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Abstract

A generalised Chebychev functional involving integral means of functions over
different intervals is investigated. Bounds are obtained for which the functions
are assumed to be of Holder type. A weighted generalised Chebychev func-
tional is also introduced and bounds are obtained in terms of weighted Griss,
Chebychev and Lupas inequalities.

2000 Mathematics Subject Classification: 26D15, 26D20, 26D99.
Key words: Griss, Chebychev and Lupas inequalities, Holder.
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For two measurable function$g : [a,b] — R, define the functional, which is
known in the literature as Chebychev’s functional
d —
“b-a / fla T

/ f (@) da- / (@) de,
provided that the involved integrals exist.
The following inequality is well known as the Griss inequality [

(1.2) T(fg,ab

1.2) T (F.g:0,D) < 3 (M —m) (N =),

provided thatn < f < M andn < g < N a.e. onla, b], wherem, M, n, N are
real numbers. The constajqin (1.2) is the best possible.

Another inequality of this type is due to Chebychev (see for examplp.|[
207]). Namely, iff, g are absolutely continuous da, b| and ', ¢’ € L, [a, ]

and|| ||, = ess sup |f' (t)|,then
tela,b]
13) T (f,9:0.0)] < 75 17l 9/ (6 — )

and the constarﬁj is the best possible.
Finally, let us recall a result by Lupas (see for examplepl 210]), which
states that:

1
(1.4) T (f,9:0,0)l < —5 1/'llz l9'll (0= @),
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provided f, g are absolutely continuous arfd, ¢’ € L, [a,b]. The constant;
is the best possible here.

For other Griss type inequalities, see the bocdkshd [7], and the papers
[2]-[1C], where further references are given.

Recently, Cerone and Dragomirl] have pointed out generalizations of the

above results for integrals defined on two different inter{@als] and|c, d.
Define the functional (generalised Chebychev functional)

(1.5) T(f,g;a,b,c,d) =M (fg;a,b) + M (fg;c,d)
— M (f;a,b) M (g;¢,d) — M (f;c,d) M (g;a,b),

where the integral mean is defined by

bia/abf(x)dx.

Cerone and Dragomiri[l] proved the following result.

(1.6) M (f;a,b) =

Theorem 1.1.Let f,g : I C R — R be measurable o and the intervals
la,b],[c,d] C I. Assume that the integrals involved in 12 exist. Then we
have the inequality

(1.7) T (f,g;a,b,c,d)|
< [T(f;0,0) + T (f;e,d) + (M (f;a,b) = M (f;c,d))*]*
x [T (g;a,b) + T (g;c,d) + (M (g;a,0) — M (g;¢,d))*]* |

[NIES
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where

(L8) T (fiab) = ﬁ/abfz () do - (ﬁ/ﬂbﬂx)da:f

and the integrals involved in the right membership28) exist.

They used a generalisation of the classical identity due to Korkine namely,
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(19 T (f> g;a,b,c, d) Integrals Over Different
g
1 b rd Intervals
== | [ U@ 1 ) 6@ ) dye R —
and the fact that
Title Page
(110) T (f7 f7 CL, b7 C7 d) Contents
=T (f;a,0) + T (fie,;d) + (M (f;0,6) = M (f;¢,d))". « | »
In the current article, bounds are obtained for the generalised Chebychev < >
functional (L.5) assuming thaf andg are of Holder type. The special case for P——
which f and g are Lipschitzian is also investigated. A weighted generalised o=ac
Chebychev functional is treated in Secti®mvolving weighted means of func- Close
tions over different intervals. Griss, Chebychev and Lupas results are utilised Quit
to obtain bounds for such a functional.
Page 5 of 18

J. Ineq. Pure and Appl. Math. 2(2) Art. 22, 2001
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:ivanb@zagreb.tekstil.hr
mailto:pc@matilda.vu.edu.au
mailto:pecaric@mahazu.hazu.hr
http://jipam.vu.edu.au/

The following lemma will prove to be useful in the subsequent work.
Lemma 2.1. Leta,b,c,d € Rwitha < bandc < d. Define

b d
(2.1) Cy (a,b, ¢, d) ::/ / lz —y|® dydz, 6 >0,
then

(22) (0+1)(0+2)Cy(a,b,c,d)

_ |b_c|9+2 . |b_d|9+2 + |d_a|9+2 . |C— (I|9+2.

