., w!} are a bi-orthogonal pair. See Theorem 15 in Chapter 3
of [2]. We can apply Theoreim 3.1 to the pair in either order.

Corollary 3.6. For eachn > 2 and linearly independent subsét,,...,v,} in an inner-
product spaced, with dual basis{w?, ..., w"},

k
1 < n Z .
Ogn_clrgg;l\\wk\lglfgggl 2 Vi
j=1 H
and
k
< Z n
logn < ¢ max fJuglly max |/ 1 wj
J= H

The constant > 0 is independent of,, H, and the sets of vectors.
3.4. Matrices. Suppose thatl is an invertiblen x n matrix with complex entries and columns
a,...,a, € C"

Letb,, ..., b, bethe rows ofd~!. From their definition

Z bz‘jajk = Ok
j=1
and so the two sets of vectors

{E . ,E} and {ai,...,a,}
are a bi-orthogonal pair i€". Theorenj 21 then says that

k
>4
j=1

The norm here is the finite dimensiorainorm. This brings us back to the materiallin [6]. Note
that [4] has logarithmic lower bounds fét-norms of column vectors of orthogonal matrices.

1 <
og(n) < ¢ max ||b;[| max
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