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ABSTRACT. In this paper, the value distribution of(z)[f(2)]"~'f*)(2) is studied, where
f(z) is a transcendental meromorphic functigr(z)(# 0) is a function such thaf'(r, ¢) =
o(T(r, f)) asr — +oo, n andk are positive integers such that= 1 orn > k + 3. This
generalizes a result of Hiong.
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1. INTRODUCTION AND THE MAIN RESULT

Throughout this paper, we use the notatipfis)|” or [f]" to denote the:-power of a mero-
morphic functionf. Similarly, f*)(z) or f*) are used to denote titeorder derivative off.
In 1940, Milloux [5] showed that

Theorem A. Let f(z) be a non-constant meromorphic function ahde a positive integer.
Further, let

k
0(z) =Y _ai(2)f(2),

=0
wherea;(z)(i = 0,1, ..., k) are small functions of (z). Then we have

)

m|r,= | =.S5(r,
(%) =501
and
T(r,¢) < (k+1)T(r, f)+5(r f)
asr — +o00.
From this, it is easy for us to derive the following inequality which states a relationship

betweerl'(r, f) and the 1-point of the derivatives ¢f For the proof, please se€ [4]] [7] or [8],
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Theorem B. Let f(z) be a non-constant meromorphic function alde a positive integer.
Then

T(r,f)<N(r,f)+N (r, %) +N (r, ﬁ) - N (r, ﬁ) +5(r, f)

asr — +o0.

In fact, the above estimate involves the consideration of the zeros and pofés)ofThen
a natural question is: Is it possible to use only the counting functions of the zefs)odnd
an a-point of f*)(z) to estimate the functioff'(r, f)? Hiong proved that the answer to this
guestion is yes. Actually, Hion@|[6] obtained the following inequality
Theorem C. Let f(z) be a non-constant meromorphic function. Furtherdgl andc be three
finite complex numbers such theg 0, ¢ # 0 andb # c. Then

1 1 1
T(r,f) <N (r,m> + N (T,m) + N (7“, 7 —c)
1
—N(T,m)+s(raf)

asr — +oo.

Following this idea, a natural question to Theorfein C is: Can we extend the three complex
numbers to small functions ¢f(z)? In [9], by studying the zeros of the functigitz) f'(z) —
c(z), wherec(z) is a small function off (z), the author generalized the above inequality under
an extra condition on the derivatives pi) (z). In fact, we have

Theorem D. Suppose thaf(z) is a transcendental meromorphic function and that)(# 0)
is @ meromorphic function such th@x(r, ) = o(T(r, f)) asr — +oo. Then for any finite
non-zero distinct complex numbérand c and any positive integéer such thatp(z) f¥)(z) #
constant, we have

1 1 1
R O R G = R G =

— N(r,f)— N (r, ) +S(r, f)

1
(0 f®)
asr — +o00.

In this paper, we are going to show that Theofejm D is still valid for all positive intdgeks
a result, this generalizes Theorérh C to small functions completely. More generally, we show
that:

Theorem 1.1. Suppose thaf(z) is a transcendental meromorphic function and thét)(# 0)
is a meromorphic function such thal(r, ¢) = o(T'(r, f)) asr — +oo. Suppose further that
b andc are any finite non-zero distinct complex numbers, Arahdn are positive integers. If
n=10rn > k+ 3, then we have

@) 7)< (ng) 4 (8 () + Y ()

_%[N(r,f)JrN(r, + S(r, f)

)|
asr — +o0.

If f(z) is entire, then[(1]1) is true for all positive integers+- 2).
As an immedicate application of our theorem, we have
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Corollary 1.2. If we taken = 1 in the theorem, then we have Theofen D.

Corollary 1.3. If we taken = 1, p(z) = 1 and f(z) = g(z) — a, wherea is any complex
number, then we obtain Theorér C.

Remark 1.4. We shall remark that our main theorem and corollaries are also vafig:jfis
rational sincep(z) = constant andp(2)[f(2)]" ' f*¥)(2) # constant in this case.

Here, we assume that the readers are familiar with the basic concepts of the Nevanlinna value
distribution theory and the notatioms(r, f), N(r, f), N(r, f), T'(r, f), S(r, f), etc., see e.qg.
[1].

2. LEMMAE

For the proof of the main result, we need the following three lemmae.
Lemma 2.1. [3] If F'(z) is a transcendental meromorphic function alid> 1, then there exists
a setM (K') of upper logarithmic density at most
§(K) = min{(2e" ™t — 1)1, (1 + e(K — 1)) exp(e(1 — K))}
such that for every positive integer

2.1 | —~ " 7 < 3eK.
(2.1) r—»oonlﬂglM(K) T(r, F(q)) = e

If F(2) is entire, then we can replade K by 2¢K in (2.).