Proof. Let[ | denote the order in which b, ¢, d appear on the real number line.

There are six possibilities to consider since we are givendhkab andc < d.
Firstly, consider the situation= a andd = b. Then

(2.3) Dy (a,b) = Cy(a,b,a,b)

b b
= //|x—y|gdydx, >0
ab ax b
= / U (x—y)edy+/(y—x)9dy}dx

b
_ Q—I_Ll [(x B a>9+1 - x)9+1] da
and so
(2.4) (0 +1) (0 +2) Dy (a,b) =2 (b—a)’™.
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Now, taking the six possibilities in turn, we have:

(i) Forthe orderindc, d, a,b], y < x giving for Cy (a, b, ¢, d)

[ [t
U dy—Ir/x (y—x)edy] dx

(2.5) Iy (a,b,c,d) )? dyda

I
\

_ 9_ 9+1 _ (x—d)eﬂ} do
and so
(2.6) (0+1)(0+2)Iy(a,b,c,d)
— (b C)9+2 ~(a— C)9+2 4 (a— d)9+2 - d)0+2
=0+1)(0+2)Cy(a,b,c,d), [c,d a,bl.

(i) For the orderingc, a, d, b] we have
Cy (a,b,c,d)

// T —y dydm+//|x—y| dydx—i—// z—y)? dyda

= Ip(a,b,c,a) + Dy (a,d) + Iy (d,b,a,d) ,
where we have use@ (3 and @.5). Further, utilising 2.4) and @.6) gives
(2.7) (0+1)(0+2)Cy(a,b,c,d)

— b= — (b= +(d— )" = (a— )", [c,a,d,b].
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(iii) For the orderinda, ¢, d, b
(a,b,c,d)
/ / — ) dydx—i—/ / ly — x| dyda:—i—/ / (z — )’ dydx
= Iy(c,d,a,c)+ Dy (c,d) + Iy (d,b,c,d),
giving, on using 2.4) and @.6)

2.8) (6+
_ (b_ C)9+2 _ (b—

1) (0 +2)Cy(a,b,c,d)
D'+ (d—a) = (c—a)?, |a,cdb].
(iv) For the orderinda, c, b, d]

(a,b,c,d)

// — ) dydx+//|x—y| dyd:c+//(

= Iy (c,d,a,c) + Dy (c,b) + Iy (b,d, ¢, b)

— z)? dyda

giving, from (2.4) and @.6)

(2.9)
_ (b_c)9+2_(d_

(0+1)(0+2)Cy(a,b,c,d)

D!+ (d—a) = (c—a)’?, |a,¢b,d.
(v) For the orderinga, b, ¢, d]

0+1)(0+2)Cy(ab,e,d)=0(0+1)15(c,d,a,b)
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and so from2.6)

(2.10) (0 +1) (8 +2)Cy (a,b,c,d)
—(d—a)" = (c—a)"?+ (c=0)"" = (d—b)"", [a,bc,d].

(vi) For the orderindc, a, d, b] , interchanging: andc andb andd in case (iii)
gives

Inequalities related to the
Chebychev Functional Involving

(2-11) (9 + 1) (9 + 2) 09 <a7 bv c, d) Integrals Over Different

= (d - a)0+2 - (d - b)9+2 + (b - c)9+2 — (a — C)9+2 , [C, a, b, d] ] Intervals
I. Budimir, P. Cerone and

Combining €.6) — (2.11) produces the resultg (1) — (2.2) and the lemma is . pecaric
proved. O
. . Title Page
Remark2.1 It may be noticed fromZ.1) — (2.2) that 2.4) is recaptured of
Contents

¢ = a andd = b. Further, the answer appears in terms of differences between a
limit of one integral and the other integral. The differences between a top and PP SY
bottom limit is associated with a positive sign while the difference between the
two bottom limits or the two top limits is associated with a negative sign. The
order of the differences depends on the order of the limits on the real number Go Back
line and is taken in such a way that the difference is positive.

