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ABSTRACT. In this paper, we obtain g-analogue of a double inequality involving the Euler
gamma function which was first proved geometrically by Alsina and Tomas [1] and then analyt-
ically by Sandorl[6].
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1. INTRODUCTION

F. H. Jackson defined theanalogue of the gamma function as

<Q§Q>oo 1— y [
Fx——l— :L‘? O< <1,Cf 2a4a5a7’
and
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where

[e.e]

(a3 0)o0 = [J (1 — ag™).
n=0
It is well known thatl',(z) — I'(x) asq — 17, whereI'(z) is the ordinary Euler gamma

function defined by
['(x) :/ e " tdt, x> 0.
0

Recently Alsina and Tomas|[1] have proved the following double inequality on employing a
geometrical method:

Theorem 1.1.For all = € [0, 1], and for all nonnegative integers one has
1 T(14x)"
1.1 P g Sl v
(1) n! = I'(14+nx) —
Sandor [[6] has obtained a generalization[of](1.1) by using certain simple analytical argu-
ments. In fact, he proved that for all real numbers 1, and allx € [0, 1],
1 < I+ x)°
'l4a) ~ T +az) —
But to prove[(1.R), Sandor used the following result:

(1.2)

Theorem 1.2.For all z > 0,

I'(x) - 1
(1-3) T~ T 1);:0 )@k

In an e-mail message, Professor Sandor has informed the authors that, rglation (1.2) follows
also from the log-convexity of the Gamma function (i.e. in fact, the monotonous increasing
property of they -function). However,[(1]3) implies many other facts in the theory of gamma
functions. For example, the functiaf(x) is strictly increasing for: > 0, having as a conse-
quence that, inequality (1.2) holds true with strict inequality (in both sides) ferl. The main
purpose of this paper is to obtaiganalogue of (1]2). Our proof is simple and straightforward.

2. MAIN RESULT
In this section, we prove our main result.

Theorem 2.1.1f 0 < ¢ < 1,a > 1 andx € [0, 1], then
1 < r,(1+x)°

< 1.
r,1+a) =~ T'y(1+azx) ~

Proof. We have

(49 _
2.1 rl+z)=——-(1-— r
and

(¢ 9) _
2.2 I, (1+ax)=-—""T"—(1—q) ™.
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Taking the logarithmic derivatives df (2.1) arjd (2.2), we obtain

14+x+n

d
(23) - (logD,(1+a)) = —log(l—q)—}-long% cf. [3,[4,3],

and
d q1+ax+n
(2.4) E(logﬂ(l%—am)) = —alog(1 —q)+a10ngw
Sincer > 0,a > 1, logg < 0 and
ql—i—ax-l—n B q1+:c+n B q1+a:(:+n _ q1+x+n <0
1— ql—i-aa:—i-n 1— q1+x+n - (1 _ ql—l-ax—l-n)(l _ q1+m+n) -
we have
d d
(2.5) e (logT'y(1 + ax)) > a (logl',(1+2)).
Let I (1 )
+x)°
= log —L— >1,2>0.
Then
g(z) =alogTy(1 4+ x) —logl',(1 + ax)
and

g (x) = di(logf (1+$))—di(logf (1+ax)).
By (2.5), we get/’(z) < 0, sog is decreasing. Hence the function
r,(1+«
flw) = ﬁ a1
is a decreasing function af > 0. Thus forz € [0,1] anda > 1, we have
Iy (2) < Iy(1+ ) < [y (1)°
F(1+a) ~ Ty(I+ar) = T,(1)
We complete the proof by noting thBf(1) =I',(2) = 1. O

Remark 2.2. Letting ¢ to 1 in the above theorem. we obtdin (1.2).

Remark 2.3. Letting ¢ to 1 and then putting = n in the above theorem, we gét (IL.1).
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