Lemma 2.2. Suppose thaf(z) is a transcendental meromorphic function and thét)( 0)
is a meromorphic function such tha{(r, p) = o(T'(r, f)) asr — +oo. Suppose further that
andn are positive integers. I = 1 or n > k + 3, thenp(2)[f(2)]" 1 f®)(2) # constant.

Proof. Without loss of generality, we suppose that the constant isid.2f1, thenpf® = 1.
HenceT'(r, ) = T(r, f*) + O(1) asr — +oc and this implies that

F T(T7 f)

r—>oo,r£¢nM(K) T(r, f®)
This contradicts Lemma (2.1).

If n >k + 3, thenT'(r, of*)) = (n — 1)T(r, f) asr — +oo and
(2.2) (n=1DT(r, f) <T(r, f*®) + S(r, f)
asr — +o00. On the other hand,

(2.3) T(r, f*) < (k+ 1)T(r, f) + S(r, f)

asr — +o00. By (2.2) and|(2.8), we have < k + 2, a contradiction.
Hence, we have[f]"~! f*) £ constant in both cases and the lemma is proven. O

Lemma 2.3. If f(z) is entire, thenp(2)[f(2)]" "' f*¥)(2) # constant for all positive integers
n(# 2) andk.

Proof. For the caser = 1, we still haveT(r,¢) = T(r, f®) + O(1) asr — +oo, SO a
contradiction to Lemmd (2.1) again.
Forn > 3, instead of(23), we have

(2.4) T f9) <T(r, f) + 80, [)
asr — —+oo.
So by [2.2) and (2]4), we have< 2, a contradiction. O
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3. PROOF OF THE MAIN RESULT

Proof. First of all, by the given conditions and Lemmal2.2, we know thgt]"~!f®) #
constant for n > 1. Therefore, we have

m 7"L m r—l m rﬁ>
(3.1) (’w[f]”) < (’w[f]"‘lf(k))+ ( 7)o

From

m (r, @[ch]") =T(r,o[f]") — N <T, @) + O(1),
m <T, W) = T(?", gp[f]n—lf(k)) - N <T7 W) + 0(1)7
and [3.1), we have

1
elf]?

) + T, elf]" " f M) = N <T’ W)

+m (7", #) +0O(1).

Sincep(2)[f(2)]" 1 f*) # constant, from the second fundamental theorem,

n—1 ¢(k) r ; L
(3.3) T(r,plfI" f g ) <N ( ) SO[f]n1f(/rc)) +N (r, SD[f]n—lf(k) _ b)

o (r’ w[f]n_llf(m - c) = Ni(r) + S(r, 0 f ™)

asr — +oo, whereb andc are two non-zero distinct complex numbers and, as usudt;) is
defined as

Nilr) = 2Nl = N (P 1 0)) 4 3 (et )

Let z, be a pole of ordep > 1 of f. Then[f]"~' f® and([f]"~' f*)" have a pole of order
k+np andk +np+ 1 at z, respectively. Thu8(k +np) — (k+np+1) =k+np—1> pand

(3.2) T(rolfl") < N (

(3.4) Ni(r) > N(r,f)+ N (7’, + S(r, f).

1
(sD[f]"‘lf(’“))’)
Itis clear thatS(r, f*)) = S(r, f) andm (7’, #) = S(r, f). Thus by ),3) an.4),

oA < (r gy )+ (=) + ¥ (<)

1
V)= (o) + 509

asr — +o0. SinceT'(r, ) = o(T'(r, f)) asr — 400, we have the desired result. O

If f is entire, then by Lemma (3.3), we still hayéf]"' f*) # constant for all positive
integersn(# 2), (3.3) and|[(34). Thus the same argument can be applied and the same result is
obtained.
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4. CONCLUDING REMARKS AND A CONJECTURE

Remark 4.1. We expect that our theorem is also valid for the case 2 if f(z) is entire.

Remark 4.2. In [10], Zhang studied the value distribution @fz) f(z) f'(z) and he obtained
the following result: If f(z) is a non-constant meromorphic function apgt) is a non-zero
meromorphic function such that(r, o) = S(r, f) asr — +o0, then

9— 9 1
T(r, f) < §N(Taf) +§N (ﬂm) +5(r, f)
asr — +o0.
Hence, by this remark, we expect the following conjecture would be true.

Conjecture 4.3. Letn andk be positive integers. § = 1 orn > k+ 3, f(z) is a non-constant
meromorphic function and(z) is a non-zero meromorphic function such tidt, ) = S(r, f)
asr — +oo, then

9 9 1
T(r, f) < §N(r, f)+ 5]\7 (7"7 ST = 1) + S(r, f)

asr — +oo.
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