< 4

Close
Theorem 2.2.Let f,g : I C R — R be measurable o and the intervals Quit
la,b], [c,d] C I. Further, suppose that and g are of Holder type so that for
z € [a,b],y € [c,d] Page 9 of 18
(2.12) |f (x) —f (y)| < H, |3§ - y|T and |g (.CE) —g (y)| < H, |$ - y|s7 J. Ineq. Pure and Appl. Math. 2(2) Art. 22, 2001
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whereH;, H, > 0 andr,s € (0, 1] are fixed. The following inequality then

holds on the assumption that the integrals involved exist. Namely,

(2.13) (0+1)(0+2)|T (f,g;a,b,¢,d)|
< H,H,
T (b—a)(d-o)

|b_c|9+2_ |b—d|9+2+|d—a|0+2— |C—(l’6+2 7

whered = r + sandT (f, g;a, b, ¢, d) is as defined byl(5) and (L.6).

Proof. From the Holder assumptio.(L2), we have

(f () — £ () (9 (z) — g (v)| < HiHa |z —y|"™

forall z € [a,b], y € [c,d].
Hence,

[ [ 0@ -gw)ds

b d
<[ [ 1@ -7 -9 )] dyds
b d
< H1H2/ / lz —y|""* dydx = H H,C, . (a,b, ¢, d),
whereCy (a, b, ¢, d) is as given by Z.2).

Now, from identity (L.9) and the above inequality readily producesl@
and the theorem is thus proved. O
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Corollary 2.3. Let f,g : I € R — R be measurable ot and the intervals
la,b], [c,d] C I. Further, suppose thaf andg are Lipschitzian mappings such
that forx € [a, b] andy € [c, d]

|f (@)= fW|<Lilzr—y|l and [g(z) —g(y)| < La|z — 9],

whereL,, L, > 1. Assuming that the integrals involved exist, then the following
inequality holds. That is,

T (f g;a,b,c,d)|
LiLs
<
~12(b—a)(d—c)

[(b—c)* —(c—a)' +(d—a)* — (b—d)].

Proof. Takingr = s = 1 in Theorem2.2andL, = H,, Ly, = H,, then from
(2.13 we obtain the above inequality. O

Remark2.2 The situation in whichf is of Holder type and; is Lipschitzian
may be handled by taking= 1 and H, = L,. Further, taking/ = b andc = a
recaptures the results of Dragomit.[
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Define the weighted generalised Chebychev Functional by

B.1) T(f.g:a,b,c,d) =M(fg;a,b) +M(fg;c,d)
—M(fra,b) M (g;c,d) =M (f;c,d) M(g;a,b),
where thew—weighted integral mean is given by
1 b
_ w(z) f(x)dx
ﬁw@wml () f ()

with w : [a,b] — [0, c0) is integrable an@ < ffw (x)dx < 0.

(3.2) M(f;a,b) =

Theorem 3.1.Let f,g,w : I C R — R be measurable o and the inter-
valsa,b], [¢,d] C I. Assuming that the integrals involved i&.1) exist and
J; w(z)dx > 0, then we have

(33) [T(f.g;a,b,c,d)
< [T(f0,0) +T(fie.d) + (M(f;a,0) — M (f;¢,d))°]*
x [T(gia,b) + T (g; ¢, d) + (M (g5 a,b) — M (g ¢,d))*]* |

N

where
(3.4) T(fra,b) :==M(f*a,b) — M (f;a,b)

and the integrals involved in the right hand side &flj exist.
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Proof. It is easily demonstrated that the identity

dy//

><(f( ) (9 () —

(3.5 %(f,g;a,b,c,d) = fabw( T

9 (y)) dzdy

holds, which is a weighted generalised Korkine type identity involving integrals

over different intervals.

Using the Cauchy-Buniakowski-Schwartz inequality for double integrals gives

(3.6) 1T (f,g;a,b,c,d)]> <Z(f, f;a,b,¢,d) % (g,9;a,b,¢,d),

where from 8.1)

T(f, fra,b,¢,d) = M(f20,0) + M (f2¢,d) = 290 (f;a,b) M (f; ¢, d)
and using 8.4) gives
(3.7)

T(f, fra,boe,d) = T(fia,0) + T(fre.d) + (M(f30,0) = M (f:e,d))”.
A similar identity to 3.7) holds forg and thus from $.6) and @3.2), the result
(3.3 is obtained and the theorem is thus proved. O]

Corollary 3.2. Let the conditions of Theorel hold. Moreover, assume that

my < f < My, a.e.onfa,b], my < f < My, a.e.onfe,d|
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and
ny < g < Ny, a.e.onfa,b], ny < g <N, a.e.onl,d.

The inequality

1T (f,9:a,b,¢,d)|
1 1
< 1 [(Ml - m1)2 + (My — m2)2 +4 (M (f;a,b) — gﬁ(f;C;d))Q]Q
1 I liti lated to th
X [(Nl — n1)2 + (Ny — n2)2 +4 (M (g;a,b) — M (g; ¢, d))2] 2 Chegjgrl::J ey Ir?voISing
Integrals Over Different
holds. Intervals
Proof. From 3.3) and using the fact that for the Griss inequality involving l B“d"“J"'PF;é(;figo”e 2
weighted means (see for example, Dragomijy,[then '
M, — 2 Ny —ny\> -
T(frah) < () T(fred) < (0 e
2 2
Contents
and similar results for the mappingeadily produces the results as stated! > N
Corollary 3.3. Let f andg be absollojtgly continuous dnin addition, assume < >
that /', ¢’ € Lo (I) and[a, b], [¢,d] CI (I'is the closure of ). Then we have the
inequality Go Back
T (f,g:0,b,¢,d) Close
1 Quit

< [S (@ 0) 1 f oo gy + 5 (s ) 1f oo ey + X (f50,0) = MM (e, d))z} ’ Page 14 of 18
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2
)
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where|| /|| . o,y = €ss ha Lf" (@)1,
z€[a,

= xz EZ: Zi — (%; EZ:Z;)Q and W, (a,b) = /ab z"w (x) de.

Proof. Using 3.3) and the fact that the weighted Chebychev inequality (see [

S (a,b)

for example) is such that

Inequalities related to the
Chebychev Functional Involvi
T(f30,0) < S (@,0) |l juy " Intograls Over Diferent
Intervals
then, the stated result is readily produced. O - B, P, Cerone and
Finally, using a weighted generalisation of the Lupas inequality of G.V and - Peeare
1.Z. Milovani¢ [17], namely, forw=z f’ € L [a, b]
Title Page
2
T(f;a,b) < M Hw_éf’ Contents
s 2
. <4< 44
produces the following corollary.
o o 4 }
Corollary 3.4. Let f and g be absolutely continuous dnf’, ¢ € L, (I) and
la,b], [¢,d] Cl. The following inequality then holds Go Back
Close
L2 _1 |2 2 _1 ) :
T(fgabed < (W) [uir] W e [utr]| Qi

o= 0

Page 15 of 18
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2 2

1 1
X — {Wg (a,b) Hw’ig’
m

+ W5 (e,d) Hw’%g’

2,[a,b] 2,[e,d]

N

+w2<m<g;a,b>—m<g;c,d>f] ,

where

1
b 3
_1 2
— </ w2 |f’ (I)| dx> Inequalities related to the
a

Chebychev Functional Involving
Integrals Over Different

ot

and W, (a, b) is the zeroth moment af (-) over(a, b).

2,[a,b)]

Intervals
Remark3.1 If ¢ = a andd = b then prior results are recaptured. 1. Budimir, P. Cerone and
J. Pecari¢
Remarlk3.2 If f andg are assumed to be of Holder type, then bounds along sim-
ilar lines to those obtained in Secti@rcould also be obtained for the weighted _
Chebychev functional utilising identityd(5). This will however not be pursued 1 e
further. Contents
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